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1. Introduction

This review paper is devoted to the numerical analysis of abstract differential equations in Banach
spaces. Most of the finite difference, finite element, and projection methods can be considered from the
point of view of general approximation schemes (see for example [207,210,211] for such a representation).
Results obtained for general approximation schemes make the formulation of concrete numerical methods
easier and give an overview of methods which are suitable for different classes of problems.

The qualitative theory of differential equations in Banach spaces is presented in many brilliant papers
and books. We can refer to the bibliography [219], which contains about 3000 references. Unfortunately,
no books or reviews on general approximation theory appear for differential equations in abstract spaces
during last 20 years. Any information on the subject can be found in the original papers only. It seems
that such a review is the first step towards describing a complete picture of discretization methods for
abstract differential equations in Banach spaces.

In Sec. 2 we describe the general approximation scheme, different types of convergence of operators,
and the relation between the convergence and the approximation of spectra. Also, such a convergence
analysis can be used if one considers elliptic problems, i.e., the problems which do not depend on time.

Section 3 contains a complete picture of the theory of discretization of semigroups on Banach spaces.
It summarizes Trotter—Kato and Lax—Richtmyer theorems from the general and common point of view
and related problems.

The approximation of ill-posed problems is considered in Sec. 4, which is based on the theory of ap-
proximation of local C-semigroups. Since the backward Cauchy problem is very important in applications
and admits a stochastic noise, we also consider approximation using a stochastic regularization. Such an
approach was never considered in the literature before to the best of our knowledge.

In Sec. 5, we present discrete coercive inequalities for abstract parabolic equations in C;,, ([0, T]; E,,),
C2 ([0,T]; Ey), I%,([0,T]; Ey), and B, ([0, T]; C*(£,)) spaces.

The last section, Sec. 6 deals with semilinear problems. We consider approximations of Cauchy
problems and also the problems with periodic solutions. The approach described here is based on the
theory of rotation of vector fields and the principle of compact approximation of operators.

2. General Approximation Scheme

Let B(E) denote the Banach algebra of all linear bounded operators on a complex Banach space
E. The set of all linear closed densely defined operators on E will be denoted by C(E). We denote by
o(B) the spectrum of the operator B, by p(B) the resolvent set of B, by N(B) the null space of B,
and by R(B) the range of B. Recall that B € B(FE) is called a Fredholm operator if R(B) is closed,
dimN(B) < oo and codim R(B) < oo, the index of B is defined as ind B = dim N (B) — codim R(B). The
general approximation scheme [83-85,187,207,210] can be described in the following way. Let E, and FE
be Banach spaces, and let {p,} be a sequence of linear bounded operators p,, : E — E,,p, € B(E, E,),
neN=/{1,2,---}, with the following property:

lpnz||E, = 2| as n — oo for any x € E.
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Definition 2.1. A sequence of elements {x,},z, € E,,n € N, is said to be P-convergent to x € E iff
|zn — pnz||E, — 0 as n — oo; we write this as z,, — .

Definition 2.2. A sequence of elements {z,},z, € E,,n € N, is said to be P-compact if for any N’ C N
there exist N C N’ and = € E such that z,, — z, as n — oo in N”,

Definition 2.3. A sequence of bounded linear operators B,, € B(E,),n € N, is said to be PP-convergent
to the bounded linear operator B € B(E) if for every x € E and for every sequence {z,},x, € E,,n € N,
such that x,, — = one has B,x, — Bx. We write this as B,, — B.

For general examples of notions of P-convergence, see [82,187,203,211].

Remark 2.1. If we set E, = FE and p, = I for each n € N, where I is the identity operator on F, then
Definition 2.1 leads to the traditional pointwise convergence of bounded linear operators which is denoted
by B, — B.

Denote by ET the positive cone in a Banach lattice E. An operator B is said to be positive if for any
xt € ET, it follows Bzt € E*; we write 0 < B.

Definition 2.4. A system {p,} is said to be discrete order preserving if for all sequences {z,}, x, € E,,
and any element x € F, the following implication holds: z,, — z implies x;} — x™.

It is known [99] that {p,} preserves the order iff |p,z* — (ppz)"||p, — 0 as n — oo for any = € E.
In the case of unbounded operators, and, in general, we know infinitesimal generators are unbounded,
we consider the notion of compatibility.

Definition 2.5. A sequence of closed linear operators {A,}, A, € C(E,), n € N, is said to be compatible
with a closed linear operator A € C(E) iff for each x € D(A) there is a sequence {z,},z, € D(4,) C
E,,n € N, such that z,, —» = and A,x, — Azx. We write this as (4,, A) are compatible.

In practice, Banach spaces E, are usually finite dimensional, although, in general, say, for the case
of a closed operator A, we have dim E,, — oo and ||A,| p(g,) — 00 as n — oo.

2.1. Approximation of spectrum of linear operators. The most important role in approximations
of equation Bx = y and approximations of spectra of an operator B is played by the notions of stable and
reqular convergence. These notions are used in different areas of numerical analysis (see [10,15,81,86—89,
207,210,212, 223)).

Definition 2.6. A sequence of operators {B, }, B, € B(E,),n € N, is said to be stably convergent to an
operator B € B(E) iff B, — B and || B, | g(g,) = O(1),n — co. We will write this as: B, — B stably.

Definition 2.7. A sequence of operators {B,, }, B,, € B(E,), is called regularly convergent to the operator
B € B(FE) iff B,, — B and the following implication holds:

|lznllE, = O(1) & {Bpzy,} is P-compact = {z,,} is P-compact.
We write this as: B, — B regularly.

Theorem 2.1 ([210]). For B,, € B(E,) and B € B(E) the following conditions are equivalent:

(i) B, — B regularly, B,, are Fredholm operators of index 0 and N (B) = {0};

(ii) By, = B stably and R(B) = E;

(iii) By, — B stably and regularly;

(iv) if one of conditions (i)—(iii) holds, then there exist B,' € B(E,), B! € B(E), and B! — B!
reqularly and stably.

This theorem admits an extension to the case of closed operators B € C(E), B, € C(E,,) [213].
Let A C C be some open connected set, and let B € B(E). For an isolated point A € o(B), the
corresponding maximal invariant space (or generalized eigenspace) will be denoted by W(A; B) = P(\)E,
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1
where P(\) = — [ (¢I — B)"!d¢ and § is small enough so that there are no points of o(B) in

2me
|¢=A|=6
the disc {¢ : |¢ — A| < ¢} different from A. The isolated point A € o(B) is a Riesz point of B if
M — B is a Fredholm operator of index zero and P(\) is of finite rank. Denote by W(\,d; B,) =

W(An, Br), where A\, € o(B,) are taken from a d-neighborhood of \. It is clear that
[An—A|<,An€0(Bn)

1
W(A,0; B,) = Po(MNE,, where P,()\) = 97 [ (¢I, — By)'d¢. The following theorems state the
[C=Al=0

complete picture of the approximation of the spectrum.

Theorem 2.2 ([82,208,209]). Assume that L,(\) = A\I — By, and L(\) = A\ — B are Fredholm operators
of index zero for any A € A and L,(\) — L(X) stably for any A € p(B) N A # (. Then

(i) for any Ao € o(B) N A, there exists a sequence {\,}, A\ € 0(By), n € N, such that A, — Ao as
n — oo;

(ii) if for some sequence {\,}, \n, € 0(By), n € N, one has A, — Ao € A as n — oo, then Ay € o(B);

(iii) for any x € W(Xo, B), there exists a sequence {xn}, , € W(Xo,0; By), n € N, such that z,, — x
as m — oo;

(iv) there exists ng € N such that dim W(\g, d; By,) > dim W (Ao, B) for any n > ny.

Remark 2.2. The inequality in (iv) can be strict for all n € N as is shown in [207].

Theorem 2.3 ([210]). Assume that L,(\) and L(\) are Fredholm operators of index zero for all A € A.
Suppose that L,(\) — L(X) regularly for any A\ € A and p(B) N A # (. Then statements (i)—(iii) of
Theorem 2.2 hold and also

(iv) there exists ng € N such that dim W()\g, 0; By,) = dim W (Ao, B) for all n > ny;

(v) any sequence {xp}, zn, € W(Xo,d; By), n € N, with ||z, ||g, =1 is P-compact and any limit point
of this sequence belongs to W(\g, B).

Remark 2.3. Estimates of |\, — Agl|, gap (W()\O,é; Bn),W()\O,B)) and |\, — Ao| are given in [210],

where )\, denotes the arithmetic mean (counting algebraic multiplicities) of the spectral values of B,, that
contribute to W(Ao, §; By,). For the notion of gap and its properties, see [105].

2.2. Regions of convergence. Theorems 2.2 and 2.3 have been generalized to the case of closed oper-
ators in [213] by using the following notions introduced by Kato [105].

Definition 2.8. The region of stability Ay = A ({An}), A, € C(By), is defined as the set of all A € C
such that A € p(4,) for almost all n and such that the sequence {||(Al, — A,) || }nen is bounded.
The region of convergence A. = A.({4,}), 4, € C(E,), is defined as the set of all A € C such that
A € A;({A,}) and such that the sequence of operators {(\I, — A,) !}nen is PP-convergent to some
operator S(A\) € B(E).

It is clear that S(-) is a pseudoresolvent, and S(-) is a resolvent of some operator iff N'(S())) = {0}
for some A (cf. [105]).

Definition 2.9. A sequence of operators {K,}, K, € C(E,), is called regularly compatible with an
operator K € C(E) if (K., K) are compatible and, for any bounded sequence ||z, ||z, = O(1) such that
z, € D(K,,) and {K,x,} is P-compact, it follows that {x,} is P-compact, and the P-convergence of {z,}
to some x and that of {K,z,} to some y as n — oo in N’ C N imply that 2 € D(K) and Kz = y.

Definition 2.10. The region of regularity A, = A, ({A,}, A), is defined as the set of all A € C such that
(Ky, K), where K, = \I, — A,, and K = AI — A are regularly compatible.

The relationships between these regions are given by the following statement.



Proposition 2.1 ([213]). Suppose that A. # 0 and N(S(X)) = {0} at least for one point X € A. so that
S(A\) = (M — A)~L. Then (A,, A) are compatible and

A, =A;Np(A) =AsNA, = A, Np(A).

It is shown in [213] that the conditions (A4,,A) are compatible, \I — A, and \I — A are Fredholm
operators with index zero for any X € A and p(A)NA # 0 imply (i)—(iv) of Theorem 2.2 when p(A)NA C Aq
and imply (i)—(iii) of Theorem 2.2 and (iv)—(v) of Theorem 2.3, when A C A,.

Definition 2.11. A Riesz point A9 € o(A) is said to be strongly stable in Kato’s sense if
dim W (Ao, d; B,) < dim W(Ag, B) for all n > ny.

Theorem 2.4 ([213]). The Riesz point Ny € o(A) is strongly stable in Kato’s sense iff \o € ANANo(A).

Investigations of approximation of spectra and types of convergence, but not those of general ap-
proximation scheme are given in [13,40,52,130,131,142,145].

2.3. Convergence in Anselone’s conditions. Throughout this subsection we assume that E, = F
and p, = I for all n € N. Hence the symbol P will be omitted in the notation of this subsection.

Let us recall that if B,, — B compactly (see Definition 2.12), then for any A # 0 we have \I — B,, —
A — B regularly [207]. When B,, — B compactly and B is a compact operator, Anselone [10] has proved
that

(B, — B)Bal| = 0, ||(Bn — B)B|| — 0 as n — oc. (2.1)

Considering an approximation of a weakly singular compact integral operator, Ahues [4] has proved
that these convergence properties (2.1) are sufficient to state that a Riesz point is strongly stable in Kato’s
sense.

Theorem 2.5 ([7]). Assume that B € B(E) is compact and that B, — B. If ||(B, — B)By,|| — 0 as
n — oo; then for any nonzero Ao € o(B), assertions (1)—(iii) of Theorem 2.2 and assertions (iv)—(v) of

Theorem 2.3 hold.

Theorem 2.6 ([7]). Assume that B,, — B and (2.1) holds. Then for any nonzero Riesz point Ay € o(B),
assertions (1)—(iil) of Theorem 2.2 and assertions (iv)—(v) of Theorem 2.3 hold.

Corollary 2.1 ([5]). Assume that B, — B, \I — B,, are Fredholm operators of index zero for A € {z :
|z — Xo| < 0}, and ||(B,, — B)BE|| — 0 as n — oo for some k € N. Then for any nonzero Riesz point
Ao € 0(B), assertions (i)—(iii) of Theorem 2.2 and assertions (iv)—(v) of Theorem 2.3 hold.

Theorem 2.7 ([7]). Assume that B is compact, B, — B, and ||Bn(B, — B)|| — 0. Then A\ol,, — B, —
Aol — B reqularly for any Ay # 0.

Theorem 2.8 ([7]). Assume that B is compact, B, — B, and ||BE(B,, — B)|| — 0 for some k € N. Then
Mol — Bn — Aol — B regularly for any Ay # 0.

Let 7(B) be a spectral radius of operator B € B(E).

Theorem 2.9 ([18]). Let E be a Banach lattice. Let 0 < B,,B € B(E) be such that B, — B and
|(Br, — B)T|| = 0 as n — oo. Suppose that r(B) is a Riesz point of o(B). Then r(B,) is a Riesz point of
o(By) and r(By) — r(B) as n — 0.

The conclusion on the order of convergence of eigenvectors in Theorem 2.9 also is given in [17].
The application of Theorems 2.5-2.8 to the numerical solution of a mathematical model used in the
jet printer industry is considered in [6,118].
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2.4. Compact convergence of resolvents. We now consider the important class of operators which
have compact resolvents. We will use this property of generator as an assumption in Sec. 6. In this case,
it is natural to consider approximate operators which “preserve” this property.

Definition 2.12. A sequence of operators {B,}, B, € B(E,), n € N, converges compactly to an operator
B € B(FE) if B,, — B and the following compactness condition holds:

|zn||E, = O(1) = {Bnpy} is P-compact.

Definition 2.13. The region of compact convergence of resolvents, Aq. = Ace(An, A), where A,, € C(E),)
and A € C(E) is defined as the set of all A € A.N p(A) such that (AL, — 4,)"t — (A — A)~! compactly.

Theorem 2.10. Assume that A.. # (. Then for any ( € Ay the following implication holds:
|lznllg, = O1) & ||[((IL, — Ap)xn||E, = O(1) = {z,} is P-compact. (2.2)
Conversely, if for some ¢ € A.N p(A) implication (2.2) holds, then A # 0.

Proof. Let (ul, — A,)~t — (uI — A)~! compactly for some g € Ag.. Then for ||z,||g, = O(1) and
I1(¢I — Ap)xn||E, = O(1), from the Hilbert identity

(CIn = Ap) ™" = (uln = An) ™' = (0= Q) (CLn — Ap) ™l — Ap) ™, (2.3)

we obtain z, = (ul, — An) " ((In — Ap)zn — (¢ — p) (ul, — A,) "'z, and it follows that {x,} is P-compact.
Conversely, let implication (2.2) hold for some (y € A.Np(A). We show that {y € A... Taking a bounded
sequence {y,}, n € N, we obtain ||(¢ol, — An) *ynllE, = O(1) for n € N. Let us apply implication (2.2)
to the sequence z,, = (oI, — An) ‘yn. It is easy to see that {x,} is P-compact. Hence (y € Acc. O

Corollary 2.2. Assume that Aq. # 0. Then Ay = Ao N p(A).

Proof. It is clear that A.. € A, N p(A4). To prove that A.. O A. N p(A), let us consider the Hilbert
identity (2.3). Now let u € Ac.. Then p € A, N AN p(A). Hence, for every ¢ € A. N p(A) and for any
bounded sequence {z,}, n € N, the sequence {(¢I, — A,) 'z,} is P-compact. O

Comparing Definitions 2.7, 2.8, and 2.13 with implication (2.2), we see that A.. C A,.
Theorem 2.11. Assume that A.. # (0. Then A, = C.

Proof. Take any point A\; € C. We have to show that (A1, — A,, \1I — A) are regularly compatible.
Assume that ||z, || g, = O(1) and that {(A1 1, — A,)x,} is P-compact. To show that {z,} is P-compact, we
take 1 € Age. Using (2.3) with ¢ = Ay, we obtain z,, = (ul, — An) " (AL — Ap)zn+ (A —p) (ul— Ap) ~Lzy,
and, therefore, {z,,} is P-compact. Assume now that z,, — = and (M1, — 4,) 'z, — y, as n — oo in
N C N. Then z = (ul —A) " ty— (A1 —p)(ul — A) 1z, and it follows that z € D(A) and (\I—A)z =y. O

3. Discretization of Semigroups

Let us consider the following well-posed Cauchy problem in the Banach space E with an operator
AcC(E)

u'(t) = Au(t), t € [0,00),

u(0) — 0 (3.1)

where the operator A generates a Cpy-semigroup exp(-A4). It is well-known that this Cy-semigroup gives
the solution of (3.1) by the formula u(t) = exp(tA)u® for ¢ > 0. The theory of well-posed problems and
numerical analysis of these problems have been developed extensively; see, e.g., [75,88,105,161,163, 200,
216].



Let us consider on the general discretization scheme for the semidiscrete approximation of the problem
(3.1) in the Banach spaces E,:

un, (t) = Apun(t), t € [0,00),
1, (0) = ud,

(3.2)

with the operators A, € C(E,) such that they generate Cpy-semigroups which are compatible with the
operator A and ud — u°.

3.1. The simplest discretization schemes. We have the following version of Trotter-Kato’s Theorem
on the general approximation scheme.

Theorem 3.1 ([203] (Theorem ABC)). The following conditions (A) and (B) are equivalent to condition

(©).
(A) Compatibility. There ezists A € p(A) NNy, p(Ay) such that the resolvents converge:

(M, —A,) L= (M- A7

(B) Stability. There are some constants M > 1 and w, independent of n and that || exp(tA,)| <
M exp(wt) fort >0 and any n € N;

(C) Convergence. For any finite T > 0, one has maxepo 1) || exp(tAn)ud — ppexp(tA)u’| — 0 as
n — oo whenever ud — u®.

The analytic Cip-semigroup case is slightly different from the general case but has the same property

(A).

Theorem 3.2 ([161]). Let operators A and A,, generate analytic Cy-semigroups. The following conditions
(A) and (By1) are equivalent to condition (Ch).
(A) Compatibility. There ezists A € p(A) NNy, p(Ay) such that the resolvents converge:

(ML, — At = (M - A7
(By) Stability. There are some constants My > 1 and we such that

M.
(AL = A,) 7Y < ﬁ Re\ > wy,n € N;
— w2

(C1) Convergence. For any finite > 0 and some 0 < 0 < g, we have

max || exp(nAn)ug — Dn exp(nA)uoH —0
7762(9’#)

as n — 0o whenever ud — u®. Here, (0, 1) = {2z € £(0) : |2| < p} and X(0) = {2 € C: |arg z| < 6}.

Definition 3.1. A linear operator A : D(A) C E — E is said to have the positive off-diagonal (POD)
property if (Au,¢) > 0 whenever 0 < u € D(A) and 0 < ¢ € E* with (u, ¢) = 0.

Definition 3.2. An element e € ET is said to be an order-one in E if for every x € E there exists
0 < X € R such that —Xe < < Xe. For e € int ET we can define the order-one norm by

|z]|e = inf{A > 0: —Xe <z < Ae}.
An ordered Banach space F is called an order-one space if there exists e € int E™ such that || ||g = || ||e-
Now we can state a version of the Trotter—Kato theorem for positive semigroups.

Theorem 3.3 ([169]). Let the operators A, and A from (3.1) and (3.2) be compatible, let E,E, be
order-one spaces, and let e, € D(A,) Nint E;T. Assume that the operators A, have the POD property and
Apen, 20 for sufficiently large n. Then exp(tA,) — exp(tA) uniformly in t € [0,T].
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We can assume without loss of generality that conditions (A) and (B) hold for the corresponding
semigroup case if any discretization processes in time are considered. If we denote by T),(-) a family

v 1
of discrete semigroups as in [105], i.e., A, = —(Tn(m:) — I,) € B(E,) and Ty, (t) = Ty, (7,)"", where
T,

n

t . . .
k, = [—} , as T, — 0,n — o0, then one obtains the following assertion.
Tn

Theorem 3.4 ([203] (Theorem ABC-discr.)). The following conditions (A) and (B') are equivalent to
condition (C').
ompatibility. ere exists A € p NNy p(Ay) such that the resolvents converge:
A) C bility. Th ists A A A h that th [
(AL, — A,) L = (AT — A7
(B') Stability. There are some constants My > 1 and wy such that
| T ()|| < My exp(wit) fort € Ry =[0,00),n € N;
(C') Convergence. For any finite T > 0 one has maxye [o,7] | T (t)up —pn exp(tA)u’|| = 0 as n — oo,

whenever ud — uP.

Theorem 3.5 ([203]). Assume that conditions (A) and (B) of Theorem 3.1 hold. Then the implicit
difference scheme

Un(t+ 1) — Un(t)

Tn

= AUt +7), Un(0) = w2 (3.3)

n?

is stable, i.e. ||(In, — ThAn) Fn|| < Mie*'' t = k,7, € Ry, and gives an approzimation of the solution

of problem (3.1), i.e., Un(t) = (I, — ThAn) *rul — exp(tA)ul P-converges uniformly with respect to
t = kpty €[0,T] as u® — u®,n — o0, k,, — 00,7, — 0.

Here, in Theorem 3.5, A,, = An(I, — 1oAY, and, therefore, (I, — 1, A,) % = (I, + Tnfvln)k".
Theorem 3.6 ([203]). Assume that conditions (A) and (B) of the Theorem 3.1 hold and condition
Tl A7l = O(1) (3-4)
is fulfilled. Then the difference scheme
Un(t+ 1) — Un(t)

Tn

= A, Un(t), Un(0) = u2

n’

(3.5)

is stable, i.e., ||(In + TnAn)f|| < Me“!,t = k,7, € Ry, and gives an approzimation of the solution of
problem (3.1), i.e., Un(t) = (In+7An)*ud — u(t) P-converges uniformly with respect tot = k, 7, € [0,T]
as n — 00, k, — 0o, 1, — 0.

Theorem 3.7 ([161]). Assume that conditions (A) and (B1) of Theorem 3.2 hold and condition
TollAn| <1/(M +2),n € N (3.6)

is fulfilled. Then the difference scheme (3.5) is stable and gives an approzimation of the solution of
problem (3.1), i.e., Up(t) = (In + TaAn)*ud — w(t) discretely P-converge uniformly with respect to
t =k €[0,7] as ud — u°, n — oo, k, — 00, 7, — 0.

Let us introduce the following conditions:
(B]) Stability. There are constants M’ and ' such that

/ M/ !
lexp(tAn)]| < M, | Ay exp(td,)| < =", t € Ry

(BY) Stability. There are constants M”,w", and 7* > 0 such that
(I — T An) 78| < M€ 50 |lkry Ay (I — T An)7F|| < M"e" ¥ 0 < 1, < 7%,m,k € N.



Proposition 3.1 ([183]). Conditions (By), (B}), and (BY) are equivalent.
Theorem 3.8. Conditions (A) and (BY) are equivalent to condition (C1).
Theorem 3.9 ([164]). Let the assumptions of Theorem 3.7 and (3.4) be satisfied. Then
tAn(In + ThAp)* — tAexp(tA) uniformly in t = k,7, € [0,T). (3.7)

Conversely, if (I, +7,Ap)* — exp(tA) uniformly int = k,7, € [0,T] and (3.7) is satisfied, then condition
(C1) holds.

Theorem 3.10 ([164]). Let condition (By) hold. Then
lexp(tAn) — (I = 7adn) " < e2te.

If, moreover, the stability condition (3.6) holds, then

lexp(tAn) = (I + Tda) || < eote,
| (exp(tA,) — (In "‘TnAn)kn)x'nH < CTnethAnwnH,

| An(exp(tAn) — (In + TnAn)™)za| < c%”ewf”Anan, t = kT

In the case of analytic Cy-semigroups for the forward scheme, as we saw, the stability condition
TollAn|l < 1/(M +2)

cannot be improved even in Hilbert spaces for self-adjoint operators. In the case of almost periodic
Co-semigroups and the forward scheme for differential equations of first order in time (3.1), one obtains
necessary and sufficient stability condition 7, ||A,| < 1 [163]. It was discovered that the stability condition
of the forward scheme like (3.5) for the positive Cyp-semigroups also can be written in the form 7,,|| 4, | < 1;
see [168]. Stability of difference schemes under some spectral conditions were obtained in [26].

The stability of difference schemes for differential equations in Hilbert spaces in the energy norm are
investigated in [179,180], where schemes with weights were also considered. Semidiscrete approximations
are studied also in [180].

2. Rational approximation. Let us denote by P,(z) an element of the set of all real polynomials of

Bp(2)
PZ B and P,(0) = 1. Then
a Padé (p, ¢)-approximation for e™* is defined as an element R, ,(z) € 7,4 such that

|72 = Rpq(2)| = O(I2/"*7*) as [2] — 0.

It is well known that a Padé approximation for e™% exists, is unique and is represented by the formula
Ry q(2) = Ppq(2)/Qp,q(2), where

- ! . :
Ppq(2) = jzo(}(jpfq)j)(pij),, p.a Zop+q—.7 g2 (p + ¢)j(q — J)!-

degree no greater than p and by 7, , the set of all rational functions ry, 4(2) =

n [174,175], details of the location of poles and the order of convergence of rational approximations in
different regions are given.

Definition 3.3. A rational approximation r, 4(-) € mp 4 for e™* is said to be
(a) A-acceptable if |ry, 4(2)| < 1 for Re(z) > 0;
(b) A(8)-acceptable if |1, 4(2)| < 1 for z € 3(0) = {z: —0 < arg(z) < 0,z # 0}.

It is well known that R, 4(2), Rg—1,4(2), and Ry 4(z) are A-acceptable. But for ¢ > 3 and p = ¢— 3,
the Padé functions are not A-acceptable.



Theorem 3.11 ([175]). For any q¢ > 2 and p > 0, the Padé approzimation of e=* has no poles in the
sector

Spq = {Z :|arg(z)] < Cosl<%)};

in particular, for p < q < p+4 all poles lie in the left half-plane.

Since r(-) € m, 4 is an approximation of e~?, it is natural to construct the operator-function (7, A, )"

which can be considered as an approximation of exp(t4,,) for t = kr,. For simplicity, we assume in this
section that || exp(tA,)|| < M,t € Ry.

Theorem 3.12 ([44]). Let condition (B) be satisfied. There is a constant C' depending on r such that if
r is A-acceptable, then

7 (TaAp)*|| < CMVE for 7, > 0,k € N.

Remark 3.1. The term vk in Theorem 3.12 cannot be removed in general; moreover, there are examples
[55,97], which show that the inequality ||7(7,4,)*| > ¢Vk, k € N, holds.

We say that 7(-) € 7,4 is accurate of order 1 < d < p+ g if [e™* — r(2)| = O(|z|?*1) as |2| — 0.

Theorem 3.13 ([44]). Let condition (B) be satisfied. Then there is a constant C' depending on r such
that, if r is A-acceptable and accurate of order d, then

||7‘(TnAn)ku9L — exp(tAn)ugﬂ < CMT,‘fHAg+1u9L|| for m, > 0,k € N,ug S D(A;ifl).

Theorem 3.14 ([44]). Let condition (By) be satisfied. Then there is a constant C depending on r, such
that if r is A-acceptable and accurate of order d, then

Hr(TnAn)kug — exp(tAn)ugﬂ < CMT,“ZHAZU?LH for m, > 0,k € N,u% S D(AZ).

Theorem 3.15 ([162,185]). Let condition (B1) be satisfied. Then there is a constant C depending on r,
such that if r is A-acceptable and accurate of order d with |r(co)| < 1 or condition (3.6) is satisfied, then

Tn
td—

Hr(TnAn)kug — exp(tAn)ugH <CM HAZu?LH form, >0,0<~<d,t =k, k€N.

In [54,152,154], the analogs of Theorems 3.13-3.15 were proved for multistep methods.
Let us recall that constant Ms in condition (Bjy), which defines o, 0 < a < g, by Mssina < 1 [110]
is such that

I(AL = An)7H| <

M
p— for any A € ¥(7/2 + «). (3.8)

Theorem 3.16 ([55,150]). Let condition (By) be satisfied. Then there is a constant C' depending on T,
such that if r is A(0)-acceptable, accurate of order d, and 0 € (w/2 — o, /2] for a from condition (3.8),
then

H’I’(TnAn)k” <CM fort, >0,k €N,
and
||T‘(TnAn)k —exp(tAy,) — 7k exp(—T,:bak‘n(—An)*b)H < C’M(k:;d + k;l/b), t = knTn,

where vy = r(oc0) and a,b are some positive constants.

It is possible to show [151] that H§:1 7(7n,jAn) is a stable approximation for exp(Z?zl Tn,jA) with
a variable stepsize, but under condition 0 < ¢ < 7, ;/7,; < C < 00, 4,5 € N.



3.3. Richardson’s Extrapolation method. Let us consider schemes (3.3) and (3.5) which have the
order of convergence O(7,) and denote U (k) = Up(t)ul and U, (kn) = Up(t)ud,t = k7. The following
approach to the limit is valid.

Theorem 3.17 ([167]). Assume that condition (B) is satisfied. Then for V,(t) = 2U," (k,) —H:L"/2(2kn),
one has
IVa(t) = un(®)] < 72 Me"t?| Aupll, ¢ = knn.
If, in addition, scheme (3.5) is stable, then for V,(t) = 2U" (k) — us’? (2kp), t = knTn,
IVa(t) = un(®)]] < T2 Me" || AGupll, t = k7.
Let us consider the Crank-Nicolson scheme

Un (k7o + ) — Un(kms) A U (k7 + 70) + Un (k)

Tn 2
Theorem 3.18 ([167]). Assume that condition (B) is satisfied and that scheme (3.9) is stable. Then

4 - 1-~
Un(t) = U (2ka) = SUT (k) satisfies

, Un(0) = I, k € N, (3.9)

[9n () = un(@®) < crye | Aupll, t = knTn.
In general, we set V7» (t) = Ry, (10 Ap)ful, t = k7.

Theorem 3.19 ([167]). Assume that condition (B) is satisfied, p = q and the scheme which corresponds

to VI is stable. Then for ¢ (t) = —22(117_11);;" (t) + 2232j N ;”/Q(t),
ot 0] < e (a0 PN ) =
Theorem 3.20 ([167]). Assume that condition (By) is satisfied, p = q and 1,||Ay| < const. Then for
0< 7 < 2 and (1) = VIO + e VI (),
7_72Lq+2

Hwn(t) o un(t)H < Ct2q+2—'y€mHAZu(r)LHa t=knTh.

3.4. Lax-type equivalence theorems with orders. The Lax equivalence theorem on the convergence
of the solution of the approximation problem to the solution of the given well-posed Cauchy problem states
that the stability of the method is necessary and sufficient for the convergence provided it is compatible.
Recently, Lax’s theorem with orders, which make it possible to consider “unstable” approximations, was
obtained.

Definition 3.4. Cy-semigroups exp(tA,,) and exp(tA) are said to be compatible of order O(p(7,)) on a
linear manifold U« C E with respect to the semigroup exp(-A) if exp(tA)U C D(A) and there is a constant
C such that

|(Anpn — pnA) exp(tA)z|| < CTpo(Th)e*t ||y for any = € U, (3.10)
where | - | denotes the seminorm on U.

Definition 3.5. Cy-semigroups exp(tA,) is said to be stable of order O(M,e“"?) if there are constants
M,, and w,, such that

| exp(tA,)|| < Mye“~t for any t € R. (3.11)
The following is a slight modification of [47-50] and [66—68], which was proved in [164].
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Theorem 3.21. Let a Cy-semigroup exp(-Ay) be compatible of order O(p(7,)) on a linear manifold
U C E with respect to a semigroup exp(-A), exp(tA)U C U, and let | exp(tA)x|y < Mlz|y. The following
assertions are equivalent:

. C

0 exp(tA, )~ poexp(t)) ol < Mk (Gt as )

M,, reFE,
(i) 11 exp(tAn)pn — pu exp(tA) o] < Muer {
e " Tntgo(Tn)|:c|u, t =knm, €10,T),2 €U,

(iii) || exp(tAn)| < Mpe“rt, ||(Anpn — pnd) exp(tA)z|| < CpTno(Th)et )y for any x € U,t € Ry,

where My, is a constant depending only on x and K (t,z; E,U) = inzg{ Ha:—yHE—i—t\y]u} is Peetre functional.
yE

Definition 3.6. A family of discrete semigroups {Uy(kn7,)} is said to be compatible of order O(¢(Ty))
on a linear manifold ¢ C E with respect to the semigroup exp(-A) if Y = E and

|(Un (Tn)pn — P exp(mmA)) exp(tA)z|| < Crpe(m)|z|y for any x € U. (3.12)

Theorem 3.22. Let exp(tA,)U, C Uy, let condition (B) hold, and let |exp(tA,)z|y, < Ce“t|xnly, for
any Tn € Uy, and t > 0. Then the following conditions are equivalent:

nkn n
(@ 1) = expltuA)en] < Mo (8272 (7,). i, Bt ) s €

Ml‘n’ Tn S E’na
(0) [[(Un(knmn) — exp(knndn))zn|| < Mp C

Tntet“’go(m)]a:n]un, Ty € Up;

Cn M, w
(c) HUn(knTn)HB(En) < My, [[(Un(m) — exp(thA)) exp(tAn)znl| < B Tne€ t@(Tn)‘xn’Um where
koo =t €[0,T).

Definition 3.7. A family of discrete semigroups {U (k,7,)} is said to be stable of order O(1/1(n™1)) if
1Un (knm) | B(E,) < C/tp(n™1Y) for n,kn € N,0 < 7, < 7%, 70k, € [0, 7. (3.13)

Theorem 3.23. Let a discrete semigroup {U(k,7,)} be compatible of order O(¢(7y,)) on a linear manifold
U C E with respect to the semigroup exp(-A). The following assertions are equivalent:

(i) ”Un(knTn)”B(En) < C/w(nilﬁ

(i) [|(Un (knT)Pn — o exp(knmn A))]| < w(fl) K(hyrp(r),2 B, ). ko € N
(i)
| U GinT ) — i exp (b A) ]| < —— { Mo, zeE,
YY) | knmae(m)|zlus ke €[0,T),2 €U,

where M, is a constant depending only on x.

Theorem 3.24. Let |exp(tA)z|y < Clz|y for any x € U and t € [0,T]. Then the following conditions
are equivalent:

(i) The family of operators {U(knTy)} is compatible of order O(¢(7y,)) on a linear manifold U C E
with respect to the semigroup exp(-A) and stable of order O(1/¢p(n1));

(ii) || (Un(knTn)Dn — P exp(knmA))z|| < LK(/chngo(Tn),:U; E U),n,k, €N;

S
M, E,
(i) [1(Un (k) — P exp(tA))z]| < —o— e
YY) | kame(m)|zly, t=knm, €[0,T], z € U.
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On an extension of Lax—Richtmyer theory see [157,181].
For a particular case where F = LP(R?) and the operator A = P(D) = Y. p,D® on E, one can
<
consider the Cauchy problem ol
ou(z,t)
ot
with P(D) such that (3.14) is well-posed in the sense ||[u(-,¢)||zr®) < ¢|[u®()|| o), t € Ry

Let us denote P(€) = 3 pa(i€)®. It is well known that (3.14) is Well—posed iff || exp(tP)HMp <
la|<r
C, t € R, where M, is the space of Fourier multipliers.
The semidiscrete approximation of (3.14) is given by

= P(D)u(z,t), u(z,0) = u’(z),z € Ry, (3.14)

n(,t =
% = Py(D)un(z,t), up(z,0) = ul(z), 2z € Ry, (3.15)
where Py(Dp) = h™" Y pa(h) 32 bgun(z+Bh,t) and Pp(€) = h™" Y pa(h) 3 bgel&). The opera-
la|<r BEly \a|<r Bela

tor Py (Dy,) is said to be compatible with the operator P(D) of order p if P, (&) —P(€) = h#|E["THQ(hE), r
deg Py (§), @ is an infinitely differentiable function, and |Q(n)| > Qo > 0 for 0 < |n| < €.

Theorem 3.25 ([43]). Let P(D) and Py(Dy) be compatible of order p, and (3.14) and let (3.15) be
well posed. Then for every T > 0, there exists C > 0 such that ||(etFr(Pr) — exp(tP(D))uOHLz(Rd) <
ch“HuOHWz,TW(Rd), and for 0 < s <r+pu,

(7P — exp(tP(D))u’ | p2ray
(e tPy(Dy) exp(tP(D)))ugLHL‘x’(Rd)

IN

chitr||[uf]| s,

A

sp
i )
2

where Be Bgoo 1s the Besov space.

It is remarked in [32] that for a quite general case, B](iq = (LP(R), D(A))g,q-
If we consider a full discretization scheme for (3.14) in the form L,Uf*! = B, U k = 0,1,2,...,
where Lpv = Zag(h)v(a: + Bh) and Bpv = Zbg(h)v(a: + (Bh), then a discrete semigroup can be con-

structed as Uy, (k;Tn) = F1 (U,’f(g)ag),ﬁn(g) Bu(€)/Ln(€), Bu(€) = zaﬁ( )el&5h) (the time step 7,

is connected with h by 7,/h" = const). Such a finite-difference operator Uy, (kt,) approximates (3.14)
with order g if Uy, (€) = e™P® 4 O(hrt + |€]"H) as €,h — 0.

Theorem 3.26 ([43]). Let (3.14) be well-posed and let U, (kT,,) be stable in E = L?(RY) and approrimate
(3.14) with order u > 0. Then for any T > 0, there is a constant ¢ > 0 such that

(U (t) — exp(tP(D)))upl| L2rey < ch* [uplw2rn(ga),
and for 0 < s <r+p

_sp

[(Un(t) — exp(tP(D))u’ || p2gay < chitr ||[u|B;,

|(Un(t) — exp(tP(D)))u’ || pooay < ch” HUOHB¢21/12+M+T;

|(Un(t) — exp(tP(D)e|| ooty < chior |[u®)] yajae, t = Ky € [0, T,
2

Conversely, the order of convergence implies the smoothness of u; see [32,43].
The time discretization of parabolic problems with memory by the backward Euler method was
considered in [27]. The stability and error estimates take place in the Banach space framework, and
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the results are used for obtaining error estimates in the Lo and maximum norms for piecewise-linear
finite-element discretizations in two space dimensions.

4. Backward Cauchy Problem
In a Banach space F, let us consider the backward Cauchy problem:
V'(t) = Av(t), t € 10,71,

oT) . (4.1)

where the element v(0) is unknown. At least in two important cases it is not a well-posed problem; namely,
if A is unbounded and generates an analytic Cy-semigroup or if the Cpy-semigroup exp(-A) is compact.
Indeed, in these situations, the problem exp(T'A)z = v” is ill posed [51,100,196] in the sense that the
operator exp(—T1'A) is not bounded on E and, moreover, D(exp(—TA)) # E in general. This means that
in general the Cauchy problem (4.1) has a solution only for some (but not every) initial data v? and the
solution v(0), if it is exists, does not depend continuously on the initial data. After changes of variables,
setting v(n) = u(T — n), one can rewrite the problem (4.1) in the form

u'(t) = —Au(t), t € [0,T],

u(0) — a8, (4.2)

where u® = o7 is given and u(T") is the element to be found. In this section, we consider the approximation

of (4.2) with operator A, generating an analytic Cp-semigroup.

Definition 4.1. A bounded linear operator R, 7 on the space E is called a regularizator for the Cauchy
problem (4.2) if for any 6 > 0 and any u° € E for which a solution of (4.2) exists, there exists € = €(§) > 0

such that €(§) - 0asd — 0and sup ”RE((;)’TU(S —exp(—=TA)u’|| — 0as § — 0.
[[ué —ull|<s

In [140], it is proved that for the existence of a linear regularizator of the problem (4.2) that commutes
with operator A, it is necessary and sufficient that —A generate Cc-semigroups S¢(t), 0 < ¢t < T', such
that C. strongly converges to the identity operator I as ¢ — 0.

There are many regularizators, which can be considered for problem (4.2). For example, in [165], it
was shown that if —A2 generates a cosine operator function, then the method of quasi-reversibility, which
is given by the Cauchy problems

ul, o (t) = —Apupo(t) — aA%uma(t), Un,a(0) = u%,

n,o

is a regularization method for (4.2), and ||y, (T) —pru(T)|| < C’a(Hug —anOH/(S—i—p), where a = a(d) =

1/ ( log(1/0)—1log log(l/é)—o(logfl(l/d))> . In this case S, (t) = exp(—tA) exp(—aT A?) is a C,-semigroup

with C, = exp(—aTA?) and C, — I as a — 0. Moreover, the generator of this C,-semigroup is — A.

It has been shown in [60] that the stochastic differential equation
dug(t) = —Aug(t)dt — aAus (t)dw(t),

(t) (t) (t)dw(t) (43)

u(0) = P,

where w(-) is the standard one-dimensional Wiener process, yields a stochastic regularization of (4.2).
Explicitly, the operator-function

1 —tA—a (w —w(0 )Afla2)\2
¢ 70O A=203 \ _ y-10an, ¢ > 0,
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which represents a solution of (4.3) for any u® € 2.(A), possesses the following properties:

lin%) |Ua(T)u® — exp(—T A)u®| =0, (4.4)
a—
VAl
U ()] < a exp 02J + eslt|™)? | + b(a, |t|) for any a > 0. (4.5)
ay/t] a

Here, the function b(«,t) is bounded in the parameters o and ¢ and 2(.(A) is the set of entire vectors of
the operator A. By virtue of the inequality

1Ua(T)u’ — exp(~=T AW’ || < [[Ua(D)] flu® = u°|| + 1Ua(T)u’ — exp(~TA)u’]], (4.6)
this means that there is a dependence on o = a(6) such that U, (T") becomes a regularizator. The operator
function ¢ — exp <(T - t)A) Ua(T), 0 <t <T,is a Cy-semigroup with C,, = exp(T'A)U,(T"). One can
see that Cy, — I as o — 0, and that the generator of this C,-semigroup is —A.

4.1. C-semigroups and ill-posed problems. Let C be a bounded linear operator on the Banach space
E,ie., C € B(E), and let T' > 0 be some finite number.

Definition 4.2 ([191]). A family of bounded operators {S(t) : 0 < ¢t < T'} is called a local C-semigroup
on E if

(i) S(t+5)C = S8(t)S(s) for t,s,t +s€[0,T);

(ii) §(0) = C;

(iii) S(-) is strongly continuous on [0, 7).

Clearly, S(-) is a commutative family. A local C-semigroup is said to be nondegenerate if the
condition S(t)x = 0 for all ¢ € (0,T") implies = 0. It is seen from Definition 4.2 that a local C-semigroup
is nondegenerate [63] if and only if C is injective, i.e., N(C) = {0}. Concerning construction with
N(C) # {0} see [112], [113]. It is very interesting question how to apply the case of noninjective C, i.e.
degenerate C-semigroups, for ill-posed problems. Unfortunately this approach still is not realized.

Starting from now on, we will consider only the case where C' € B(F) is an injective operator.

Definition 4.3. The generator of {S(¢) : 0 < ¢t < T} is defined as the limit

1
with the natural domain D(G) :={z € E: thir(r)l+ E(S(h)m —Cz) € R(C)}.
—

Proposition 4.1 ([182]). The operator G is closed, R(C') C D(G) and C~'GC = G.
We denote the C-semigroup S(-) with the generator —G by S(-G). Next, let 7 € (0,7"). We set

LNz = / e MS(tGQ)xdt, x € E,\ > 0. (4.7)
0

This is the so-called local Laplace transform of S(-G).

Proposition 4.2. Let S(-G) be a local C-semigroup and let L. (-) be the local Laplace transform of S(-G).
Then, for any x € E, one has L.(A\)z € D(G) and

A+ GQ)L,(N)z = Cz — e MS(r@)z for all T € [0,T) and A > 0. (4.8)

In the case of local C-semigroups, the spectrum o(—G) can be located on the half-line [0, c0). There-
fore, in this case the Laplace transform of the local C-semigroup does not exist in general, and we follow
the ideas of [30,182,191]. The function L,(\) with property (4.8) is called an asymptotic resolvent.
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Theorem 4.1 ([182]). Let A be a closed linear operator on E and let C € B(E) be injective.
(i) If the operator A is the generator of a local C-semigroup {S(t);0 <t < T} on E, then there exists
an asymptotic C-resolvent L.(\) of —A such that

i

dxm L
with 0 < m/X < 7,A > a,m € NU {0}, and the operator A satisfies C~*AC = A.

(ii) If —A has an asymptotic resolvent which satisfies (4.9), and CD(A) is dense in D(A),
D(C7YAC) C D(A), i.e.,, Cx € D(A) and ACx € R(C) imply = € D(A), then the part Ay of A in
Ey := D(A) generates a local C-semigroup on Ey with C' equal to Cy := C|g,.

In particular, under the assumption that CD(A) = E, the operator —A generates a local C-semigroup
on E if and only if C"*AC = A and there exists an asymptotic C-resolvent satisfying (4.9). In this case,
A has a dense domain.

|
< M,—= ||z, z € E, (4.9)

(Ve o

Remark 4.1. An asymptotic C-resolvent L,(A) of operator —A is compact for some A € C (and then
for any A large enough) if and only if S(-A) is compact and uniformly continuous in ¢. Indeed, if S(-A) is
compact then by (4.7) and [220], it follows that L, () is compact. Conversely, taking derivative of L, (\)
in 7 and using the fact that S(-A) is uniformly continuous in ¢t we have that S(-A) is compact as the
uniform limit of compact operators. This fact could be used in the approximation of semilinear equations
in case of the C-semigroups approach (see Sec. 6).

Let us consider the abstract Cauchy problem, which is given by (4.2).

Definition 4.4. A function u(-) is called a solution of (ACP;T,y) if u(-) is continuously differentiable
intel0,T),ut) € D(A) for all 0 <t < T, and u(-) satisfies (4.2). We denote by (ACP;T,CD(A)) the
problem (ACP;T,y) with y € CD(A).

Definition 4.5. The Cauchy problem (ACP;T,CD(A)) is said to be generalized well-posed if for every
y € CD(A), there is a unique solution u(:;y) of (ACP;T,y) such that |lu(t;y)|| < M(t)||C~ty| for
0<t<Tandye CD(A), where the function M(t) is bounded on every compact subinterval of [0, 7).

It should be stressed here that the generalized well-posedness in the sense of Definition 4.5 is more
general than that in the case of the problem in (3.1). Moreover, we can state that this generalized
well-posedness is a solvability condition of (4.2) for which a regularizator exists.

Theorem 4.2 ([182]). Let C be a bounded linear injection on E, and let A be a closed linear operator.
Then the following assertions are equivalent:

(I) The operator —A is the generator of a local C-semigroup

(II) C~YAC = A, and the problem v'(t) = —Av(t) + Cx, t € [0,T),v(0) = 0, has a unique solution
for every x € F.

If either p(A) # 0 or A has a dense domain, (I) and (II) are also equivalent to

(IIT) C~YAC = A, and the problem (ACP;T,CD(A)) is generalized well-posed. Moreover, u(t;y) =
C~1S(tA)y, t € 0,T), is a unique solution for every initial value y € CD(A).

Since local C-semigroups are regularizators of the ill-posed problem (4.2) it is very important to
present the approximation theory of local C-semigroups.

4.2. Semidiscrete approximation theorem. Within the general discretization scheme, let us consider
the semidiscrete approximation of the problem (4.2) in the Banach spaces E,, :

ul (t) = —Ayun(t), t€l0,7),

n
un(0) = u?w
where the operators —A,, are generators of local C),-semigroups which are compatible with the operator
—A and uY — u®. We understand compatibility in the sense of the general approximation scheme as the

(4.10)
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PP-convergence of C, — C and the PP-convergence of resolvents (M, — A,)~t — (A — A)~! for some
A € p(A)Np(A,). Recall that in our general case (4.1), such a A does exist, since conditions (A) and (B)
from Theorem 3.1 are naturally assumed to be satisfied.

Theorem 4.3 ([214] (Theorem ABC-C)). Under the assumption CD(A?) = E, the following conditions
(Ac) together with (B.) are equivalent to condition (C.).

(A.) Compatibility. C,, — C and operators A, and A are compatible;

(B.) Stability. For any 0 < T < T there is some constant M, independent of n such that

IS(tAL)|| < My for0 <t <7 and n € N;
(C.) Convergence. For any 0 < 17 < T, we have
m[(z)a,x] |S(tA)zS — p,S(tA)z°|| =0, as n — oo,
te|0,7

whenever 20 — x0.

Remark 4.2. In the case of exponentially bounded C-semigroups [64,65] we can trivially change condi-
tion (A.) to the condition

(A) Cp— Cand (A\—A4,)"'Cp = (A — A)~IC for some X € C;
see [225] for details. Since, the construction can be done just as with condition (A’), in this case, we do
not need to assume that (A — A,)~* — (A — A)~! for some .

Remark 4.3. We have set the condition CD(A?) = E for simplicity. For the general case one obtains
the convergence on the set C'D(A?). In the case of integrated semigroups, such situations have been well
investigated; see, e.g., [33,35]. Actually, the paper [33] is devoted to the following effect observed in the
study of convergence of semigroups. Suppose we are given a sequence of uniformly bounded semigroups
{exp(tA,),t > 0},n > 1 (|[exp(tA,)| < M,t € Ry) acting on the Banach space E. Assume furthermore
that the limit lim,, 0o (A — A,,) "tz = S()\)z exists for any z € E. If

R(S(\) =FE (4.11)
(R(S(N)) is common for all A > 0), the semigroups in question strongly converge, by the Trotter—Kato
theorem. One can also show that if condition (4.11) is relaxed, the limit

lim exp(tA,)z (4.12)

n—o0

exists for all z € R(S(X)) (see e.g. [115], [70, p. 34], or [33,35]). As observed by T.G. Kurtz [115] for any
x € F, there exists the limit

t
lim exp(sAy)xds. (4.13)

n—oo 0

In general, however, one cannot expect that (4.12) holds for ¢ R(S()\)). This effect is of course related to
Arendt’s theorem, or rather to the generation theorem for “absolutely continuous integrated semigroups”
presented in [37].

Let us consider the following semidiscretization of problem (4.3) in Banach spaces E,:
dun o(t) = —Aptn o (t)dt — aApu, o(t)dw(t),

4.14
Up,a(0) = ud, ( )

where u® — u°, the operators A, generate analytic semigroups, and {(Q2,F,P),w(t)} is the standard

one-dimensional Wiener process (Brownian motion). As usual, the symbol E[-] denotes the mathematical
expectation.

3
We emphasize that the situation where o(4,), 0(A) C C\ X (Zﬂ') is considered.
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Theorem 4.4 ([214]). Let the conditions (A) and (B1) of Theorem 3.2 be satisfied, and let 6, > 0 be a
sequence which converges to 0 as n — oo. Then there exists a sequence oy, such that unq, (t) — u(t)
for every t € [0,T] as n — oco. Here upq, (+) is a solution of (4.14) and u(-) is a solution of (4.2) with
u® € A.(A). The convergence is understood in the following sense:

sup |tn,an (t) — pru(t)|]| = 0, P-almost surely as &, — 0.
14, —pnul||<dn

4.3. Approximation by discrete C-semigroups. Following Sec. 3, we denote by {T},(-)} a family of
discrete semigroups, on E,,, respectively, i.e., T}, (t) = Ty, (7,,)*", where k,, = [t/7,,]. We define the generator

of T,(+) by the formula —A,, = —(T},(7,) — I,,) and consider the process 7, — 0, k, — 00, n — oo. We
oy

n
assume that C,, € B(FE,) is an injective operator such that 7,,C,, = C,T,,. The discrete C),-semigroup
U,(+) is defined as U, (t) = T,,(t)C,. In this subsection we also assume that the dimension of each of the
spaces E, is finite, but dim (E,) — oo as n — oo.

Theorem 4.5 ([214] (Theorem ABC-C-discr)). Under condition (A) of Theorem 3.1 and the assumption
CD(A?) = E, the following conditions (Acq) and (Beq) together are equivalent to condition (Ceq).

(Acq) Compatibility. C,, — C, the operators A,, A are compatible, and A,, € B(E,), n € N;

(Beq) Stability. For any 0 < 7 < T, there is some constant M, independent of n, such that

|\Un(t)]] < My for all 0 <t<7<T andn €N

is satisfied uniformly for any choice of {1} and {k,} as long as 7, — 0, and k,, = [t/7,];

(Ceq) Convergence. For any 0 < 7 < T, maxye(o] ||Un(t)2) — pnS(tA)2°|| = 0 as 7, — 0,n — oo,
whenever 20 — 20,

Theorem 4.6 ([214]). Let the conditions (A.) and (B.) be satisfied. Assume that condition (A) of The-
orem 3.1 and the assumption CD(A?) = E are satisfied and also that 1,||A2C, 1| < MqT with ¢ < 1.

-
Then

U )| < Mo(1—¢q)" ! for0<t<7<T and anyn € N

t
uniformly for any choice of {m,} and {k,} with 7, — 0, as long as k, = [—] Moreover, for any
Tn
0<7<T, maxyp |Un(t)zd — pnS(EA)2°|| — 0 as 7, — 0, n — oo, whenever x) — z°.
Remark 4.4. In fact, the scheme U,(t) = (I + 7,A4,) % C, with t = k,7, can be constructed even
under condition (3.4). Indeed, 7,4, = T\ AA (A, — Ap)~! — 1, A2(A\I,, — A,)~!, and by the choice of A
we can make the second term less than €, and then by choosing 7, appropriately for a fixed A, we obtain
|7 An|| < 2¢, so that the scheme U, (-) is well defined.

Remark 4.5. In contrast to the well-posed case, for ill-posed problems it looks that the implicit and
explicit methods of discretization in time are not so different in the sense of stability advantages (compare
with Theorems 3.5 and 3.6). Moreover, under condition (3.4), it follows from the identity

(In — TnAn)knCn = (I, — TgA%)kn (In + TnAn)ik"Cn
and inequality
(L, + 72A42)kn | < Cet™IAl ¢ = k7,
that the stability properties of the implicit and explicit methods are the same.

There are a lot of stochastic finite-difference schemes which could be written for problem (4.14). For
example, some of the simplest are

Unat+m) —Una(t) = —ThApUna(t) —aAw(t)A, Uy, (1), (4.15)

Unalt+ 1) — Unalt) = —TnAnUn,a(t +7) —a Aw(t)An(_fn,a(t), (4.16)

)
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where Aw(t) = <w(t) —w(t — Tn)), t = ko, and Uy o(0) = Up.a(0) = I,.

Theorem 4.7 ([214]). Let the conditions (A) and (B1) of Theorem 3.2 be satisfied. Assume that the

stability conditions (3.4) and 7| A2 ||ecl4»l = O(1) are fulfilled for some constant ¢ > 0. Then for oy, =
\/Tn the scheme (4.15) has the stable behavior in the following sense:

My := SUp sup {E H
neN

an

Un,an (t)ug — €exXp (—tAn + Ctn(’w(t) — w(O))An — EC¥2 A2) ug

} Dl < 1} — 0,
and converges in the following sense:
E [|Una, (t)up = pru(t)[|] < Cv/mallAexp(=TA)u’|| + [un,a, () = Pntia, )] + Cimallupl, 0 <t < T.

For the scheme Uy, 4, (), similar notions are employed.
We can also study the convergence of more sophisticated numerical methods. For example, in [45],
in order to approximate (4.14), the following Runge-Kutta scheme was considered:

Y = Un,a(t) + \/7—_naAnUn,a(t)a
Una(t+ 1) — Unal(t) = —1hAnUn o (t) + aAw(t) AUy (1)

VTn ((Aw(t))2 )
+ — 1) (@ndnY1 — aA, Uy o(t)). (4.17)
2 VTn ’
Thus, the solution can be written in the form
Un,o(t + 1)
2
= (I, — Th A, — O“QT” A2 (L, + Z7 YaAw(t) Ay + (2,1 /2)a Aw(t)? A2) U, o(0), (4.18)

OZ2Tn

where Z,, = (In — T, — TA%) .

Theorem 4.8 ([45]). Let conditions (A) and (B) of Theorem 3.2 be satisfied. Assume that the stability

conditions (3.4) and 7,||A2|el4nl = O(1) are fulfilled for some constant ¢ > 0. Then for an, = \/Tn,
scheme (4.18) has the stable behavior in the following sense:

Ny = sSup {E H

and converges in the following sense:

n )

Una, (B, — e Ztrran (w5348 0|+ )| < 1} — 0

E [HUn,an (t) g _pn“(t)”]
< Cy/ral| Aexp(=T A || + ||un,a, (t) = Prtia, ()] + Cnllunll, 0<t<T.

In the case of the well-posed problem

{ dug(t) = Aug (t)dt + cAug (t)dw(t),

w(0) — o (4.19)

where the operator A generates an analytic Cy-semigroup, the semidiscrete and full-discretization schemes
do not need additional stability assumptions and the order of convergence will be defined just by the
compatibility property of the scheme. More precisely, the term e* under the integral leads to the absolute
convergence of the integral independently of the behaviour of a on any compact set. For example, we
have the following assertion.
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Theorem 4.9 ([45]). Let the conditions (A) and (B") of Theorem 3.2 be satisfied. Assume that the
stability condition (3.4) is fulfilled for some constant C > 0. Then for any oy, € [0,d], the scheme like
(4.18) has the stable behavior in the following sense:

a3

and converges in the following sense:

E [[[Una, (), — pr exp(tA)e®]] < Caunl| Aexp(tA)a®]| + luna, (£) = putia, Ol + Cralul], 0<t<T.

Un,aen (81t — e(tAnran (w(t)—w(0)An g0 A7), 0

| bl <1} < 7,

5. Coercive Inequalities
In a Banach space F, let us consider the following inhomogeneous Cauchy problem:
u'(t) = Au(t) + f(t), t € [0,T],
u(0) = u,

where the operator A generates Cyp-semigroup and f(-) is some function from [0, 7] into E. Problem (5.1)
can be considered in various functional spaces. The most popular situations are the following settings:
the well-posedness in C([0,7T]; E), C*°([0,T]; E), and LP([0,T); E) spaces (see [9,24,139,218]).

We say that problem (5.1) is well posed, say in C([0,T]; E), if, for any f(-) € C([0,T]; E) and any
ug € D(A)’

(7) problem (5.1) is uniquely solvable, i.e., there exists u(-) which satisfies the equation and boundary
condition (5.1), u(+) is continuously differentiable on [0,7], u(t) € D(A) for any ¢ € [0,7] and Au(-) is
continuous on [0,77;

(ii) the operator (f(-),u’) — u(-) as an operator from C([0,7]; E) x D(A) to C([0,T]; E) is contin-
uous.

In the case u® = 0, the coercive well-posedness in C([0,T]; E) means that |Au(-)|cqorm) <
cllf(-)lle(o,r;z)- In general, the coercive well-posedness in the space Y([0, T]; £) for problem (5.1) means
that it is well-posed in the space Y([0,T]; E') and

' (o, + 1AvOlr o, < C UL Ollvqore) + 10llF),

where F' is some subspace of E. For results of the coercive well-posedness see [9,24,139].
The semidiscrete approximation of (5.1) are the following Cauchy problems in Banach spaces E,:

ul (t) = Apun(t) + fo(t), t € (0,77,
Un, (0) = u?v
with operators A, which generate Cp-semigroups, A4, and A are compatible, u0 — «° and f, — f in
appropriate sense. Following Sec. 3, it is natural to assume that conditions (A) and (Bj;) are satisfied.

Here we are going to describe the discretization of (5.2) in time. The simplest difference scheme
(Rothe scheme) is

(5.1)

(5.2)

—k —k—1
_ _ T
Un=Un 40" 4ok ke {1, [—} }
n Tn (53)
o =,

where, for example, in the case of f,(-) € C([0,T]; E,), one can set o& = f,(k7,),k € {1,... K}, K =

T
[—} , and in the case f,(-) € L*([0,7T); E,), one can set

Tn
ti
1
spfb = — / fn(S)dS, tk = k'Tn, ke {17 ,K}
Tn
te—1
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5.1. Coercive inequality in C. ([0,T]; E,) spaces. Denote by C;, (]0,T]; E,) the space of elements
@n = {pE}He such that ¢F € E,, k € {0, ..., K}, with the norm [, |lc, (0,178, = maxo<k<k ||k 5, -

We recall that coercive well-posedness in C([0,T]; E) implies [24] that A generates an analytic Cp-
semigroup.

Theorem 5.1 ([24]). Let condition (By) be satisfied. Then problem (5.3) is stable in the space
C;, (10, T); Ey), i.e.,

1T nllce 01180 < C(IBallcn, oy + 1631

Theorem 5.2 ([24]). Let condition (By) be satisfied. Then problem (5.3) is almost coercive stable in the
space Cr, ([0, T); Ey), i.e.,

|4nTnllcr, ory5) < M (| At s, + min (log(1/7), 1+ |log | An]

) H%Hcm([o,T];En))'

It should be noted that if (5.1) is coercive well posed in the space C([0,T]; E'), then [69] the operator
A should be bounded or the space E should contain a subspace isomorphic to ¢y. This means that problem
(5.3) is not coercive well posed in C, ([0,T]; E,,) space in general.

For the explicit scheme

Uk - k-t k—1 k
St = AU e ke {1, K, (5.4)

U2 =,
Theorem 5.2 can be reconstructed, but under a stability condition.
1
Tn
€ > 0. Then problem (5.4) is almost coercive stable in the space C, ([0,T]; Ey), i.e.,

Theorem 5.3 ([24]). Let condition (By) is satisfied, and let T, log | Al < € for sufficiently small

1 4nUnllcs, (o,ry:80) + 1Unlle, o118, , 1

log e

< (1Al o+ min (log(1/7,).1+ |tog 4,

log Trr

) |’¢n|10m([o,T};En)> :

1—

o) _1 11—«
where |5, = [ 1A exp(tAn)un|f "dt) .
0

Remark 5.1. The space FE,, with equivalent norm coincides with the real interpolation space
(En, D(An))1-1/p,p; see [139].

5.2. Coercive inequality in C2°(0,T]; E,,) spaces. Denote by C=°([0,T]; E,), 0 < a < 1, the space
of the elements ,, with the norm

— _ k k+1 k —
@l caoo e, = max lenlle, + | _max_ llon™ = oplls, (mk)®(Im) =%

Theorem 5.4 ([183]). Let condition (B1) hold. Then the scheme (5.3) is coercive well-posed in
C20(10,T); En) with 0 < e < 1, i.e.,

_ M o N
| 4nTnlleg o718 < m(”“‘”“n”En @allogoqomen)-

Roughly speaking, assumption (Bj) is necessary and sufficient for the coercive well-posedness in
a,0
Cz. ([0, T7; Ey,) space.
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5.3. Coercive inequality in L% ([0,T]; E,) spaces. Denote by L} ([0,T]; E,), 1 < p < oo, the space
of elements p,, with the norm
K 1/p
I1%nllze, oz = (el m)
§=0
Theorem 5.5 ([183]). Let condition (By) hold. Let the difference scheme (5.3) be coercive well posed in

3)
L2 ([0,T); Ey) for some 1 < py < co. Then it is coercive well posed in L% ([0,T]; E,,) for any 1 < p < 00
and

1 AnTnllze, (o35, + max [Tylls

0k i1y = T e <HS%HL ([0,T);En) T 1Tl 1/p)

It should be noted that in contrast to the case of C*%space, the analyticity of the semigroup exp(-A)
is not enough for the coercive well-posedness in LP space [127], therefore, to state coercive well-posedness
in LP, we need some additional assumptions.

Theorem 5.6 ([183]). Let 1 < p,q < 00,0 < o < 1, and let condition (By) hold. Then the difference

scheme (5.3) is coercive well posed in L% ([0,T); Ep a4), i€,

Mp?
<
14Ty 122, (10,71 En 000) +OI<I}§J‘<XK”U 1By 1y < (p— Do

= (Pulzt, 01100+ 1071170,

where E,, o 4 1s the interpolation space (Ey, D(Ap))a,q with the norm
* o dX\1/a
ey = (1A AnOL = 471, 5)

For the general Banach space E, we have the following results. Assume that A is the generator of the
analytic semigroup exp(tA),t € Ry, of linear bounded operators with an exponentially decreasing norm
as t — oo. This means that stability condition (Bf) holds with w” < 0.

Theorem 5.7 ([23]). Let condition (By) hold. Then the solution of difference scheme (5.3) is almost
coercive stable, i.e.,

1
140Dl 2, 0:1,) < M (14077 L, + min{log —, 1+ [1og | An L5z} lenlzz, o150
holds for any p > 1, where M does not depend on T,,u, and p,.

Of course, for schemes like

Uk kal Uk Ukl

nn A () 4ok ned{l,.., K},
( 2 ) o € AL K (5.5)

U =40,

the coercive well-posedness can be considered.

Theorem 5.8 ([23]). Let condition (By) hold. Then the solution of difference scheme (5.5) is almost
coercive stable i.e., the estimate

Ja.he0E

holds for any p > 1, where M does not depend on T,,u, and py,.

Theorem 5.9 ([23]). Let condition (By) hold and condition (3.6) be satisfied. Then the solution of dif-
ference scheme (5.5) is almost coercive stable, i.e., the estimate

1
< M (|| Avei 1, + min{log 1+ [10g | Al s | 0l 2, 0735,

Lg’n ([0,T);Ex)

1
14nUnllzs, o1 < M (IA4wuS15, + min{log —,1+ |10g [ Anll s, lenllzr, o770
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holds for any p > 1, where M does not depend on T,,u, and py,.

The necessary and sufficient conditions for the coercive well-posedness of problem (5.1) in LP ([0, T; E)
were obtained in [101,221,222]. More precisely, a Banach space E has the UMD property, iff the Hilbert
transform

Hf(t) = %p.v. /OO L f(s)ds

I
extends to a bounded operator on LP(R; E) for some (all) p € (1,00). It is well known, that all subspaces
and quotient spaces of L%(€2, u) with 1 < ¢ < oo have this property.
The Poisson semigroup on L'(R) is not coercive well posed on the LP(R, E) space if E is not an
UMD space (see [127]). Hence the assumptions on E to be an UMD space is necessary in some sense.
But it was an open problem whether every generator of an analytic semigroup on L4(£2, ), 1 < ¢ < oo,
provided the coercive well-posedness in LP(R; E). Recently, Kalton and Lancien [103] gave a strong
negative answer to this question. If every bounded analytic semigroup on a Banach space F is such that
problem (5.1) is coercive well posed, then E is isomorphic to a Hilbert space.
If A generates a bounded analytic semigroup {exp(zA) : |arg(z)| < ¢}, on a Banach space F, then
the following three sets are bounded in the operator norm:
() DA — AL de iR\ #£ 0}
(i) {exp(tA),tAexp(tA):t > 0};
(iii) {exp(zA) :|argz| < 6}
In Hilbert spaces, this already implies the coercive well-posedness in LP(R; E), but only in Hilbert spaces
E. The additional assumption that we need in more general Banach spaces E is the R-boundedness.
A set T C B(FE) is said to be R-bounded if there is a constant C' < oo such that for all Zy,...,Z, € T

and x1,...,2 € B,k €N,
1 1 k
/ du < C’/ er(u)xj
0 0o 1155

where {r;} is a sequence of independent symmetric {—1, 1}-valued random variables, e.g., the Rademacher
functions r;(t) = sign(sin(2/nt)) on [0,1]. The smallest C' such that (5.6) is fulfilled, is called the R-
boundedness constant of 7 and is denoted by R(T).

du, (5.6)

k
ZW(U)ZJ(%’)

Theorem 5.10 ([222]). Let A generate a bounded analytic semigroup exp(tA) on a UMD-space E. Then
problem (5.1) is coercive well posed in the space LP(R.; E) if and only if one of the sets (i), (ii) or (iii)
above is R-bounded.

The interpretation of the discrete coercive inequality and a discrete semigroup defines the convolution

k .
operator of the form /LL T, ff 7 QnpnTy with some bounded operator Q,, € B(E,,), which usually has a
§=0
smoothness property as it is clear from the proofs of Theorems 5.7 and 5.8. Here, T),(7,)* is a discrete
semigroup, say, as in Sec. 3.1.

The boundedeness of the convolution operator in L% (Z,;E,) space implies the discrete coercive
well-posedness in L%, (Z,; Ey).

Also, in this section, we assume that Banach spaces FE,, satisfy the collective UMD-property, i.e., we
assume that the Hilbert transforms

Hofolt) = 2o [ ha(s)ds

N

extend to a bounded operators on LP(R; E,,) for some (all) p € (1,00) such that all of them are bounded
by a constant which does not depend on n. This assumption holds for example if all F,, can be embedded
in a fixed space LP(Q2) with 1 < p < oo.
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Definition 5.1. A discrete semigroup 7, (-) with a generator A, generates the coercive well-posedness on
Lk . .
L% (Z4; E,) space if the corresponding convolution operator ¢, — {An > T,]f - Qngoﬁﬂn} is continuous
j=0
on the LY (Z,; E,) space.

Theorem 5.11 ([23]). Assume that for convolution operator
k . .
Pn > {An Z Tr]f_]Qnﬂothn}v
=0

the following conditions hold:
10 the set {A, (A —Tp) " Qu7n : [N = 1, X # 1, X\ # —1} is R-bounded,
20 the set {(A — 1) A+ 1A, (A = T)2Qumn : [N =1,A # 1,\ # —1} is R-bounded.
Then the discrete semigroup T, (-) generates the coercive well-posedness on the LY (Z.; E,) space.

Theorem 5.12 ([23]). Let E,, be UMD Banach spaces. Also, assume that the set
AMA = A,) "1 A €dR, A £ 0}

is R-bounded with the R-boundedness constant independent of n. Then the solution of difference scheme
(5.3) is coercive stable, i.e.,

14nTnllze 2. m0) < Mlenllze, 2.8, (5.7)
holds for any p > 1, where M is independent of T,,,ul, and @y,

Remark 5.2. It should be noted that Theorem 3.2 can be reformulated in terms of R-boundedness
with the change of condition (Bj) by the following condition: there is a 0 < # < m/2 such that the
set {A(A—4,)"t: X e X0+ 7/2)} is R-bounded with the R-boundedness constant independent of n.
Condition (C7) can be written, due to [222, Theorem 4.2], in the following form: exp(tA,) — exp(tA)
converges for any ¢ € R and there is 0 < 6 < 7/2 such that the set {exp(zA4,) : z € £(0)} is R-bounded
with the R-boundedness constant independent of n. Therefore, one of our assumption in Theorems 5.12
and 5.13 is in some sense condition (Bj) changed by the R-boundedness condition.

Theorem 5.13 ([23]). Let E, be UMD Banach spaces. Also, assume that the set {\(A — A)~1: \ € iR,
A # 0} is R-bounded with the R-boundedness constant independent of n. Then the solution of difference
scheme (5.5) is coercive stable, i.e.,

k k—1
)

5 < Mllenllze (o.15:8.) (5.8)

L2, ([0,T];En)

holds for any p > 1, where M does not depend on T,,u, and py,.

Remark 5.3. Analyzing the proofs of Theorems 5.12 and 5.13, it is easy to see that one can set A, = A,
in statements (5.7) and (5.8). Moreover, statement (5.8) can be written in the form

1AnUnllre, o115 < Mlenllze (or)5.)-
Tn

2 A,
2 n)

It is possible to consider a more general Padé difference scheme [24] for p =¢—1orp=¢—2. In
this case, the difference scheme is written in the form

Uk _ kal

Tn

The proof of this fact is based on the relation A, = An (L, —

— (AUt opk U0 =0 1<k <K. (5.9)
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Ry q(mhAp) — 1

B, < MtE*%. To formulate the coercive
Tn

k-1
where (A,U,)*F = ( Un) and ||of — BT

statements of Secs. 5.1-5.3, we just need to change the operator A, by A,,. We know from Theorem 3.16
that under condition (B;) with p = ¢, the Padé approximation is stable, but, in general, it is not coercive
stable. To obtain the coercive inequality, we need condition (3.6). Spaces where the problem considered
can also be very different [24].

5.4. Coercive inequality in By, ([0,77;C?(24)) N Cx([0,T]; Cx(Q)). From the point of view of the
numerical analysis, it is very interesting to consider problem (5.1) in the space Y([0,T]; E) such that FE
is smoother than C(2) (elements of such a space can easily be well approximated) and Y ([0, 77; E) is like
C([0,T]; E) or the space of bounded functions. An interesting fact is that such a situation is actually
possible at least for a strongly elliptic operator of order 2 with coefficients of class C?(Q). Since operator
(pnv); = v(ih) is very concrete in such space F, i.e., it takes values in the grid points, we omit p, in the
notation of this section.

Theorem 5.14 ([39]). Let Q be an open bounded subset of R? lying to one side of its topological boundary
00, which is a submanifold of R? of dimension d — 1 and class C**?, for some 0 € (0,2) \ {1}. Let

A= A(z,D,) = Z aa(2) Dy

o] <2

be a strongly elliptic operator of order two (thus, Re Y. an(x)€Y > v|¢|? for some v > 0 and for any
=2

(z,8) € Q x R?) with coefficients of class C*(Q). Then there exist p > 0 and ¢g € (g,w) such that for
any A € C with |\| > p and | Arg M| < ¢o, the problem

A —Av =y,
’707-7:0’

has a unique solution v belonging to C?T9(Q), for any y € C%(Q) and for a certain M > 0,

1+¢ 0
A 2ol oy + A vllco @y + ([0l 2oy < M(”yHce(ﬁ) + [A[=2 “')’Oy“C(ﬁﬂ))’ (5.10)
where 7y is the trace operator on 0S).

It is clear from (5.10) that the operator A does not generate a Co-semigroup in E = C?(Q) space in
general, but, following, say, [139], one can construct a semigroup exp(t.A),t > 0, which is analytic.

Let Z = Z, and let E be a Banach space with norm || - ||. For a grid function U : Z — E, writing U;
or (U); instead of U(j) for any j € Z, we set

B(I;E) = {U:T - E : sup||Uj]| < +00}, lUllnz:m) = sup [T
jez jeT

It is easily seen that B(Z; E) is a Banach space with the norm || - [|g(z,g). If the set Z is some interval,
say, Z = (a,00), we denote by B(Z; F) the set of all bounded functions from Z into E.
For the grid function U : Z — F and h > 0, we define the operator d; by formula

(OnU)j := b~ (Ujs1 — Uj).
For any m € Z we set (B,TU)]- =Ry (7?) (—1)mfin+i. If U € B(T; E), we set
=0
1Ullegr z:m) == maX{H@EUHB(I;E) 10<r< m}
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Finally, let 6 € (0,1). We define

. 70 . .
[U]Cﬁ(I;E) = SuP{((k _J)h> Uk = Ujll = G,k €Z,j < k}’
and if m € Ny,
10l g+ .1y = max { U e sy, 07Ul . -

In the same context, we denote by B(Z; E) the space CY(Z; E). If E = C, we write simply B(Z) or CY(Z).
Let f € B(N; E). We denote by f the extension of f to Ny such that fy = 0. For a nonnegative real
number w, we define

1flley @vm) == HfHC;j(No;E)~ (5.11)

Now let L > 0,n € Nyn > 3, and let h = £ For j € T := {1,...,m — 1}, we are given complex
numbers a;, bj, b;-, and c; satisfying the following c%nditions (¢):

(¢1) there exists v > 0 such that Re(a;) > v for every j € Z;

(12) max{|aj|, 1651, 101, |cj|} < Q for every j € Z with Q > v;

(¢3) there exists w : [0,L] — [0,400) such that w(0) = 0 and w is continuous at 0 such that for
j k€T with j <k,

lag — aj] < w<(k —j)h).
For A € C, we study the following problem:
)\Uj - aj((?%U)j_l — bj(ahU)j — b}(@hU)j_l — CjUj = fj for j = 1, ey — 1,
Uy=U,=0.
For this purpose, we set Z := {0,1,...,n — 1,n} and for U € B(Z; E), define
- U, ifjel,
U={"
0 ifje{0,nl.
We introduce the operator A in B(Z; E) defined by
(ApU); = a;(03U)j—1 + b;(0xT); + V(04U j—1 + ¢;U; for j € L. (5.13)

Further, we assume that B
(tp1) there exists v > 0 such that Re(a;) > v for every j € T;

(c02) maX{HchfL@y 1bllce zys 1V Nl oz Hb”cg(f)} < Q with @ > v.

(5.12)

Proposition 5.1 ([95]). Assume that assumptions (vg) are satisfied for some 0 € (0,2) \ {1}. Fiz ¢o €

0,m — arccos(z)). Then there exists pg > 0 such that {\ € C : |X| > po,|Arg(A)] < ¢o} C p(An),

Q
where Ay, is the operator defined in (5.13). Moreover, for every r € [0,2] there exists ¢ > 0 depending only

on L,v,Q, and r such that for every f € B(Z; E) and any F € B(Z; E) with F|z = f, one has
— T_ (4]
IO = A0 llosr iz < BT (1Pl g + 1715 max{ | Foll, | Full})-

Let us consider the following mixed Cauchy—Dirichlet parabolic problem:

%(t,m)z/lu(t,:c)—l—f(t,m), te€[0,T],z € [0, L],
u(t,z') = 0, te[0,7),2' € {0,L}, (5.14)
u(0,z) =0, xz € [0, L],
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where A is a second-order differential operator and L > 0. We say that problem (5.14) has a strict solution
if there exists a continuous function u(¢,z) having the first derivative with respect to ¢ and derivatives of
order less than or equal to 2 with respect to « which are continuous up to boundary of [0,7] x [0, L], i.e

ueCt ([O,T]; C’(ﬁ)) N C’([O,T]; 02(§)> and the equations in (5.14) are satisfied.

Theorem 5.15 ([91]). Consider problem (5.14) under the following assumptions:
(I) T and L are positive real numbers,

(H)GG(O,I)\{%};

(I11)
2

Au(z) = a(z )g Yt ) + bz )%(t,x) +e(@)ult, 7),

with a,b,c € C*([0, L]);

(IV) a is real-valued and mina = v > 0;

(V) fec(0,T] x [0,L]), t — f(t,) € B([O,T];c29([o,L])); t s f(,0) and t — f(t,L) belong to
C?([0,77); £(0,0) = £(0,L) = 0.

Then there exists a unique strict solution u(-) of problem (5.14). Such a solution belongs to

B([o,T];02+29([o, L])) and % e B([O,T];C29([0,L]).

Now let Z be a set which can depend on a positive parameter h and the Banach space X;, = B(Z).
Next, we introduce a linear operator Ay, in X}, depending on h. In each case, p(Ay) contains

A eC\ {0} A = R and | Arg(N)| < do},
where R > 0 and ¢g € (g, m), and there exists M > 0 such that
I = AR Hlzex,) < MIAT

for A in the specified subset of C. Here, R, ¢, and M are independent of h. Then we consider another
set Z such that Z C Z; we set X}, :== B (z ) We define an extension operator &, from X}, to X, : in all our
concrete cases, this is the extension with zero. Next, for § € (0,1), we introduce the norms || - ||29,, and

| - llo426, in Xp. The first of these norms is connected with || - || x and the operator Ay, by the following
property: there exist two positive constants ¢; and ¢ independent of A such that for every U € Xy,

c1llEnUll20,n < U l(x,,0(41))0 < C2llEnU |20,

Then, for every, h we consider the restriction operator Rj € L(X'h,Xh) such that Ry&), = Ix,. Let us
also introduce a seminorm py, in Xjp: in concrete cases, we have p,(U) = ||[U |f\IH B(@\17)- We assume that

if [\| > R and | Arg()\)| < ¢, for every G € X}, then
A IERO = An) " RuGlaon + 1€ = An) " RaGlzs 20 < M([|Gllz0. + A Pa(G)).
Another inequality we impose is the following. If || > R, | Arg(\)| < ¢ and G € X}, then
14n(A = AT RuGlx, < MIN (G a0 + NP (G))-

Such an inequality can be easily deduced in each of our examples. In the formulation below, we remove
the parameter h. In the case of the backward Euler scheme (5.3), we have

Theorem 5.16 ([95]). Let X and X be Banach spaces with norms | - ||x and || - | ¢, respectively, and let
A€ B(X),€ € B(X,X), and R € B(X,X) be such that RE = Ix. Assume, moreover, that 6 € (0,1)
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and || - |26 and || - ||2420 are norms in X, while p is a seminorm in the same space. Finally, assume that
there exist R > 0, ¢g € (g,w), M > 0 such that the following conditions are satisfied:
(@) {IA € C: |\ > R, |Arg(N)| < ¢o} C p(A) and, for X in this set,
I = A) sy < MA+ AN

(b) for every F € X,
|EF o9 < M|IF[|(x,D(A))65

(c) for every V € X, X € C with |A\| > R and | Arg(\)| < ¢,
L+ ADTHIEN = A)TIRV |2 + [EA = A) TRV |59
1+ A IAN = AR < M (V2o + (1 + M) p(V));

(d) p(V)) < ||V |26 for every V € X and p(EF) =0 for every I € X;

(e) IRV ]x <||V||20 for every V € X.

LetT >0, KeNK >2, and T = I Assume that TR < 1.

Let G € B({0,1,...,K}; X) be such that G = 0; consider problem (5.3) with ©* = RG* for k =
1,...,K and U° = 0. Then, for U € B({0,1,...,K}; X) which solves (5.3), one has

77k k -0, ¢k k
< _ 2 1 )
€0 12120 < e mave [GHlag + _max_ (ks = k1)) p(GH2 — GM)). (5.15)

fork =0,1,..., K, where c is a positive constant depending only on 8, R, ¢o, M, andT" and is independent
of 7, and G.

We now consider the Crank—Nicolson scheme: we replace (5.3) by (5.5). Theorem 5.16 has the
following analog.

Theorem 5.17 ([94]). Assume that the assumptions of Theorem 5.16 are satisfied and, moreover,
(f) ITAllpx) < S with some S > 0;
(g) if |A| > 28, then

IEN = TA) 'RV |j2g < M <||V||29 + T_Gp(V)> for every V € X;

(h) [|ERV |20 < M<HVH29 + T_ep(V)> for every V € X;
(i) 2rR < 1.

Let G € B({0,1, ...,K};X’) be such that G = 0; consider problem (5.5) with ¥ = RGF for k =
1,.,.K and U’ =0. IfU € B({O, 1, ...,K};X) solves (5.5) for k=0,1,..., K, then

k <( k ky — k)7) " Op(GF2 — kl) 1
|EU" |l2420 < € OE}CE;XK‘|G \|29+0§krlli&}€>2<§K(( 2 — k1)7) " p(G™* - G™) ), (5.16)

where ¢ is a positive constant depending only on 0, R, ¢o, M, S, and T and is independent of 7, and G.

An application of Theorems 5.16 and 5.17 to the discretization of problem (5.14) is the following.

T L
Let K,n € N. We set 7 := Ve and h := —. We assume that K > 2 and n > 3. For j =0,1,...,n, we set
n

1 —
aj := a(jh), b; = §b(jh), ¢j :i=c(jh), Np_1 :={1,...,n — 1}, Ny, :={0,1,...,n — 1,n}, and

X := B(N,_1),X := B(N,,). (5.17)
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If V € X as before, for : € N,,_1, we set

‘77:+1 —2V; + ‘7i+1

Visr — Vi

Pp— . . _1 . ~4
(ApV); == a; 3 + b= + ¢ Vi, (5.18)
where
3 V, if1<i<n-—1,
Vi=(EV); =
0 ifie{0,n}.
Next, we define
R € B(X,X),RV :=V|N,_, (5.19)

- - 1
for every V € X. Then, again for V € X and 0 € (0, 5), we set

IV ll2g := max{|[V||g, max_ ((iz —i1)h)">|Vig = Vi, [}, (5.20)
0<i1<ia<n

RV )i
0<I?<arfi2‘( WV il

IV ll2+20 := max{[[V]| g, max [0V},
ocimex (12— i1)h) |9V )iz — (V) I}, (5.21)
with

Viei = V; Vige =2V + Vi

for 0<i<n—1,(07V); == ;
p(V) = max{|Vo|, [Vo|}- (5.22)

for 0 <i<n-—2,

(8}1‘/)2 =

One has the following result.

Theorem 5.18 ([94]). With the notation (5.17), (5.18), (5.19) and (5.20), the assumptions (a)—(e) of
Theorem 5.16 are satisfied, with R, ¢g, M independent of h. If we impose the further condition

™ < ah?, (5.23)
the same also holds for assumptions (f)—(h) of Theorem 5.17 (even with S independent of n).

As a consequence, we have the following theorem.

Theorem 5.19 ([95]). Consider the problem (5.14) under the assumptions of Theorem 5.15. With the
notation (5.17), (5.18), (5.19), and (5.20), set Gf = f(kmn,jh) for k € {1,..,K}, j = 0,....,n. Set
©F := RG* and denote by GO the zero in B(N,,).

Then if T, is sufficiently small, the problem

Uk — k-1 Uk — 20k + Uk Uk, — Uk -
J J _ i+l ) i—1 Tl i—1 TTk k
) p = Qa; h2 +bz oh +C’0Uz +S0J, (524)
0 _
{9 =0,
forjel,...;n—1ke{l,..,K} has a unique solution such that
10% g0,y < (11 o r7020q0,217) + max{llF ¢ Ollo o,y 17 D) lleogory}) (5.25)

with ¢ independent of h and T,.

1
An analogous result holds for the Crank—Nicholson scheme (5.5). Then we set G;‘? =f ( <k— 5) Ty J h)
under the further condition (5.23).

28



Remark 5.4. It follows from Theorem 5.18 that, for scheme (5.5) with 42 = 0 and under condition (5.23)

[ARU 2o,y < C(HfHB([o,T];cw([o,L])) + max{|| f.(-, 0)llco o, 17) Hf(wL)|fce([o,T])}>, (5.26)

with ¢ independent of h and 7,,. In the quoted papers Theorems 5.16 and 5.17 are also applied to the
discretization of the heat equation in a square.

A counterexample in [94] and [93] shows that condition (5.23) cannot be removed in general. Finally,
estimates of the order of convergence are given in [93].
The coercive inequalities and their discrete analogs in the spaces C' and LP for elliptic problems of
the form, e.g.,
u"(t) = Au(t) + f(1), w(0)=0, w(T)=u,
have been considered in [20,21].

6. Approximations of Semilinear Equations

In a Banach space F, let us consider the semilinear Cauchy problem
u/(t) = Au(t) + f(t,u(t), u(0)=uP, (6.1)

with the operator A, generating an analytic Cp-semigroup of type w(A) < 0, where the function f is
smooth enough. The existence and uniqueness of solution of problem (6.1) have been discussed, e.g., in
[9,31,96,98,139].

6.1. Approximations of Cauchy problem. By a semidiscrete approximation of problem (6.1), we
mean the following Cauchy problems in the Banach spaces E,,:

Up(t) = Antn(t) + fult, un(t), un(0)= u?u (6.2)

where the operators A,, generate analytic semigroups in E,, A, and A are compatible, the functions f,
approximate f and u® — u®.

Let © be an open set in a Banach space F, and let B : 0 — F be a compact operator having no
fixed points on the boundary of Q2. Then for the vector field F(z) = x — Bz, the rotation (I — B;9f) is
defined; it is an integer-valued characteristic of this field. Let z* be a unique isolated fixed point of the
operator B in the ball S,, of radius r¢ centered at z*. Then (I —B;0S,) = y(I —B;9S,,) for 0 < r < r,
and this common value of the rotations is called the index of the fixed point x* and is denoted by ind x*.

Theorem 6.1 ([166]). Assume that conditions (A) and (Bi) hold and compact resolvents (A —
AL (AL, — A7 converge: (M, — Ap)~t — (M — A)~ compactly for some A € p(A) and ud — uP.
Assume that

(i) the functions f, and f are bounded and sufficiently smooth, so that there exists a unique mild
solution u*(-) of the problem (6.1) on [0,T] (in this situation ind u*(-) = 1);

(ii) fu(t,zn) — f(t,x) uniformly with respect to t € [0,T] as x, — x;

(iii) the space E is separable.

Then for almost all n, problems (6.2) have mild solutions wu}(t), t € [0,T], in a neighbourhood of
pnu*(+). Each sequence {u}(t)} is P-compact and u}(t) — u*(t) uniformly with respect to t € [0,T].

Let us consider the time discretization with respect to the explicit difference scheme:

Un(t + 1) — Upn(t)
Tn
Theorem 6.2 ([166]). Assume that the conditions of Theorem 6.1 and condition (3.6) are satisfied. Then

the functions U, (t) from (6.3) give an approzimate mild solution u*(-) of problem (6.1) and, moreover,
Un(t) — u*(t) uniformly with respect to t € [0,T].

Let us define the operator R(uy)(t) = un(t) — f(f exp((t — s)An) f(s,un(s))ds.

= AnUn(t) + fn(t’ Un(t))? Un(o) = u?w t=ktn, k= {0? U ?K}' (6‘3)
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Remark 6.1. If we assume that the conditions of Theorem 6.1 hold and the functions f(-) and
fn(-) have Fréchet derivatives in some balls containing the solutions u* and w) and, moreover, as-
sume that f; (t,p,u*(t)) are uniformly continuous with respect to the first and second arguments and

ey, (5 un(t)) = fi,(t,w* (¢)) uniformly with respect to ¢ € 0,77 for u, — u*, then [166] for almost all n
the problems (6.2) have mild solutions w}(¢), t € [0,7], in the neighbourhood of p,u*(-). Each sequence
{u’(-)} is P-compact and u; (t) — u*(¢) uniformly with respect to ¢ € [0, 7] and, moreover, for sufficiently
large n > ng and some 7™ < T we have

cren(u”, uy) < g, = putt®||F, < c2en(u”,up),

where the constants ¢; and ¢y are independent of n, F,, = C([0,T]; E,,), and

en(u”,up) = (hax [IR(pru”)(2) — exp(tAn)up b,

k—1

Let Uy (t) = (I, + TaAn)* and S, (up)(t) = un(t) — l; Un (k= D) fr (I, un (1) ) T

Remark 6.2. If we assume that the conditions of Theorem 6.2 hold and the functions f(-) and f,()
have Fréchet derivatives in some balls containing the solutions u*(-) and wu}(-) and, moreover, as-
sume that f,, (t,pou*(t)) are uniformly continuous with respect to the first and second arguments and
fr, (& un(t)) — f,(t,w*(t)) uniformly with respect to t € [0,7] as up, — u* and condition (3.6) holds,
then [166] the functions Uy, (t) from (6.3) give an approximate mild solution of the problem (6.1) and
Uk(t) — u*(t) uniformly with respect to t € [0, 7] and, moreover, for sufficiently large n > ny and some
T* < T, we have
cren(u’,up) < Uy = ppuu®|| pp < czen(u”, up),

where the constants ¢; and ¢y are independent of n, Fr = {u,(k7,) : oLpax llun(kmn)||E, < oo} and
SKRT

en(u”, up) = (1S (Pt )(t) = Un(t)up |l 2,

Schemes which have higher order of convergence than (6.3) are considered in [146,166]. The Runge—
Kutta methods for semilinear equations were considered in [79], [135-137, 146, 149].

6.2. Approximation of periodic problem. In a Banach space F, let us consider the semilinear T-
periodic problem

V' (t) = Av(t) + f(t,v(t)), v(t) =v(T +1),t € Ry, (6.4)

with the operator A, generating an analytic compact Cp-semigroup, where the function f is smooth
enough and f(t,z) = f(t + T,z) for any 2 € F and t € R,. Let u(-;u®) be a solution of the Cauchy
problem (6.1) with the initial data u(0;u") = u®. This function u(-;u%) is also a mild solution, i.e., it
satisfies the integral equation

u(t) = exp(tA)u’ + /0 exp ((t — s)A) f(s,u(s))ds, t € Ry. (6.5)

Then the shift operator K(u") = u(T;u°) can be defined, and it maps E into E. If u(-;z*) is a periodic
solution of (6.1), then z* is a zero of the compact vector field defined by I — K, i.e., K(z*) = z*.

Remark 6.3. We assume here that the operator (I — exp(T A))fl exists and is bounded. Meanwhile,

it is just enough to assume that (I — exp(tA))f1 € B(FE) holds for ¢ > ty with some t; > 0. This
assumption is not restrictive, since, without loss of generality, we can change A by A — wl and obtain
| exp (t(A — w))|| < Me™% for § > 0,¢ > 0. It follows [29] that (I — exp(tA))f1 € B(E) for any t > 0.
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Remark 6.4. We say that function f is smooth enough in the sense that it is at least continuous in both

arguments, sup | f(t,z)|| < Cq and such that there exists the global mild solution of the problem
t€[0,7],[lz]|<er

u'(t) = Au(t) + f(t u(t)), uw(0) =u, t € Ry.

Definition 6.1. The solution u(-) of the Cauchy problem (6.1) is said to be stable in the Lyapunov sense
if for any € > 0 there is § > 0 such that the inequality ||u(0) — @(0)|| < 6 implies (Jax llu(t) —a(t)] <e,
St<oo

where 4(+) is a mild solution of (6.1) with the initial value (0).

Definition 6.2. The solution u(-) of the Cauchy problem (6.1) is said to be uniformly asymptotically
stable at the point u(0) if it is stable in the Lyapunov sense, and for any mild solution (-) of (6.1) with
|u(0) — @(0)|| < 9, it follows that lim; o ||u(t) — @(t)|| = 0 uniformly in () € B(u(0);9), i.e., there
is a function ¢, () s(-) such that [u(t;u(0)) — u(t;a(0))] < Pu(0),5(t) With ¢y(0),5(t) — 0 as t — oo and
Ju(0) — @(0)| < 5.

Constructive conditions on the operator A and f ensuring that the equation u'(¢t) = Au(t) + f(u(t)),
u(0) = u® is asymptotically k-dimensional are given in [172,173]. They concern with the location of
eigenvalues of A, i.e., Agp1 — A\ > 2L, A1 > L.

Theorem 6.3 ([38]). Assume that conditions (A) and (B") hold and compact resolvents (A —
AL (AL, — Ay) 7Y converge: (M, — Ap)7t — (A — A)~1 compactly for some A € p(A). Assume that

(i) the functions f and f, are sufficiently smooth, so that there exists an isolated mild solution v*(-)
of the periodic problem (6.4) with v*(0) = z* such that the Cauchy problem (6.1) with u(0) = x* has a
uniformly asymptotically stable isolated solution at the point x* (in this case, indv*(-) = 1);

(ii) fn(t,zn) — f(t,x) uniformly with respect to t € [0,T] as x, — x;

(iii) the space E is separable.

Then, for almost all n, the problems

Un (t) = Apun(t) + fo(t,vn(t)), vn(t) = vu(t + T),t € Ry, (6.6)

have periodic mild solutions v}, (t),t € [0,T], in the neighbourhood of p,v*(-), where v*(-) is a mild periodic
solution of (6.4) with v*(0) = x*. Fach sequence {v;(-)} is P-compact and v} (t) — v*(t) uniformly with
respect to t € [0,T].

We say that a fixed point z* of the operator K in Banach lattice E is stable from the above [98] if
given € > 0, there is § > 0 such that ||C¥z — 2*|| < € for all k € N if z* < x and ||z — 2*|| < §. Using this
notion, we can reformulate Theorem 6.3 for positive semigroups due to the result from [62].

Theorem 6.4. Let the operators A, and A from the problems (6.4) and (6.6) be compatible and let E
and E, be order-one spaces and e, € D(A,) Nint E;f. Assume that the operators A, have the POD
property and Ane, < 0 for sufficiently large n and compact resolvents (\I — A)~1, (A, — A,)~! converge
(M, — Ay) ™t = (M — A)~! compactly for some A € p(A). Assume that

(i) the functions f and f, are sufficiently smooth, bounded and positive, so that there exists a mild
solution u*(-) of the Cauchy problem (6.3) such that the element u*(0) = x* is a stable from above and
fized points of operator K with z* < y,Ky <y (in this situation ind x* = 1);

(ii) fn(t,zn) — f(t,z) uniformly with respect to t € [0,T] as z, — x;

(iii) the space E is separable.

Then for almost alln, problems (6.6) have periodic mild solutions v} (t),t € [0,T] in the neighbourhood
of ppv*(+), where v*(-) is any mild periodic solution of (6.4) stable from above. Fach sequence {vy;(-)} is
P-compact and v} (t) — v*(t) uniformly with respect to t € [0,T.

Remark 6.5. The technique which is used here can be applied to the case of condensing operators [3].
For example, the resolvent of A in L?(R?) is condensing, but it is not compact.
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In [120], the qualitative behavior of spatially semidiscrete finite-element solutions of a semilinear

parabolic problem near an unstable hyperbolic equilibrium was studied.

The shadowing approach to the study of the long-time behavior of numerical approximations of

semilinear parabolic equations was studied in [119].

Many results contained in this survey can be reformulated for the second-order equation u” = Au(t)

with the operator A generating a Cy-cosine operator function.
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