ŇŐŚŁŐĆŚŁĹĽ ČŐŚŞĎĂŘŚŠĆĚŊŊŻĽ ŞŊĹĆĚŘŚĹŠĚŠ ĺňěŋĺ Ň.Ć. ŃŐŇŐŊŐŚŐĆĂ

Ŋăãçŋő-ĺááńěďőćăâěńìáłĺľ ćëçĺáńĺâěńìŋëľ æěŋâà

Ć.Ć. Ćăáĺńìěć, Ś.Ĺ. Ŕĺáłăàě̈ć

Ďĺääěàěŋæĺăńìŋëě ãàăćŋěŋĺï ć ąăŋăåőćőň ŕàőáâàăŋáâćě

Šěőàĺï ŕőńãčàãŕŕ őŕěàăâőàőć

Ĺğďăâěńìáâćő Ňőáłőćáłőčő ãŋĺćěàáĺâěâă

1996

Őčńăćńěŋĺě

Őčńăćńěŋĺě 1

Ŕàěďĺáńőćĺě 4

Ććěďěŋĺě 6

Şłăğăâěńì őąőğŋăçěŋĺľ 10

1 Ğăďăçă Łőèĺ ĺ àăğàěèăîéĺě áěňěľáâćă 15 1.1 Ğăďăçă Łőèĺ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 1.2 Şàăćŋěŋĺï 1-čő ĺ 2-čő ŕőàïďłőć . . . . . . . . . . . . . . . . . . 17 1.3 Ŕàĺňěàë . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 1.4 Ąĺąńĺőčàăäĺçěáłĺě ğăňěçăŋĺï . . . . . . . . . . . . . . . . . . . 22

2 Ŕőńãčàãŕŕë őŕěàăâőàőć 23 2.1 Őáŋőćŋëě áćőľáâćă C0-ŕőńãčàãŕŕ őŕěàăâőàőć . . . . . . . . . . 23 2.2 Śěňěľáâćă őŕěàăâőàőć U(·) ĺ V (·) . . . . . . . . . . . . . . . . . 33 2.3 Ĺğňěàĺňőáâì ĺ ŋěŕàěàëćŋőáâì áěňěľáâć U(·) ĺ V (·) . . . . . . . 34 2.4 Ŕàěőąàăğőćăŋĺě Ńăŕńăáă . . . . . . . . . . . . . . . . . . . . . . 37

3 Čàãŕŕë őŕěàăâőàőć 43

3.1 C_0-čàãŕŕë őŕěàăâőàőć . . . . . . . . . . . . . . . . . . . . . . . . 43

4 Ăŋăńĺâĺçěáłĺě ŕőńãčàãŕŕë 47 4.1 Ďĺääěàěŋæĺàãěňëě ŕőńãčàãŕŕë . . . . . . . . . . . . . . . . . . 47 4.2 Ăŋăńĺâĺçěáłĺě ŕőńãčàãŕŕë . . . . . . . . . . . . . . . . . . . . 48

5 Ťàěďčőńìňőćë ŕőńãčàãŕŕë 53 5.1 Ťàěďčőńìňőćë őŕěàăâőàë . . . . . . . . . . . . . . . . . . . . . . 53 5.2 Ŕőńãäàěďčőńìňőćë ŕőńãčàãŕŕë . . . . . . . . . . . . . . . . . . 53

2 ŐČŃĂĆŃĚŊĹĚ 6 Śŕěłâàăńìŋëě áćőľáâćă ŕőńãčàãŕŕ 56 6.1 Őąéĺě ŕőŋïâĺï ĺ őŕàěďěńěŋĺï . . . . . . . . . . . . . . . . . . . 56 6.2 Őâőąàăęěŋĺě áŕěłâàă . . . . . . . . . . . . . . . . . . . . . . . . 58 7 Řăćŋőňěàŋő őčàăŋĺçěŋŋëě ŕőńãčàãŕŕë 62 7.1 Řăćŋőňěàŋő őčàăŋĺçěŋŋëě ŕőńãčàãŕŕë . . . . . . . . . . . . . . 62 7.2 Şáâőľçĺćëě ŕőńãčàãŕŕë . . . . . . . . . . . . . . . . . . . . . . 69 7.3 Ăáĺňŕâőâĺłă áěňěľáâć U(·) ĺ V (·) . . . . . . . . . . . . . . . . . 76 8 Ŕőğĺâĺćŋëě ŕőńãčàãŕŕë 82 8.1 Ąăŋăåőćë ŕàőáâàăŋáâćă á łőŋãáőň . . . . . . . . . . . . . . . . . 82 8.2 Ŕőğĺâĺćŋëě C0-ŕőńãčàãŕŕë . . . . . . . . . . . . . . . . . . . . 84 8.3 Ŕőńőęĺâěńìŋőáâì áěňěľáâć U(·) ĺ V (·) . . . . . . . . . . . . . . 93 9 Ŕőńãčàãŕŕë ŋěŕàěàëćŋëě ŕő ŋőàňě 95 9.1 Śâăŋőćïéĺěáï ŋěŕàěàëćŋëňĺ ŕő ŋőàňě ŕőńãčàãŕŕë . . . . . . 95 9.2 Ŕőńãčàãŕŕë á őčàăŋĺçěŋŋëň čěŋěàăâőàőň . . . . . . . . . . . . 96 10 Ŕőçâĺ ŕěàĺőďĺçěáłĺě ŕőńãčàãŕŕë 99

10.1 Ŕàěďćăàĺâěńìŋëě áćěďěŋĺï . . . . . . . . . . . . . . . . . . . . . 99 10.2 Ŕőçâĺ ŕěàĺőďĺçěáłĺě C_0-ŕőńãčàãŕŕë . . . . . . . . . . . . . . . 101 10.3 Ŕőçâĺ ŕěàĺőďĺçěáłĺě áěňěľáâćă U(·) ĺ V (·) . . . . . . . . . . . 105

11 Łőňŕăłâŋëě ŕőńãčàãŕŕë 107

11.1 Łőňŕăłâŋőáâì C_0-ŕőńãčàãŕŕ . . . . . . . . . . . . . . . . . . . . 107 11.2 Łőňŕăłâŋőáâì áěňěľáâć U(·), V (·) . . . . . . . . . . . . . . . . . 109

12 Śőŕàïęěŋŋëě ŕőńãčàãŕŕë 111

12.1 Śőŕàïęěŋŋëě ŕàőáâàăŋáâćă . . . . . . . . . . . . . . . . . . . . 111 12.2 Śőŕàïęěŋŋëě ŕő Ťĺńńĺŕáã ŕőńãčàãŕŕë . . . . . . . . . . . . . 111

13 Ćőğňãéěŋĺï ŕőńãčàãŕŕ 116

13.1 Őąéĺě ňãńìâĺŕńĺłăâĺćŋëě âěőàěňë . . . . . . . . . . . . . . . 116 13.2 Ŕàĺńőęěŋĺï ł ăďďĺâĺćŋëň ćőğňãéěŋĺïň . . . . . . . . . . . . 125 13.3 Ćőğňãéěŋĺï, ŕőàőęďăěňëě áěňěľáâćőň U(·) . . . . . . . . . . . 128 13.4 Ćőğňãéěŋĺï, ŕőàőęďăěňëě áěňěľáâćőň V (·) . . . . . . . . . . . 132 13.5 Śőåàăŋěŋĺě áćőľáâć ŕàĺ ćőğňãéěŋĺïå . . . . . . . . . . . . . . . 136

ŐČŃĂĆŃĚŊĹĚ 3 14 Ŋěőďŋőàőďŋőě ãàăćŋěŋĺě 144

14.1 Ŋěàăćěŋáâćő łőíàæĺâĺćŋőáâĺ ć C^α_0 . . . . . . . . . . . . . . . . . 146 14.2 Ŋěàăćěŋáâćő łőíàæĺâĺćŋőáâĺ ć L^p . . . . . . . . . . . . . . . . . 148

Ńĺâěàăâãàă 149

Ŕàěďĺáńőćĺě

Śĺáâěňăâĺçěáłőě ĺğńőęěŋĺě âěőàĺĺ ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ ć ąăŋăåőćëå ŕàőáâàăŋáâćăå, ŕő-ćĺďĺňőňã, ąěàěâ ŋăçăńő ć ňőŋőčàăäĺïå Ďăńěæłőčő- Łàěľŋă [13], Ţĺńńě [36] ĺ Ţĺńńě-Ťĺńńĺŕáă [37]. Ğăâěň ŕőáńěďőćăń őąèĺàŋëľ ŕőâőł ŕãąńĺłăæĺľ, ďőáâĺčèĺľ ăŕőčěï ć 1980-90 čőďăå.

Ł áőęăńěŋĺî, íâă ćăęŋăï âěňăâĺłă ć ŋăáâőïéěě ćàěňï ŋě ĺňěěâ áőőâćěâáâćãîéěčő őâàăęěŋĺï ć àãááłőïğëçŋőľ ńĺâěàăâãàě. Ć âő ćàěňï łăł ğă àãąěęőň ŕő âěőàĺĺ ŕőńãčàãŕŕ őŕěàăâőàőć àěčãńïàŋő ćëåőďïâ őąèĺàŋëě ĺğďăŋĺï, őâàăęăîéĺě àěğãńìâăâë áőćàěňěŋŋëå ĺááńěďőćăŋĺľ ć íâőľ őąńăáâĺ, ć Řőááĺĺ, ěáńĺ ŋě áçĺâăâì ŕěàěćőďŋëå łŋĺč [8], [27], ňë àăáŕőńăčăěň ńĺèì ňăâěàĺăńőň ŕàĺňěàŋő ďćăďæăâĺńěâŋěľ ďăćŋőáâĺ — áň. [21], [22].

Őâňěâĺň âăłęě ŕőïćńěŋĺě ğă àãąěęőň ńĺâěàăâãàë [55], [73], [107], [118], čďě ďěńăěâáï ŕőŕëâłă ăďăŕâăæĺĺ ĺğńőęěŋĺï âěőàĺĺ ŕőńãčàãŕŕ ďńï áâãďěŋâőć ĺ ăáŕĺàăŋâőć, ĺ, âăłĺň őąàăğőň, ŋăàïďã á ŋăãçŋëňĺ àěèăîâáï âăłęě ĺ ňěâőďĺçěáłĺě ğăďăçĺ. Ŋăáâőïéăï łŋĺčă ŕàěďáâăćńïěâ áőąőľ ãçěąŋőě ŕőáőąĺě, àăááçĺâăŋŋőě ŋă áâãďěŋâőć áâăàèĺå łãàáőć ňăâěňăâĺçěáłĺå ĺ äĺğĺçěáłĺå äăłãńìâěâőć ĺ ăáŕĺàăŋâőć. Őŋă áőďěàęĺâ ĺğńőęěŋĺě âěőàĺĺ C0-ŕőńãčàãŕŕ őŕěàăâőàőć. Ć Řőááĺĺ áćőľ ćłńăď ć àăğćĺâĺě íâőľ âěőàĺĺ âàăďĺæĺőŋŋő ćŋőáĺńĺ Ňőáłőćáłăï, Ćőàőŋěęáłăï ĺ Śćěàďńőćáłăï ŋăãçŋëě èłőńë, ğă àãąěęőň čěőčàăäĺï ĺááńěďőćăâěńěľ ğŋăçĺâěńìŋő èĺàě. Řőáâ łőńĺçěáâćă ŕãąńĺłăæĺľ ŕő íâőľ âěňăâĺłě ğă ŕőáńěďŋĺě čőďë ŋăáâőńìłő ćěńĺł, çâő ďăęě ŕőïćĺćèĺěáï őąğőàë [23], [116] ŋě ąëńĺ ć áőáâőïŋĺĺ őåćăâĺâì íâã ąëáâàőàăğćĺćăîéãîáï őąńăáâì ěáâěáâćőğŋăŋĺï. Ŕěàćőľ ŕőŕëâłőľ áĺáâěňăâĺçěáłőčő ĺğńőęěŋĺï âěőàĺĺ C0-ŕőńãčàãŕŕ őŕěàăâőàőć ĺ łőáĺŋãá őŕěàăâőà-äãŋłæĺľ ŋă àãááłőň ïğëłě ąëń őąğőà [5], ćëèěďèĺľ ć áěàĺĺ ”Ĺâőčĺ ŋăãłĺ ĺ âěåŋĺłĺ ŚŚŚŘ”, 1990, őďŋăłő őŋ áńĺèłőň łőŋáŕěłâĺćěŋ ĺ ŕő âěåŋĺçěáłĺň ŕàĺçĺŋăň ĺğďăâěńìáâćă ĆĹŊĹŠĹ áőďěàęĺâ âăłőě łőńĺçěáâćő őŕěçăâőł ĺ ŋěâőçŋőáâěľ, çâő ěčő ĺáŕőńìğőćăŋĺě ćěáìňă ğăâàãďŋěŋő.

Ŋăáâőïéěě ŕőáőąĺě áâăćĺâ áćőěľ æěńìî ďăâì áâãďěŋâăň ĺ ăáŕĺàăŋâăň őąéãî łăàâĺŋã áőáâőïŋĺï âěőàĺĺ C0-ŕőńãčàãŕŕ őŕěàăâőàőć ĺ ĺğńőęĺâì ŕőáńěďŋĺě ďőáâĺęěŋĺï ć íâőľ őąńăáâĺ. Ćňěáâě á âěň ŕàĺćőďĺňëľ ňăâěàĺăń ąãďěâ

ŔŘĚĎĹŚŃŐĆĹĚ 5

ĺáŕőńìğőćăŋ ŋăňĺ ŕàĺ ĺğńőęěŋĺĺ çĺáńěŋŋőčő ăŋăńĺğă ŕàĺ àěèěŋĺĺ ãàăćŋěŋĺľ ć çăáâŋëå ŕàőĺğćőďŋëå. Ęěńăï őåćăâĺâì ňăłáĺňăńìŋőě łőńĺçěáâćő ňăâěàĺăńă (ć àăňłăå ĺğąàăŋŋőčő ŋăŕàăćńěŋĺï), ňë ŕàĺćőďĺň ňŋőčĺě ãâćěàęďěŋĺï ąěğ ďőłăğăâěńìáâćă, ãłăğëćăï ĺáâőçŋĺł. Ć áńãçăě, łőčďă ćőááâăŋőćńěŋĺě ďőłăğăâěńìáâćă, ŋă ŋăè ćğčńïď, ŋě ŕàěďáâăćńïěâ âàãďŋőáâĺ, ááëńłă ŋă ŕěàćőĺáâőçŋĺł ňőęěâ ąëâì őŕãéěŋă.

Śőćàěňěŋŋëě ćőğňőęŋőáâĺ ĺŋäőàňăâĺłĺ ĺ ŕőńĺčàăäĺĺ, ć çăáâŋőáâĺ ŕăłěâ LATEX, ŕőğćőńïîâ ĺáŕőńìğőćăâì ďńï ŕőďčőâőćłĺ âěłáâă àãłőŕĺáĺ łőňŕìîâěà. İâő ďăáâ ćőğňőęŋőáâì őŕěàăâĺćŋő őâàăąőâăâì ŕőáâãŕăîéĺľ ŋőćëľ ňăâěàĺăń ĺ őàčăŋĺğőćăâì àăąőâã ŕő áőćěàèěŋáâćőćăŋĺî ĺğďăŋĺï ć ďăńìŋěľèěň. Ŕőíâőňã ăćâőàë ąãďãâ ąńăčőďăàŋë çĺâăâěńïň ğă łőŋáâàãłâĺćŋëě ğăňěçăŋĺï, łőâőàëě ŕőğćőńïâ ãńãçèĺâì âěłáâ.

Śâàãłâãàă ŕőáőąĺï âăłőćă: ňăâěàĺăń àăğąĺâ ŋă čńăćë, čńăćë — ŋă àăğďěńë, ć àăğďěńăå ŕàĺćěďěŋë őŕàěďěńěŋĺï, âěőàěňë ĺ ŕàěďńőęěŋĺï, łőâőàëě áŋăąęěŋë áőőâćěâáâćãîéěľ ŋãňěàăæĺěľ. Ć ŕőáőąĺĺ çăáâĺçŋő ĺáŕőńìğőćăŋ ňăâěàĺăń őąğőàă [5]. Ŕàĺ íâőň ŕàĺńőęěŋ ňăłáĺňãň ãáĺńĺľ, çâőąë ĺğąăćĺâìáï őâ ŋěâőçŋőáâěľ ĺ őŕěçăâőł. Ăďàěáãï łŋĺčã áâãďěŋâăň ĺ ăáŕĺàăŋâăň, ňë ŕőŕëâăńĺáì, ćő-ŕěàćëå, ŕěàěőáňëáńĺâì ŕőáâőïŋŋő ŕőáâãŕăîéĺľ ŋőćëľ ňăâěàĺăń, ĺ, ćő-ćâőàëå, ŕàĺćőďï ãâćěàęďěŋĺï, ďăćăâì ŋě âőńìłő őďŋĺ ááëńłĺ, ŋő ĺ ć őâďěńìŋëå áńãçăïå łàăâłĺě ĺńĺ ąőńěě àăğćěàŋãâëě ďőłăğăâěńìáâćă. Šěåŋĺłă ďőłăğăâěńìáâć ŕàőďěňőŋáâàĺàőćăŋă ŋă ĺğńőęěŋĺĺ àăğďěńőć, ŕőáćïéěŋŋëå áěňěľáâćăň ňãńìâĺŕńĺłăâĺćŋőčő ĺ ăďďĺâĺćŋőčő ćőğňãéěŋĺï.

Őâąĺàăï ňăâěàĺăń, ăćâőàë ŕàěďŕőńăčăîâ ŋă áěčőďŋï ŕőďčőâőćłã æĺłńă ĺğďăŋĺľ, łãďă áńěďãěâ ćłńîçĺâì:

ă/ Šěőàĺî C0-ŕőńãčàãŕŕ őŕěàăâőàőć, ą/ Šěőàĺî C0-łőáĺŋãá őŕěàăâőà-äãŋłæĺľ, ć/ Šěőàĺî ňőďĺäĺæĺàőćăŋŋëå áěňěľáâć őŕěàăâőàőć ĺ, ć ŕěàćãî őçěàěďì, ŕàőĺŋâěčàĺàőćăŋŋëě ŕőńãčàãŕŕë, C-ŕőńãčàãŕŕë, ŕàőĺŋâěčàĺàőćăŋŋëě łőáĺŋãá őŕěàăâőà-äãŋłæĺĺ ĺ C-łőáĺŋãá őŕěàăâőà-äãŋłæĺĺ,

č/ Ăąáâàăłâŋëě ğăďăçĺ ďńï ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ ŕőàïďłă ćëèě ŕěàćőčő,

ě/ Ůĺáńěŋŋëľ ăŋăńĺğ ďńï ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ ć ăąáâàăłâŋëå ŕàőáâàăŋáâćăå,

ę/ Ŕàĺńőęěŋĺï âěőàĺĺ ŕőńãčàãŕŕ őŕěàăâőàőć.

Ĺğńőęěŋĺě ŕěàěçĺáńěŋŋëå ćőŕàőáőć — ŕàěďňěâ áńěďãîéĺå ŕőáőąĺľ, čőâőćïéĺåáï ł ĺğďăŋĺî.

Řăğďěńë 2.2 - 2.4, 7.3, 8.3, 10.3, 11.2 ĺ čńăćă 13 ŋăŕĺáăŋë Ś.Ĺ. Ŕĺáłăàě̈ćëň, čńăćã 14 ŋăŕĺáăń Ć.Ć. Ćăáĺńìěć. Oáâańìŋoľ âełáâ ŋăŕĺáăŋ áoćňeáâŋo.

Ććěďěŋĺě

Ğăďăçă Łőèĺ ďńï őąëłŋőćěŋŋőčő ďĺääěàěŋæĺăńìŋőčő ãàăćŋěŋĺï

y^′(t) = ay(t), y(0) = y^0,

ŋăèńă ğăňěçăâěńìŋőě őąőąéěŋĺě ďő ãàőćŋï őŕěàăâőàŋëå ŕőńãčàãŕŕ, â.ě. ğăďăçĺ Łőèĺ_{u′(t) = Au(t), u(0) = u0,}

ć ąăŋăåőćőň ŕàőáâàăŋáâćě E, čďě A — ŋěőčàăŋĺçěŋŋëľ őŕěàăâőà ć E. Řěèěŋĺě ğăďăçĺ Łőèĺ ďńï őąëłŋőćěŋŋőčő ďĺääěàěŋæĺăńìŋőčő ãàăćŋěŋĺï ćëàăęăěâáï łăł y(t) = e^{at}y^0, ă ć áńãçăě ăąáâàăłâŋőľ ğăďăçĺ Łőèĺ — u(t) = e^{tA}u^0, čďě ŕőáâàőěŋĺě áěňěľáâćă őŕěàăâőàőć e^{tA} ąăğĺàãěâáï ŋă áłăńïàŋőľ äőàňãńě

e^x = lim_{n→∞} ( 1 − x n )−n . Ĺğćěáâŋăï łőŋáâàãłæĺï Ĺőáĺďë ďńï ŕőńãčàãŕŕë ĺňěěâ ćĺď

e^{tA} := lim_{n→∞} ( 1 − t n A )−n . Őłăğëćăěâáï, çâő ŕàĺ őŕàěďěńěŋŋëå ãáńőćĺïå ŋă őŕěàăâőà A, ŕőáâàőěŋŋăï âăłĺň őąàăğőň őŕěàăâőà-äãŋłæĺï e^{tA} : [0, ∞) → B(E) őąńăďăěâ ŕőńãčàãŕŕőćëň áćőľáâćőň, â.ě. e^{tA}e^{sA} = e^{(t+s)A}, ĺ, łàőňě âőčő, ŕàĺ ďĺääěàěŋæĺàőćăŋĺĺ ĺ ĺŋâěčàĺàőćăŋĺĺ âăłęě ćěďěâ áěąï ăŋăńőčĺçŋő íłáŕőŋěŋâě.

Ć ďăńìŋěľèěň ďńï ăąáâàăłâŋőčő áńãçăï ňë ąãďěň ćňěáâő e^{tA} ĺáŕőńìğőćăâì őąőğŋăçěŋĺě exp(tA), çâőąë àăğńĺçăâì őąőğŋăçěŋĺï őŕěàăâőàŋőľ íłáŕőŋěŋâë ĺ çăáâő ćáâàěçăîéěľáï őąëçŋőľ ŕőłăğăâěńìŋőľ äãŋłæĺĺ.

Ğŋăňěŋĺâăï âěőàěňă Ţĺńńě-Ĺőáĺďë [36], [165], ãáâăŋăćńĺćăîéăï ŋěőąåőďĺňëě ĺ ďőáâăâőçŋëě ãáńőćĺï ŋă ĺŋäĺŋĺâěğĺňăńìŋëľ čěŋěàăâőà A ďńï ŕőàőęďěŋĺï C0-ŕőńãčàãŕŕë, ŕőáńãęĺńă őáŋőćőľ ďńï ŕàőŋĺłŋőćěŋĺï âěőàĺĺ ŕőńãčàãŕŕ őŕěàăâőàőć ć ĺááńěďőćăŋĺě ãàăćŋěŋĺľ ć çăáâŋëå ŕàőĺğćőďŋëå ĺ ŕàĺąńĺęěŋŋëå ňěâőďőć ĺå àěèěŋĺï.

ĆĆĚĎĚŊĹĚ 7

Ŕőáńě őáŋőćőŕőńăčăîéĺå àăąőâ Šàőââěàă [152] ĺ Şèĺďęĺňë [154] áâăńő őçěćĺďŋő, çâő ćěáì łńăááĺçěáłĺľ çĺáńěŋŋëľ ăŋăńĺğ ďńï ŕàőáâěľèĺå ńĺŋěľŋëå ŕăàăąőńĺçěáłĺå ĺ čĺŕěàąőńĺçěáłĺå ãàăćŋěŋĺľ ňőęěâ ąëâì ŕěàěŕĺáăŋ ŋă ïğëłě äãŋłæĺőŋăńìŋőčő ăŋăńĺğă á ĺáŕőńìğőćăŋĺěň âěőàĺĺ ŕőńãčàãŕŕ őŕěàăâőàőć ĺ łőáĺŋãá őŕěàăâőà-äãŋłæĺľ. Ć âő ęě ćàěňï ĺğãçěŋĺě áćőľáâć àăğàěèăîéĺå áěňěľáâć őŕěàăâőàőć, ďăîéĺå àěèěŋĺï ăąáâàăłâŋëå ãàăćŋěŋĺľ, ŕàěďáâăćńïîâ ĺ áăňőáâőïâěńìŋëľ ŋăãçŋëľ ĺŋâěàěá, ŕőğćőńïï ĺğćńěłăâì ŋőćëě áćőľáâćă íćőńîæĺőŋŋëå ãàăćŋěŋĺľ. Ć àěğãńìâăâě âěőàĺï C0-ŕőńãčàãŕŕ ĺ C0-łőáĺŋãá őŕěàăâőà-äãŋłæĺľ áâăńă ŕàěďňěâőň ĺŋâěŋáĺćŋőčő àăğćĺâĺï łăł ”çĺáâőľ”, âăł ĺ ”ŕàĺłńăďŋőľ” ňăâěňăâĺłĺ.

Ĺğńőęěŋĺě âěőàĺĺ ŕőńãčàãŕŕ ćěďěâáï ć ŋăáâőïéěň ŕőáőąĺĺ ŋă ïğëłě äãŋłæĺőŋăńìŋőčő ăŋăńĺğă, ŕàĺçěň ĺáŕőńìğãěâáï áâăŋďăàâŋăï âěàňĺŋőńőčĺï — áň. ŋăŕà. [14], [15], [16], [25], [29], [35], [36], [37], [38].

Ďńï ãďőąáâćă ĺáŕőńìğőćăŋĺï ňë ŋăŕőňŋĺň őáŋőćŋëě őŕàěďěńěŋĺï ĺ őąőğŋăçěŋĺï ĺáŕőńìğãěňëå ŕőŋïâĺľ. Ŕãáâì E — ąăŋăåőćő ŕàőáâàăŋáâćő ŋăď ŕőńěň łőňŕńěłáŋëå çĺáěń á ŋőàňőľ ‖ · ‖. Ďńï čĺńìąěàâőćă ŕàőáâàăŋáâćă ąãďěň ĺáŕőńìğőćăâì őąőğŋăçěŋĺě H. Ŋăň ŕőŋăďőąïâáï àăćŋőňěàŋő ćëŕãłńëě ąăŋăåőćë ŕàőáâàăŋáâćă E, â.ě. ŕàőáâàăŋáâćă, ć łőâőàëå ďńï ńîąőčő ε áãéěáâćãěâ âăłőě δ(ε), çâő ďńï ńîąëå íńěňěŋâőć x, y ∈ E, âăłĺå çâő ‖x‖, ‖y‖ ≤ 1 ĺ ‖x − y‖ ≥ ε ĺňěěâ ňěáâő ŋěàăćěŋáâćő ‖x + y‖ ≤ 2(1 − δ). Ŕàĺňěàăňĺ àăćŋőňěàŋő ćëŕãłńëå ŕàőáâàăŋáâć ňőčãâ áńãęĺâì ŕàőáâàăŋáâćă L^p ĺ l^p.

Čàăŋĺæã ňŋőęěáâćă Ω ąãďěň őąőğŋăçăâì ∂Ω, ćŋãâàěŋŋőáâì ňŋőęěáâćă Ω

— int(Ω), ğăňëłăŋĺě — Ω. Řăááâőïŋĺě őâ íńěňěŋâă x ∈ E ďő ňŋőęěáâćă

Ω ∈ E, őŕàěďěńïěňőě łăł inf{‖x − y‖ : y ∈ Ω}, őąőğŋăçĺň dist(x, Ω).

Ńĺŋěľŋãî őąőńőçłã áĺáâěňë ćěłâőàőć {x1, x2, ..., xn}, xi ∈ E, i = 1, n, őąőğŋăçĺň span{x1, x2, ..., xn}. Śőŕàïęěŋŋőě ł E ŕàőáâàăŋáâćő, łăł őąëçŋő, ąãďěň őąőğŋăçăâì E^∗, á íńěňěŋâăňĺ — x^∗, y^∗, ... , ă ğŋăçěŋĺě äãŋłæĺőŋăńă x^∗ ∈ E^∗ ŋă íńěňěŋâě x ∈ E ğăŕĺèěň ć ćĺďě ⟨x, x^∗⟩. Ŋăŕőňŋĺň łăłĺě ćĺďë áåőďĺňőáâĺ őŕàěďěńïîâáï ć ŕàőáâàăŋáâćăå E ĺ E^∗.

Ŕãáâì ŕőáńěďőćăâěńìŋőáâì {xn}, xn ∈ E, n ∈ N, áåőďĺâáï ć âőŕőńőčĺĺ ŋőàňë ‖ · ‖, â.ě. xn → x ŕàĺ n → ∞ ć áňëáńě ‖xn − x‖ → 0 ŕàĺ n → ∞. Ňë ąãďěň őąőğŋăçăâì áĺńìŋëľ ŕàěďěń íâőľ ŕőáńěďőćăâěńìŋőáâĺ łăł x := s-

lim_{n→∞} x_n. Ěáńĺ ŕőáńěďőćăâěńìŋőáâì {y_n}, y_n ∈ E, n ∈ N, áńăąő áåőďĺâáï ł

íńěňěŋâã y ∈ E, â.ě. ďńï ńîąőčő y^∗ ∈ E^∗ ňë ĺňěěň ⟨yn, y^∗⟩ → ⟨y, y^∗⟩ ŕàĺ

n → ∞, âő íâőâ äăłâ ňë ąãďěň ğăŕĺáëćăâì w-lim_{n→∞} y_n = y. Ć áőŕàïęěŋŋőň

ŕàőáâàăŋáâćě E^∗ ŋőàňă íńěňěŋâă y^∗ ∈ E^∗ ąãďěâ ğăŕĺáëćăâìáï łăł ‖y^∗‖ ĺ ŕàěďěń áĺńìŋő áåőďïéěľáï ŕőáńěďőćăâěńìŋőáâĺ {y^∗_n}, y^∗_n ∈ E^∗, n ∈ N, ąãďěň őąőğŋăçăâì łăł s-limn→∞ y^∗_n = y^∗, ă ŕàěďěń ć *-áńăąőľ âőŕőńőčĺĺ, â.ě., ěáńĺ ďńï

8 ĆĆĚĎĚŊĹĚ

ńîąőčő x ∈ E ĺňěěň ⟨x, y^∗_n⟩ → ⟨x, y^∗⟩ ŕàĺ n → ∞, őąőğŋăçĺň w^∗-limn→∞ y^∗_n =

y^∗.

Ňŋőęěáâćo ńĺŋěľŋëå őŕěàăâőàőć, ďěľáâćãîéĺå ĺğ D(A) ⊆ E ć E őąőğŋăçĺň çěàěğ L(E), ă ňŋőęěáâćo ńĺŋěľŋëå ŋěŕàěàëćŋëå őŕěàăâőàőć - çěàěğ

B(E). Ć áńãçăě, ěáńĺ őŕěàăâőàë ďěľáâćãîâ ĺğ őďŋőčő ŕàőáâàăŋáâćă E ć

ďàãčőě - F , ąãďěň ŕĺáăâì áőőâćěâáâćěŋŋő L(E, F ) ĺ B(E, F ). Őąńăáâì őŕàěďěńěŋĺï ĺ őąńăáâì ğŋăçěŋĺľ őŕěàăâőàă A ąãďěň ğăŕĺáëćăâì áőőâćěâáâćěŋŋő łăł D(A) ĺ R(A), ă ŋãńì-ŕàőáâàăŋáâćő — N(A).

Ŋă őŕěàăâőàŋëå ŕàőáâàăŋáâćăå ąãďãâ àăááňăâàĺćăâìáï àăğŋëě âĺŕë áåőďĺňőáâĺ. Ŕãáâì ŕőáńěďőćăâěńìŋőáâì {Bn}, Bn ∈ B(E), n ∈ N, áåőďĺâáï ć őŕěàăâőàŋőľ ŋőàňě ł őŕěàăâőàã B ∈ B(E), â.ě. ‖Bn −B‖ → 0 ŕàĺ n → ∞, âőčďă àăćŋőňěàŋëľ ŕàěďěń őŕěàăâőàőć Bn ąãďěň ğăŕĺáëćăâì łăł u-limn→∞ Bn = B; áĺńìŋëľ ŕàěďěń ğăŕĺèěň łăł B = s-limn→∞ Bn; áńăąëľ — w-limn→∞ Bn.

Šàăďĺæĺőŋŋãî ğăŕĺáì ąãďěň ĺáŕőńìğőćăâì ďńï àěğőńìćěŋâŋőčő ňŋőęěáâćă

ρ(A) ĺ áŕěłâàă σ(A) őŕěàăâőàă A, łőâőàëľ, łăł őąëçŋő, ąãďěň ďěńĺâì ŋă

âőçěçŋëľ - P σ(A), ŋěŕàěàëćŋëľ - Cσ(A) ĺ őáâăâőçŋëľ - Rσ(A).

Ğăňłŋãâëě őŕěàăâőàë ć E á ŕńőâŋőľ őąńăáâìî őŕàěďěńěŋĺï (D(A) = E) ćëďěńĺň ć ňŋőęěáâćő C(E) ⊆ L(E).

Ńĺŋěľŋőě ňŋőčőőąàăğĺě D(A), ŋăďěńěŋŋőě ŋőàňőľ ‖x‖A := ‖x‖ + ‖Ax‖, ć áńãçăě A ∈ C(E) áâăŋőćĺâáï ąăŋăåőćëň ŕàőáâàăŋáâćőň — ąãďěň őąőğŋăçăâì ěčő D(A).

Ŋă äãŋłæĺĺ áő ğŋăçěŋĺïňĺ ć ąăŋăåőćëå ŕàőáâàăŋáâćăå őąőąéăîâáï ňŋőčĺě ŕőŋïâĺï, ĺňěîéĺě ňěáâő ďńï őąëçŋëå äãŋłæĺľ.

Ŕãáâì J := [α, β] - őâàěğőł ćěéěáâćěŋŋőľ ŕàïňőľ, R+ := (0, ∞)— ŕőńőęĺâěńìŋăï ŕőńãőáì. Ňŋőęěáâćő ŋăâãàăńìŋëå çĺáěń ąãďěň, łăł őąëçŋő, őąőğŋăçăâì N, æěńëå – Z, ćěéěáâćěŋŋëå – R, łőňŕńěłáŋëå – C, ŋăąőà çĺáěń

1, 2, .., n őąőğŋăçĺň 1, n.

Őŕàěďěńěŋĺě 0.0.1 Ťãŋłæĺï u(·) : J → E ŋăğëćăěâáï ŋěŕàěàëćŋőľ ć âőçłě t0 ∈ J, ěáńĺ_{lim} t→t0,t∈J ‖u(t) − u(t 0)‖ = 0.

Ťãŋłæĺï ŋăğëćăěâáï ŋěŕàěàëćŋőľ ŋă J, ěáńĺ őŋă ŋěŕàěàëćŋă ć łăęďőľ âőçłě t ∈ J; ŕàĺ íâőň ŕĺèãâ u(·) ∈ C(J; E) ĺńĺ ŕàőáâő u ∈ C(J; E).

Ğďěáì C(J; E), łăł őąëçŋő, — ŕàőáâàăŋáâćő ŋěŕàěàëćŋëå äãŋłæĺľ, őŕàěďěńěŋŋëå ŋă J, áő ğŋăçěŋĺïňĺ ć E ĺ á ŋőàňőľ ‖u‖ := max_{t∈J} ‖u(t)‖.

ĆĆĚĎĚŊĹĚ 9

Őŕàěďěńěŋĺě 0.0.2 Ŕàőĺğćőďŋőľ äãŋłæĺĺ u(·) : J → E ć âőçłě t0 ∈ J ŋăğëćăěâáï âăłőľ íńěňěŋâ u^′(t0) ∈ E, çâő lim h→0,t0+h∈J ‖ ‖ ‖ ‖ ‖ u(t_0 + h) − u(t_0) h − u^′(t_0) ‖ ‖ ‖ ‖ ‖ = 0. Ěáńĺ äãŋłæĺï u(·) ĺňěěâ ŋěŕàěàëćŋãî ŕàőĺğćőďŋãî u^′(t) ć łăęďőľ âőçłě

t ∈ J, âő őŋă ŋăğëćăěâáï ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňőľ ŋă J. Ŕàĺ

íâőň ŕĺèãâ u(·) ∈ C^1(J; E).

Ăŋăńőčĺçŋő őŕàěďěńěŋĺî 0.0.2 őŕàěďěńïîâ ňŋőęěáâćő k - àăğ ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňëå äãŋłæĺľ C^k(J; E).

Ĺŋâěčàăń őâ äãŋłæĺĺ u(·) : [a, b] → E áő ğŋăçěŋĺïňĺ ć ąăŋăåőćőň ŕàőáâàăŋáâćě E ąãďěň ŕőŋĺňăâì ć áňëáńě Ąőåŋěàă (áň. [14] ) ĺ őąőğŋăçăâì ∫ b a u(t) dt. Őąëçŋëě ŕőŋïâĺï ĺ łőŋáâàãłæĺĺ ĺğ ňăâěňăâĺçěáłőčő ăŋăńĺğă (íńěňěŋâë ďĺääěàěŋæĺăńìŋőčő ĺ ĺŋâěčàăńìŋőčő ĺáçĺáńěŋĺï, ŕàőáâàăŋáâćă Śőąőńěćă ĺ â.ŕ.) ňë ąãďěň ĺáŕőńìğőćăâì ąěğ łăłĺå-ńĺąő ŕőïáŋěŋĺľ.

Şłăğăâěńì őąőğŋăçěŋĺľ

áâà.

E - ąăŋăåőćő ŕàőáâàăŋáâćő 7

‖ · ‖ - ŋőàňă ć ąăŋăåőćőň ŕàőáâàăŋáâćě 7

H - čĺńìąěàâőćő ŕàőáâàăŋáâćő 7

span(x_1, ..., x_n) - ńĺŋěľŋăï őąőńőçłă íńěňěŋâőć x_1, ..., x_n 7 int(Ω) - ćŋãâàěŋŋőáâì ňŋőęěáâćă Ω 7

Ω - ğăňëłăŋĺě ňŋőęěáâćă Ω 7

∂Ω - čàăŋĺæă ňŋőęěáâćă Ω 7 dist(x, Ω) - àăááâőïŋĺě őâ íńěňěŋâă x ďő ňŋőęěáâćă Ω 7 E^∗ - ŕàőáâàăŋáâćő, áőŕàïęěŋŋőě ł E 7 ⟨x, x^∗⟩ - ğŋăçěŋĺě äãŋłæĺőŋăńă x^∗ ∈ E^∗ ŋă íńěňěŋâě x ∈ E 7 D(A) - őąńăáâì őŕàěďěńěŋĺï ńĺŋěľŋőčő őŕěàăâőàă 8 R(A) - őąńăáâì ğŋăçěŋĺľ ńĺŋěľŋőčő őŕěàăâőàă 8 N(A) - ïďàő őŕěàăâőàă A 8 L(E) - ňŋőęěáâćő ńĺŋěľŋëå őŕěàăâőàőć 8 L(E, F ) - ňŋőęěáâćő ńĺŋěľŋëå őŕěàăâőàőć 8 B(E) = B(E, E) 8 B(E, F ) - ňŋőęěáâćő ńĺŋěľŋëå ŋěŕàěàëćŋëå őŕěàăâőàőć 8 u-lim - ŕàěďěń ć àăćŋőňěàŋőľ âőŕőńőčĺĺ 8 s-lim - ŕàěďěń ć áĺńìŋőľ âőŕőńőčĺĺ 8 w-lim - ŕàěďěń ć áńăąőľ âőŕőńőčĺĺ 8 ρ(A) - àěğőńìćěŋâŋőě ňŋőęěáâćő őŕěàăâőàă 8

C - ňŋőęěáâćő łőňŕńěłáŋëå çĺáěń 8 Z - ňŋőęěáâćő æěńëå çĺáěń 8 R - ňŋőęěáâćő ćěéěáâćěŋŋëå çĺáěń 8 N - ňŋőęěáâćő ŋăâãàăńìŋëå çĺáěń 8

σ(A) - áŕěłâà őŕěàăâőàă A 8 P σ(A) - âőçěçŋëľ áŕěłâà őŕěàăâőàă A 8 Cσ(A) - ŋěŕàěàëćŋëľ áŕěłâà őŕěàăâőàă A 8 Rσ(A) - őáâăâőçŋëľ áŕěłâà őŕěàăâőàă A 8

ŞŁĂĞĂŠĚŃĲ ŐĄŐĞŊĂŮĚŊĹĽ 11

C(E) - ğăňłŋãâëě őŕěàăâőàë á ŕńőâŋőľ őąńăáâìî őŕàěďěńěŋĺï 8 D(A) - őąńăáâì őŕàěďěńěŋĺï á ŋőàňőľ čàăäĺłă 8 ‖ · ‖_A - ŋőàňă ć D(A) 8 R = (−∞, ∞) - çĺáńőćăï őáì 8 R_+ = (0, ∞) - ŕőńőęĺâěńìŋăï ŕőńãőáì 8 R_+ = [0, ∞) 8 1, n = { 1,2,...,n } 8 C(J; E) - ŕàőáâàăŋáâćő ŋěŕàěàëćŋëå äãŋłæĺľ ĺğ J ć E 8 u^′(t) - ŕàőĺğćőďŋăï äãŋłæĺĺ u(·) ć âőçłě t 9 C^1(J; E) - ŕàőáâàăŋáâćő ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňëå 9

äãŋłæĺľ : J → E

C^k(J; E) - k àăğ ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňëě äãŋłæĺĺ : J → E 9 u^{(n)}(t) - n-ï ŕàőĺğćőďŋăï äãŋłæĺĺ u(t) 15 P_j(t) - ŕàőŕăčăâőàë ğăďăçĺ Łőèĺ 16 exp(·A) - C_0- ŕőńãčàãŕŕă á čěŋěàăâőàőň A 17 C(·) - łőáĺŋãá őŕěàăâőà-äãŋłæĺï 19 C(·, A) - łőáĺŋãá őŕěàăâőà-äãŋłæĺï á čěŋěàăâőàőň A 19 S(·) - áĺŋãá őŕěàăâőà-äãŋłæĺï 19 S(·, A) - áĺŋãá őŕěàăâőà-äãŋłæĺï á čěŋěàăâőàőň A 19 E^k - ńĺŋěľŋëě ňŋőčőőąàăğĺï, ŋă łőâőàëå łőáĺŋãá őŕěàăâőà-äãŋłæĺï

k-àăğ ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňă 19

BUC(R^1) - ŕàőáâàăŋáâćő àăćŋőňěàŋő ŋěŕàěàëćŋëå äãŋłæĺľ ŋă őáĺ 20 ω(A) - âĺŕ C_0-ŕőńãčàãŕŕë 24 R(λ, A) = (λI − A)^{−1} - àěğőńìćěŋâă őŕěàăâőàă A 24 G(M, ω) - ňŋőęěáâćő čěŋěàăâőàőć C_0-ŕőńãčàãŕŕ,

ãďőćńěâćőàïîéĺå őæěŋłě (2.1) 25

A|_D - áãęěŋĺě őŕěàăâőàă A ŋă ňŋőęěáâćő D 27 D(A^∞) = ∩_{k∈N} D(A^k) - ňŋőęěáâćő ”ąěáłőŋěçŋő 27

ďĺääěàěŋæĺàãěňëå íńěňěŋâőć”

Ẽ_α = R(exp(αA)) - őąńăáâì ğŋăçěŋĺľ őŕěàăâőàă exp(αA) 27 Ẽ_0 = ∪_{α>0}Ẽ_α 27 ω_T (δ, exp(·A)x) - ňőďãńì ŋěŕàěàëćŋőáâĺ C_0-ŕőńãčàãŕŕë 28 C^k_m- ąĺŋőňĺăńìŋëľ łőíääĺæĺěŋâ 28 Å_τ = (exp(τA) − I)/τ 28 ψ(t, x) := ‖(exp(tA) − I)x‖ 31 U(·) - áěňěľáâćő ňãńìâĺŕńĺłăâĺćŋőčő ćőğňãéěŋĺï 33 V (·) - áěňěľáâćő ăďďĺâĺćŋőčő ćőğňãéěŋĺï 33 m(Ω) - ňěàă ňŋőęěáâćă Ω 35 Û(·), V̂ (·)- ŕàěőąàăğőćăŋĺï Ńăŕńăáă áěňěľáâć U(·), V (·) 37

12 ŞŁĂĞĂŠĚŃĲ ŐĄŐĞŊĂŮĚŊĹĽ

W_U - ĺŋäĺŋĺâěğĺňăńìŋëľ őŕěàăâőà áěňěľáâćă U(·) 40 W_V - ĺŋäĺŋĺâěğĺňăńìŋëľ őŕěàăâőà áěňěľáâćă V (·) 40 A_U - ĺŋäĺŋĺâěğĺňăńìŋëľ őŕěàăâőà ŕăàë (exp(·A), U(·)) 40 A_V - ĺŋäĺŋĺâěğĺňăńìŋëľ őŕěàăâőà ŕăàë (V (·), exp(·A)) 40 GR(M, ω) - ňŋőęěáâćő čěŋěàăâőàőć C_0-čàãŕŕ,

ãďőćńěâćőàïîéĺå őæěŋłě (2.1) 44

A(A) - ňŋőęěáâćő ăŋăńĺâĺçěáłĺå ćěłâőàőć őŕěàăâőàă A 45 A_c(A) - ňŋőęěáâćő æěńëå ćěłâőàőć őŕěàăâőàă A 45 D(A, η) := {x ∈ D(A^∞) : ∃c = c(x, η) > 0 : ‖A^kx‖ ≤ cη^k, n ∈ N} 45 EXP (A) - ňŋőęěáâćő ćěłâőàőć íłáŕőŋěŋæĺăńìŋőčő âĺŕă 45 Σ(θ) - áěłâőà łőňŕńěłáŋőľ ŕńőáłőáâĺ 48 H(θ, ω) - ňŋőęěáâćő čěŋěàăâőàőć ăŋăńĺâĺçěáłĺå ŕőńãčàãŕŕ 48

á ãčńőň θ, ãďőćńěâćőàïîéĺå őæěŋłě (4.2)

nul(A) - àăğňěàŋőáâì ïďàă őŕěàăâőàă A 53 def(A) - ďěäěłâ őŕěàăâőàă A 53 ind(A) - ĺŋďěłá őŕěàăâőàă A 53 γ(A) = inf{‖Ax‖/dist(x, N(A), x ∉ N(A)} - ŕàĺćěďěŋŋëľ 54 ňĺŋĺňăńìŋëľ ňőďãńì őŕěàăâőàă SF (A) := {z ∈ C : Rez < sup_{t>0} t^{−1} ln[γ(exp(tA))]} 54 W (A) = {(Ax, x) : ‖x‖ = 1, x ∈ D(A)} - çĺáńőćăï őąńăáâì

ğŋăçěŋĺľ őŕěàăâőàă A 55

Ω_F (A) őąńăáâì äàěďčőńìňőćőáâĺ őŕěàăâőàă A 56 Eσ(A) áãéěáâćěŋŋëľ áŕěłâà őŕěàăâőàă A 56 Aσ(A) ăŕŕàőłáĺňăâĺćŋëľ áŕěłâà őŕěàăâőàă A 57 r(B) - áŕěłâàăńìŋëľ àăďĺãá őŕěàăâőàă A 57 Er(B) - áãéěáâćěŋŋëľ áŕěłâàăńìŋëľ àăďĺãá őŕěàăâőàă A 57 α(Ω) - ňěàă ŋěłőňŕăłâŋőáâĺ Łãàăâőćáłőčő ňŋőęěáâćă Ω 57 ‖B‖_α - ňěàă ŋěłőňŕăłâŋőáâĺ Łãàăâőćáłőčő őŕěàăâőàă B 57 S(A) -áŕěłâàăńìŋăï čàăŋì őŕěàăâőàă A 58 Eω(A) - áãéěáâćěŋŋëľ ŕőłăğăâěńì àőáâă C_0-ŕőńãčàãŕŕë 58 e^{tΩ} = {λ ∈ C : ∃z ∈ Ω : λ = e^{tz}} - őâőąàăęěŋĺě ňŋőęěáâćă Ω 59 S_1(A) := sup{Reλ : λ ∈ σ(A) \ Eσ(A)} 58 θ(y) := {y^∗ ∈ E^∗ : ‖y‖^2 = ‖y^∗‖^2 = ⟨y, y^∗⟩} - áőŕàïęěŋŋőě

ňŋőęěáâćő 62

φ : E → E^∗ : φ(y) ∈ θ(y) ŕàĺ ńîąőň y ∈ E - ďćőľáâćěŋŋőě

(ďãăńìŋőě) őâőąàăęěŋĺě 62

[x, y] := ⟨x, φ(y)⟩ ŕőńãáłăńïàŋőě ŕàőĺğćěďěŋĺě 62 W (A) := {[Ax, x] : x ∈ D(A), ‖x‖ = 1} - çĺáńőćăï 63

őąńăáâì ğŋăçěŋĺľ őŕěàăâőàă,

ŞŁĂĞĂŠĚŃĲ ŐĄŐĞŊĂŮĚŊĹĽ 13

Θ(A) := sup{Reλ : λ ∈ W (A)} 63 CH(t, α)x := αt^{−α} ∫ t 0 (t − s)^{α−1}exp(sA)x ds 67 (C, α)-lim exp(·A) := lim_{t→∞} CH(t, α) - ŕàěďěń ŕő Ůěğăàő 67 (A)-lim_{t→∞} exp(tA) := lim_{λ→0+} λ ∫ ∞ 0 e^{−λt}exp(tA)dt ≡ ≡ lim_{λ→0+} λR(λ, A) 67 ω(x, A) - čàăŋĺæă íłáŕőŋěŋæĺăńìŋőčő àőáâă äãŋłæĺĺ 69 ω_1(x, A) - čàăŋĺæă íłáŕőŋěŋæĺăńìŋőčő àőáâă àěèěŋĺï ğăďăçĺ Łőèĺ 69 b(x) := inf{Reλ : ∫ ∞ 0 e^{λt}exp(tA)x dt áãéěáâćãěâ} 70 γ(x, A) := inf { a ∈ R : äãŋłæĺï λ → R(λ, A)x ĺňěěâ čőńőňőàäŋőě

ŕàőďőńęěŋĺě ć ŕőńãŕńőáłőáâì {λ ∈ C : Reλ ≥ a}^} 71

γ_0(x, A) := inf { a ∈ R : a > γ(x, A) ĺ äãŋłæĺï R(λ, A)x 71 őčàăŋĺçěŋă ć ŕőńãŕńőáłőáâĺ {λ ∈ C : Reλ ≥ a}^}

γ_1(x, A) := inf { a ∈ R : a > γ(x, A) ĺ äãŋłæĺï R(λ, A)x áåőďĺâáï ł ŋãńî àăćŋőňěàŋő ŕő Reλ ŕàĺ |Imλ| → ∞ ćő ćáěľ ŕőńãŕńőáłőáâĺ {λ ∈ C : Reλ ≥ a + ε}, ε > 0^} 71 E_{st} := {x ∈ E : lim_{t→∞} exp(tA)x = 0} 73 E_{ap} := span{x ∈ D(A) : Ax = λx, λ ∈ iR} 73 ω_m(A) := inf{ω ∈ R : sup_{t≥0} ‖e^{−ωt}exp(tA)R(λ, A)^m‖ < ∞} 74 Ξ_m(A) := inf{s > ω(A) : ‖R(a + ib, A)‖ = O(|b|^m) 74 ŕàĺ b → ∞ ĺ a ≥ s} H^∞ := {f(z) : f(·) : z → E - őčàăŋĺçěŋă ĺ ăŋăńĺâĺçŋă ŕàĺ Rez > 0} 75 E_+ - łőŋãá ć ąăŋăåőćőň ŕàőáâàăŋáâćě 82 x ⪯ y - őâŋőèěŋĺě ŕőàïďłă ć ąăŋăåőćőň ŕàőáâàăŋáâćě 82 sup S - áãŕàěňãň ňŋőęěáâćă S 83 |x| - ňőďãńì íńěňěŋâă x 83 A ⪯ B - őâŋőèěŋĺě ŕőàïďłă ŋă ňŋőęěáâćě őŕěàăâőàőć 83 x^∗ ⪯ y^∗ - őâŋőèěŋĺě ŕőàïďłă ŋă áőŕàïęěŋŋőň ňŋőęěáâćě 84 J_x - čńăćŋëľ ĺďěăń 84 p_+(x) - łăŋőŋĺçěáłĺľ äãŋłæĺőŋăń 86

Δ - őŕěàăâőà Ńăŕńăáă 88

sign_x - őŕěàăâőà ”ğŋăłă ” ć ąăŋăåőćőľ áâàãłâãàě 88 Bσ(A) - čàăŋĺçŋëľ áŕěłâà őŕěàăâőàă A 90 |exp(·A)| - ňőďãńì C_0-ŕőńãčàãŕŕë 92 J(f, ε) - ňŋőęěáâćő ε-ŕěàĺőďőć äãŋłæĺĺ f 99 R_f - ňŋőęěáâćő ğŋăçěŋĺľ äãŋłæĺĺ f(·) 100

a(λ, f) := lim_{T →∞}^1_2Š ·^T ∫ −T f(t)e^{−iλt} dt ŕàĺ ńîąőň λ ∈ R – 100

14 ŞŁĂĞĂŠĚŃĲ ŐĄŐĞŊĂŮĚŊĹĽ

ŕàěőąàăğőćăŋĺě Ąőàă äãŋłæĺĺ f

Com(A) := {t > 0 : őŕěàăâőà exp(tA) − I łőňŕăłâěŋ } 108

π - ěáâěáâćěŋŋőě őâőąàăęěŋĺě ŕàőáâàăŋáâćă E ć E^{∗∗} 111

E^⊙ - ŕőďŕàőáâàăŋáâćő E^∗, ŋă łőâőàőň áőŕàïęěŋŋăï

ŕőńãčàãŕŕă exp(·A)^∗ áĺńìŋő ŋěŕàěàëćŋă ć ŋãńě 112

Mul(A) — łńăáá ňãńìâĺŕńĺłăâĺćŋëå ćőğňãéěŋĺľ ŕàőĺğćőďïéěčő 116

őŕěàăâőàă C0-ŕőńãčàãŕŕë exp(·A) E - ãáńőćĺě ŋă ąăŋăåőćő ŕàőáâàăŋáâćő 120

F_{exp(·A)} := {x ∈ E : sup_{t>0} t^{−1}‖(exp(tA) − I)x‖ < ∞} - łńăáá Ťăćăàă 120 SV (U(·), t) := sup { ‖ ∑n j=1[U(t_j) − U(t_{j−1})]x_j‖ : x_j ∈ E, ‖x_j‖ ≤ 1 } < ∞, 120 čďě supremum ąěàěâáï ŕő ćáěň àăğąĺěŋĺïň őâàěğłă [0, t] — ŕőńãćăàĺăæĺï äãŋłæĺĺ U(·) V ar(U(·)x, t) := 120 = sup { ∑n j=1 ‖(U(t_j) − U(t_{j−1}))x‖ : 0 = t_0 < t_1 < · · · < t_n = t, n ≥ 1} < ∞ –

áĺńìŋăï ćăàĺăæĺï äãŋłæĺĺ U(·) V ar(U(·), t) := 120 = sup { n∑ j=1 ‖(U(t_j) − U(t_{j−1}))‖ : 0 = t_0 < t_1 < · · · < t_n = t, n ≥ 1 } < ∞ – àăćŋőňěàŋăï ćăàĺăæĺï äãŋłæĺĺ U(·) U_{B,λ}(t)x := (A − λ) ∫ t 0 exp(sA)Bx ds 121 L(λ) := sup{ ∫ a 0 e^{−λs}‖P exp(sA)x‖ ds : x ∈ D(A), ‖x‖ ≤ 1} < ∞ 127 L(∞) := lim_{λ→∞} L(λ) 127 β(V (·), t) := sup{V ar(V (·)x, t) : x ∈ E, ‖x‖ ≤ 1} 132 γ_λ(t) := sup{V ar(B_λexp(·A)x, t) : x ∈ E, ‖x‖ ≤ 1} 132

Čńăćă 1

Ğăďăçă Łőèĺ ĺ àăğàěèăîéĺě áěňěľáâćă

Ć ďăŋŋőľ čńăćě ďăŋő őŕàěďěńěŋĺě łőààěłâŋőľ ŕőáâăŋőćłĺ ğăďăçĺ Łőèĺ ć ąăŋăåőćőň ŕàőáâàăŋáâćě. Ďăŋŋőě ŕőŋïâĺě łőààěłâŋőáâĺ áćïğăŋő á ãáńőćĺěň áãéěáâćőćăŋĺï C0-ŕőńãčàãŕŕë, ćëáâãŕăîéěľ ć łăçěáâćě àăğàěèăîéěčő áěňěľáâćă őŕěàăâőàőć íâőľ ğăďăçĺ Łőèĺ. Ňë ŕàĺćőďĺň âăłęě łőŋłàěâŋëě ŕàĺňěàë ŋěłőâőàëå C0-ŕőńãčàãŕŕ ĺ ĺå čěŋěàăâőàőć.

Ĺğňěŋěŋĺě ŕőŋïâĺï łőààěłâŋőáâĺ ćěďěâ ł ŕőïćńěŋĺî àăğàěèăîéĺå áěňěľáâć á ĺŋëňĺ áćőľáâćăňĺ, ňë łőáŋěňáï íâőčő ňăâěàĺăńă ć âőňě 3.

1.1 Ğăďăçă Łőèĺ ďńï ďĺääěàěŋæĺăńìŋőčő ãàăćŋěŋĺï n-čő ŕőàïďłă

Řăááňőâàĺň ć ąăŋăåőćőň ŕàőáâàăŋáâćě E ğăďăçã Łőèĺ ďńï ãàăćŋěŋĺï n - čő ŕőàïďłă ćĺďă

u^{(n)}(t) = Au(t), t ∈ R_+ := [0, ∞), (1.1)

u(0) = u^0, u^′(0) = u^1, ..., u^{(n−1)}(0) = u^{n−1}, (1.2)

čďě A ∈ C(E) , ă u^{(n)}(·) őğŋăçăěâ n -î ŕàőĺğćőďŋãî (â.ě. (d/dt)^nu(t)) äãŋłæĺĺ u(·). Őŕàěďěńěŋĺě 1.1.1 Ťãŋłæĺï u(·) : R+ → E ŋăğëćăěâáï łńăááĺçěáłĺň àěèěŋĺěň ãàăćŋěŋĺï (1.1), ěáńĺ u(·) ∈ C^n(R+, E), ğŋăçěŋĺï äãŋłæĺĺ u(t) ∈

D(A) ŕàĺ ńîąőň t ∈ R_+ ĺ ćëŕőńŋïěâáï àăćěŋáâćő (1.1).

16 ČŃĂĆĂ 1. ĞĂĎĂŮĂ ŁŐŸĹ Ĺ ŘĂĞŘĚŸĂđŹĹĚ ŚĚŇĚĽŚŠĆĂ

Őŕàěďěńěŋĺě 1.1.2 Ğăďăçă Łőèĺ (1.1)-(1.2) ŋăğëćăěâáï àăćŋőňěàŋő łőààěłâŋőľ ŋă R+ , ěáńĺ:

(i) áãéěáâćãěâ âăłőě ŕńőâŋőě ŕőďňŋőęěáâćő D ⊆ E , çâő ŕàĺ u^0, u^1, ...,

u^{n−1} ∈ D áãéěáâćãěâ ěďĺŋáâćěŋŋőě łńăááĺçěáłőě àěèěŋĺě ŋă R_+ ãàăćŋěŋĺï (1.1) áő áćőľáâćőň u^{(k)}(0) := lim_{h→0+} u^{(k)}(h) = u^k, k = 0, n − 1;

(ii) łńăááĺçěáłőě àěèěŋĺě ğăďăçĺ (1.1)-(1.2) àăćŋőňěàŋő ãáâőľçĺćő ŕő

t ŋă ńîąőň łőňŕăłâě K ⊂ R+, â.ě. ĺğ ãáńőćĺï u^k_p → 0 (u^k_p ∈ D, k =

0, n − 1) ŕàĺ p → ∞ áńěďãěâ áåőďĺňőáâì àěèěŋĺľ ğăďăçĺ (1.1)-(1.2) u_p(t) →

0 àăćŋőňěàŋő ŕő t ∈ K, čďě u^{(k)}_p (0) = u^k_p, k = 0, n − 1.

Ŕőáłőńìłã ć íâőľ łŋĺčě àěçì ĺďěâ, ć őáŋőćŋőň, ő łńăááĺçěáłĺå àěèěŋĺïå, âő áńőćő ”łńăááĺçěáłőě” ć ďăńìŋěľèěň ąãďěâ őŕãáłăâìáï, łőčďă áĺâãăæĺï ŋě ćëğëćăěâ áőňŋěŋĺľ.

Ďńï ĺğãçěŋĺï áćőľáâć àěèěŋĺï àăćŋőňěàŋő łőààěłâŋőľ ğăďăçĺ Łőèĺ (1.1)-

(1.2) ććőďïâ ć àăááňőâàěŋĺě ŕàőŕăčăâőàë P_j(t), j = 0, n − 1, łőâőàëě

ďăîâ àěèěŋĺě (1.1)-(1.2) á ŋăçăńìŋëňĺ ãáńőćĺïňĺ u^{(k)}_j (0) = δjkx (δjk - ďěńìâă Łàőŋěłěàă, x ∈ D(A)), â.ě. uj(t) = Pj(t)x.

Ŕàěďńőęěŋĺě 1.1.1 [90] Őŕěàăâőàë Pj(t), j = 0, n − 1, ŕńőâŋő őŕàěďěńěŋë, áĺńìŋő ŋěŕàěàëćŋë ŕő t ĺ ŕàĺ ńîąőň t ňőčãâ ąëâì ŕàőďőńęěŋë ŕő ŋěŕàěàëćŋőáâĺ ŋă ćáě E.

Ŕàěďńőęěŋĺě 1.1.2 [90] Ěáńĺ u(·) - àěèěŋĺě (1.1)-(1.2), âő u(t) = n−1∑ j=0 P_j(t)u^j, t ∈ R_+. (1.3)

Šěőàěňă 1.1.1 [90],[20] Ğăďăçă Łőèĺ (1.1)-(1.2) ŕàĺ n ≥ 3 àăćŋőňěàŋő łőààěłâŋă âőčďă ĺ âőńìłő âőčďă, łőčďă A ∈ B(E), â.ě. A ïćńïěâáï ŋěŕàěàëćŋëň őŕěàăâőàőň á D(A) = E. Ć íâőň áńãçăě ĺňěěň

P_j(t) = ∞∑ k=0 t^{kn+j}A^k/(nk + j)! . Ŕőáłőńìłã őŕěàăâőàë ćğïâĺï ŕàőĺğćőďŋëå ŋě őčàăŋĺçěŋë, âő âěőàěňă 1.1.1 ŕőłăğëćăěâ, çâő ĺğãçěŋĺě àăćŋőňěàŋő łőààěłâŋëå ğăďăç ďńï áńãçăï n ≥ 3 á âőçłĺ ğàěŋĺï âěőàĺĺ ãàăćŋěŋĺľ ć çăáâŋëå ŕàőĺğćőďŋëå ŋě őçěŋì áőďěàęăâěńìŋő. Ć âő ęě ćàěňï ŕőńŋőě ãàăćŋěŋĺě n-čő ŕőàïďłă

u^{(n)}(t) + A_1u^{(n−1)}(t) + ... + A_nu(t) = 0

ďő ŋăáâőïéěčő ćàěňěŋĺ ĺğãçěŋő ŋěďőáâăâőçŋő ďăęě ďńï áńãçăï n = 2.

1.2. ŞŘĂĆŊĚŊĹ§ 1-ČŐ Ĺ 2-ČŐ ŔŐŘ§ĎŁŐĆ 17

1.2 Ğăďăçă Łőèĺ ďńï ďĺääěàěŋæĺăńìŋőčő ãàăćŋěŋĺï 1 - čő ĺ 2-čő ŕőàïďłőć

Ěáńĺ ŕàőáâàăŋáâćő E łőŋěçŋőňěàŋő, âő ğăďăçă Łőèĺ ďńï ãàăćŋěŋĺï ćâőàőčő ŕőàïďłă ńěčłő áćőďĺâáï ł áĺáâěňě ãàăćŋěŋĺľ ŕěàćőčő ŕőàïďłă. Łăł ňë ãćĺďĺň, ć őąéěň áńãçăě ąăŋăåőćă ŕàőáâàăŋáâćă E ćőğŋĺłăîéĺě ďńï őŕěàăâőàŋëå ňăâàĺæ ŕàőáâàăŋáâćă áâàőïâáï ŋě ŕő ŕàőĺğćőďïéěňã őŕěàăâőàã ĺ ğăçăáâãî őłăğëćăěâáï ŕőńěğŋëň ććőďĺâì ć àăááňőâàěŋĺě łőáĺŋãá őŕěàăâőàäãŋłæĺĺ.

Ůâőąë ŕőďàőąŋő őąáãďĺâì áńãçăĺ n = 1 ĺ n = 2, ďăďĺň áńěďãîéĺě őŕàěďěńěŋĺï.

Őŕàěďěńěŋĺě 1.2.1 Őďŋőŕăàăňěâàĺçěáłőě áěňěľáâćő őŕěàăâőàőć T(t) ∈

B(E), t ∈ [0, ∞), ŋăğëćăěâáï C_0- ŕőńãčàãŕŕőľ őŕěàăâőàőć ŋă E, ěáńĺ (i) T(t + s) = T(t)T(s) ŕàĺ ńîąëå t, s ≥ 0; (ii) T(0) = I — ěďĺŋĺçŋëľ őŕěàăâőà ŋă E ;

(iii) s-lim_{t→0+} T(t)x = x ŕàĺ ńîąőň x ∈ E .

Őŕàěďěńěŋĺě 1.2.2 Ńĺŋěľŋëľ őŕěàăâőà A á őąńăáâìî őŕàěďěńěŋĺï

D(A) := {x ∈ E : lim_{h→0+} 1 h (T(h) − I)x áãéěáâćãěâ}

ĺ ğăďăŋŋëľ łăł

Ax := lim_{h→0+} 1 h (T(h) − I)x ŕàĺ x ∈ D(A) ŋăğëćăěâáï ŕàőĺğćőďïéĺň (ĺŋäĺŋĺâěğĺňăńìŋëň) őŕěàăâőàőň (čěŋěàăâőàőň) C0-ŕőńãčàãŕŕë T(·) .

Ŕàěďńőęěŋĺě 1.2.1 [127] Ŕàőĺğćőďïéĺľ őŕěàăâőà C0-ŕőńãčàãŕŕë T(·) ŕàĺŋăďńěęĺâ C(E).

C_0-ŕőńãčàãŕŕã á ŕàőĺğćőďïéĺň őŕěàăâőàőň A ć ďăńìŋěľèěň ąãďěň őąëçŋő

ğăŕĺáëćăâì łăł exp(·A) ĺńĺ exp(tA) ć áńãçăě, łőčďă ćăęŋő, ŕàĺ łăłőň ĺňěŋŋő ğŋăçěŋĺĺ t àăááňăâàĺćăěâáï ŕőńãčàãŕŕă.

Őçěćĺďŋő, çâő ŕő łăęďőľ C0-ŕőńãčàãŕŕě ŕàőĺğćőďïéĺľ őŕěàăâőà őŕàěďěńïěâáï őďŋőğŋăçŋő. Śŕàăćěďńĺćő ĺ őąàăâŋőě

Ŕàěďńőęěŋĺě 1.2.2 [127] Łăęďőňã ŕàőĺğćőďïéěňã őŕěàăâőàã áőőâćěâáâćãěâ âőńìłő őďŋă ŕőńãčàãŕŕă.

18 ČŃĂĆĂ 1. ĞĂĎĂŮĂ ŁŐŸĹ Ĺ ŘĂĞŘĚŸĂđŹĹĚ ŚĚŇĚĽŚŠĆĂ

Šăłĺň őąàăğőň, áőőâćěâáâćĺě ňěęďã ŕàőĺğćőďïéĺňĺ őŕěàăâőàăňĺ ĺ C0- ŕőńãčàãŕŕăňĺ ćğăĺňŋő őďŋőğŋăçŋő.

Šěőàěňă 1.2.1 [22] Ğăďăçă Łőèĺ (1.1)-(1.2) ŕàĺ n = 1, â.ě. ğăďăçă { u^′(t) = Au(t), t ∈ [0, ∞), u(0) = u^0, u^0 ∈ D(A),

(1.4)

àăćŋőňěàŋő łőààěłâŋă âőčďă ĺ âőńìłő âőčďă, łőčďă őŕěàăâőà A ïćńïěâáï ŕàőĺğćőďïéĺň őŕěàăâőàőň C0-ŕőńãčàãŕŕë.

Ŕàěďńőęěŋĺě 1.2.3 [127] Řěèěŋĺě àăćŋőňěàŋő łőààěłâŋőľ ğăďăçĺ (1.4) ďăěâáï äőàňãńőľ_{u(t) = exp(tA)u0, t ≥ 0.}

Šěőàěňă 1.2.2 [156] Ŕãáâì őŕěàăâőà A ğăňłŋãâ. Ğăďăçă Łőèĺ (1.4) ďőŕãáłăěâ áńěďãîéĺě íłćĺćăńěŋâŋëě ŕőáâăŋőćłĺ:

(i) Ĺéěâáï ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňăï äãŋłæĺï u(·) : [0, ∞) → D(A), ďńï łőâőàőľ ãďőćńěâćőàïîâáï ãàăćŋěŋĺě ĺ ŋăçăńìŋőě ãáńőćĺě (1.4);

(ii) Ĺéěâáï ďćăęďë ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňăï äãŋłæĺï v(·) : [0, ∞) → D(A) âăłăï, çâő { v^′(t) = Av(t) + u^0, t ∈ [0, ∞), u^0 ∈ D(A), v(0) = 0;

(1.5)

(iii) Ĺéěâáï áńăąő ŋěŕàěàëćŋăï äãŋłæĺï w(·) : [0, ∞) → D(A) âăłăï,

çâő ďńï ńîąőčő x^∗ ∈ D(A^∗) äãŋłæĺï t → ⟨w(t), x^∗⟩ ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňă ĺ { d dt ⟨w(t), x^∗⟩ = ⟨w(t), A^∗x^∗⟩, t ∈ [0, ∞), x^∗ ∈ D(A^∗), w(0) = u^0.

(1.6)

§áŋő, çâő àěèěŋĺï ğăďăç (i) ĺ (ii) áćïğăŋë áńěďãîéĺň őąàăğőň: v(t) = ∫ t 0 u(s) ds. Řěèěŋĺï ğăďăç (iii) ĺ (i) őłăğëćăîâáï áőćŕăďăîéĺňĺ.

Ďńï ăąáâàăłâŋëå ãàăćŋěŋĺľ ćâőàőčő ŕőàïďłă áâàőĺâáï ďàãčőě àăğàěèăîéěě áěňěľáâćő — łőáĺŋãá őŕěàăâőà-äãŋłæĺĺ.

1.2. ŞŘĂĆŊĚŊĹ§ 1-ČŐ Ĺ 2-ČŐ ŔŐŘ§ĎŁŐĆ 19

Őŕàěďěńěŋĺě 1.2.3 Őďŋőŕăàăňěâàĺçěáłőě áěňěľáâćő őŕěàăâőàőć C(t) ∈

B(E), t ∈ R, ŋăğëćăěâáï C_0-łőáĺŋãá őŕěàăâőà-äãŋłæĺěľ ŋă E, ěáńĺ (i) C(t + s) + C(t − s) = 2C(t)C(s) ďńï ńîąëå t, s ∈ R

(ãàăćŋěŋĺě Ďăńăňąěàă);

(ii) C(0) = I — ěďĺŋĺçŋëľ őŕěàăâőà ŋă E ; (iii) s-lim_{h→0} C(t)x = x ŕàĺ ńîąőň x ∈ E.

Ś łőáĺŋãá őŕěàăâőà-äãŋłæĺěľ C(·) ăááőæĺĺàãîâ C0-áĺŋãá őŕěàăâőàäãŋłæĺî: S(t)x := t∫ 0 C(s)x ds, x ∈ E, t ∈ R, (1.7) ĺ ńĺŋěľŋëě ňŋőčőőąàăğĺï E^k := {x ∈ E : C(·)x ∈ C^k(R; E)}, k = 1, 2. (1.8) Őŕàěďěńěŋĺě 1.2.4 Ńĺŋěľŋëľ őŕěàăâőà A á őąńăáâìî őŕàěďěńěŋĺï D(A), áőáâőïéěľ ĺğ ćáěå x, ďńï łőâőàëå áãéěáâćãěâ ŕàěďěń

Ax := s- lim_{h→0+} 2 C(h) − I h^2 x, (1.9)

ŋăğëćăěâáï ŕàőĺğćőďïéĺň (ĺŋäĺŋĺâěğĺňăńìŋëň) őŕěàăâőàőň (čěŋěàăâőàőň) C0-łőáĺŋãá őŕěàăâőà-äãŋłæĺĺ C(·).

Ŕàěďńőęěŋĺě 1.2.4 [143] Ŕàőĺğćőďïéĺľ őŕěàăâőà C0-łőáĺŋãá őŕěàăâőàäãŋłæĺĺ ŕńőâŋő őŕàěďěńěŋ ĺ ğăňłŋãâ, â.ě. ŕàĺŋăďńěęĺâ C(E) .

Łőáĺŋãá ĺ áĺŋãá őŕěàăâőà-äãŋłæĺĺ á ŕàőĺğćőďïéĺň őŕěàăâőàőň A ąãďěň őąőğŋăçăâì áőőâćěâáâćěŋŋő çěàěğ C(·, A) ĺ S(·, A).

Ŕàěďńőęěŋĺě 1.2.5 [149] Őąńăáâì őŕàěďěńěŋĺï D(A) ŕàőĺğćőďïéěčő őŕěàăâőàă C0-łőáĺŋãá őŕěàăâőà-äãŋłæĺĺ C(·, A) áőćŕăďăěâ á E^2 . Šěőàěňă 1.2.3 [92] Ğăďăçă Łőèĺ (1.1)-(1.2) ŕàĺ n = 2, â.ě. ğăďăçă { u^{′′}(t) = Au(t), t ∈ [0, ∞), u(0) = u^0, u^′(0) = u^1, u^0 ∈ D(A), u^1 ∈ E^1,

(1.10)

àăćŋőňěàŋő łőààěłâŋă âőčďă ĺ âőńìłő âőčďă, łőčďă őŕěàăâőà A ïćńïěâáï ŕàőĺğćőďïéĺň őŕěàăâőàőň C0-łőáĺŋãá őŕěàăâőà-äãŋłæĺĺ. Ŕàěďńőęěŋĺě 1.2.6 [92] Řěèěŋĺě àăćŋőňěàŋő łőààěłâŋőľ ğăďăçĺ (1.10) ŕàĺ ńîąëå u^0 ∈ D(A) ĺ u^1 ∈ E^1 ňőęŋő ğăŕĺáăâì çěàěğ C0-łőáĺŋãá ĺ C0-áĺŋãá őŕěàăâőà-äãŋłæĺĺ áńěďãîéĺň őąàăğőň u(t) = C(t, A)u^0 + S(t, A)u^1, t ∈ R. (1.11)

20 ČŃĂĆĂ 1. ĞĂĎĂŮĂ ŁŐŸĹ Ĺ ŘĂĞŘĚŸĂđŹĹĚ ŚĚŇĚĽŚŠĆĂ

1.3 Ŕàĺňěàë

Ŕőŋïâĺï C0-ŕőńãčàãŕŕ ĺ C0-łőáĺŋãá őŕěàăâőà-äãŋłæĺľ ïćńïîâáï ăąáâàăłâŋëň őąőąéěŋĺěň ğăďăç, åőàőèő ĺğćěáâŋëå ŕő łãàáã ňăâěňăâĺçěáłőľ äĺğĺłĺ. Ŕàĺćěďěŋŋëě ŋĺęě ŕàĺňěàë áâăńĺ âàăďĺæĺőŋŋëňĺ ć âěőàĺĺ C0-ŕőńãčàãŕŕ. Őŋĺ ĺğńőęěŋë ć àăğńĺçŋëå ãçěąŋĺłăå, őďŋăłő ďńï ŕőďàőąŋőčő ĺğãçěŋĺï ňőęŋő ŕőàěłőňěŋďőćăâì ŕàěďŋăğŋăçěŋŋëě ďńï áâãďěŋâőć ĺ ăáŕĺàăŋâőć łŋĺčĺ [8],

[73], [118].

1. Ŕőńãčàãŕŕă áďćĺčőć.

Ŕãáâì E = C[0, ∞] - ŕàőáâàăŋáâćő ŋěŕàěàëćŋëå äãŋłæĺľ, őŕàěďěńěŋŋëå ŕàĺ t ≥ 0 ĺ ĺňěîéĺå ŕàěďěń ŋă ąěáłőŋěçŋőáâĺ, á ŋőàňőľ ‖f‖_E := sup{|f(t)| : t ≥ 0}. Ć E àăááňőâàĺň áěňěľáâćő őŕěàăâőàőć T(t) (t ≥ 0), őŕàěďěńěŋŋőě áőőâŋőèěŋĺěň

(T(t) f)(x) = f(t + x), t ≥ 0. (1.12)

Šőčďă áěňěľáâćő T(·) ěáâì C0-ŕőńãčàãŕŕă á ŕàőĺğćőďïéĺň őŕěàăâőàőň A = d dx , (1.13)

ĺňěîéĺň őąńăáâì őŕàěďěńěŋĺï

D(A) = {f ∈ C[0, ∞] : f^′ áãéěáâćãěâ ŕàĺ ćáěå t ≥ 0 ĺ f^′ ∈ C[0, ∞]}.

Ŕàĺ íâőň ‖T(t)‖ = 1 ŕàĺ ńîąőň t ≥ 0.

Őâňěâĺň, çâő őŕěàăâőà (1.13) ŕőàőęďăěâ C0-ŕőńãčàãŕŕã ŋě âőńìłő ć ŕàőáâàăŋáâćě C[0, ∞], ŋő ĺ ć ŕàőáâàăŋáâćăå àăćŋőňěàŋő ŋěŕàěàëćŋëå äãŋłæĺľ, őŕàěďěńěŋŋëå ŋă őáĺ — BUC(R^1), ă âăłęě ć ŕàőáâàăŋáâćăå áãňňĺàãěňëå äãŋłæĺľ âĺŕă L^p[0, ∞) (áň. áńěďãîéĺľ ŕàĺňěà).

2. Ŕőńãčàãŕŕă Čăãááă - Ćěľěàèâàăááă. Řăááňőâàĺň ŕàőáâàăŋáâćő E = L^p(−∞, ∞) á ŋőàňőľ ‖φ‖_E := (∫ ∞ −∞ |φ(x)|^p dx )1/p ĺ áěňěľáâćő őŕěàăâőàőć T(t) (t ≥ 0), ďěľáâćãîéĺå ć ŋěň, áőčńăáŋő àăćěŋáâćăň

(T(t) φ)(x) =^1_2^√_{πt} ∫ ∞ −∞ e^{− (x−y)2}4t φ(y) dy, t > 0, (T(0) φ)(x) = φ(x), t = 0,

(1.14)

1.3. ŔŘĹŇĚŘŻ 21

ŕàĺ φ ∈ E.

Šőčďă àăćěŋáâćă (1.14) ć E = L^p(−∞, ∞) őŕàěďěńïîâ áĺńìŋő ŋěŕàěàëćŋãî C0-ŕőńãčàãŕŕã á ‖T(t)‖ ≤ 1, t ∈ R+.

Őâňěâĺň, çâő ŕěàćőě ĺğ àăćěŋáâć (1.14) ďăěâ àěèěŋĺě ğăďăçĺ Łőèĺ ďńï ãàăćŋěŋĺï âěŕńőŕàőćőďŋőáâĺ ∂u ∂t = ∂^2u ∂x^2 , x ∈ R^1, t ∈ R^1_+, (1.15)

á ŋăçăńìŋëňĺ ãáńőćĺïňĺ_{u(x, 0) = φ(x), (1.16)}

ĺ, âăłĺň őąàăğőň, ŕàőĺğćőďïéĺľ őŕěàăâőà ć íâőň áńãçăě ěáâì Au = ∂^2u ∂x^2 á őąńăáâìî őŕàěďěńěŋĺï

D(A) = {f : f^′ ďĺääěàěŋæĺàãěňă ŕ.ć. ĺ f^′, f^{′′} ∈ E}.

Ňë ćĺďĺň, ć çăáâŋőáâĺ, çâő âěőàĺï ŕőńãčàãŕŕ ćłńîçăěâ ć áěąï ĺ âěőàĺî ğăďăç Łőèĺ (1.15)-(1.16).

3. Ŕőńãčàãŕŕă Ŕãăááőŋă.

Řăááňőâàĺň ŕàőáâàăŋáâćő E = L^p(−∞, ∞) ĺ áěňěľáâćő őŕěàăâőàőć T(t),

t ≥ 0, ďěľáâćãîéĺå ć ŋěň, őŕàěďěńěŋŋőě àăćěŋáâćăňĺ { (T(t) φ)(x) =^1_π ∫ ∞ −∞ t t2+(x−y)2 φ(y) dy, t > 0, (T(0) φ)(x) = φ(x), t=0,

(1.17)

ŕàĺ φ ∈ E.

Šőčďă àăćěŋáâćă (1.17) ć E őŕàěďěńïîâ áĺńìŋő ŋěŕàěàëćŋãî C0-ŕőńãčàãŕŕã á ‖T(t)‖ ≤ 1.

Ŕěàćőě ĺğ àăćěŋáâć (1.17) ďăěâ ŕàěďáâăćńěŋĺě àěèěŋĺï čĺŕěàąőńĺçěáłőčő ãàăćŋěŋĺï_{∂2u} ∂t^2 = ∂^2u ∂x^2 , x ∈ R^1, t ∈ R^1_+, (1.18)

çěàěğ ğŋăçěŋĺï u(·) ŋă ŕàïňőľ t = 0:

u(x, 0) = f(x). (1.19)

Ŕàőĺğćőďïéĺľ őŕěàăâőà ŕőńãčàãŕŕë Ŕãăááőŋă A ĺňěěâ őąńăáâì őŕàěďěńěŋĺï W^1_p (R) ĺ ŋă D(A) ňőęěâ ąëâì ŕàěďáâăćńěŋ ć ćĺďě A = d dx Ĥ = Ĥ d dx , čďě (^^Hφ)(x) =^1_π v.p.^{∫ ∞}_{−∞}^{φ(y)}_{y − x} dy.

22 ČŃĂĆĂ 1. ĞĂĎĂŮĂ ŁŐŸĹ Ĺ ŘĂĞŘĚŸĂđŹĹĚ ŚĚŇĚĽŚŠĆĂ

Őŕěàăâőà^^H ŋăğëćăîâ ŕàěőąàăğőćăŋĺěň Čĺńìąěàâă. 4. Ŕőńãčàãŕŕă, ŕőàőęďěŋŋăï ”ďàőąŋëňĺ ĺŋâěčàăńăňĺ” . Řăááňőâàĺň áěňěľáâćő őŕěàăâőàőć T(t) (t ≥ 0), ďěľáâćãîéĺå ć L^p(0, 1), őŕàěďěńěŋŋőě àăćěŋáâćăňĺ { (T(t) f)(x) =^1Č_{(t)} ∫ x 0 (x − y)^{t−1} f(y) dy, t > 0, (T(0) f)(x) = f(x), t=0.

(1.20)

Őŕěàăâőàë T(·), ŋăğëćăěňëě ďàőąŋëňĺ ĺŋâěčàăńăňĺ Řĺňăŋă-Ńĺãćĺńńï, őąàăğãîâ C0-ŕőńãčàãŕŕã. Ŋăğćăŋĺě áěňěľáâćă őŕàăćďăŋő âěň, çâő ŕàĺ æěńëå t àăćěŋáâćő (1.20) őŕàěďěńïěâ őąëçŋëľ ŕőćâőàŋëľ n-łàăâŋëľ ĺŋâěčàăń.

Ŕàőĺğćőďïéĺľ őŕěàăâőà Af ŕőńãčàãŕŕë (1.20) ŋă íńěňěŋâě f őŕàěďěńïěâáï łăł −γf + (Gf)^′ , čďě γ – ŋěłőâőàăï łőŋáâăŋâă, ă (Gf)(x) = ∫ x 0 log(x − y)f(y) dy, 0 < x < 1. 5. Őŕěàăâőàŋăï íłáŕőŋěŋâă (áńãçăľ őčàăŋĺçěŋŋőčő őŕěàăâőàă).

Ŕãáâì E – ąăŋăåőćő ŕàőáâàăŋáâćő ĺ B ∈ B(E) – őčàăŋĺçěŋŋëľ őŕěàăâőà ć E. Šőčďă àïď_{∞∑} k=0 (tB)^k k! = I + t 1! B + t^2 2! B^2 + ... (1.21)

áåőďĺâáï ŕő ŋőàňě őŕěàăâőàőć ĺ őŕàěďěńïěâ C0-ŕőńãčàãŕŕã á ŕàőĺğćőďïéĺň őŕěàăâőàőň B ć ŕàőáâàăŋáâćě E. Ĺğ (1.21) ńěčłő ćĺďěâì, çâő C0-ŕőńãčàãŕŕă exp(·B) ďőŕãáłăěâ őæěŋłã ‖exp(tB)‖ ≤ e^{t‖B‖}, t ≥ 0. 1.4 Ąĺąńĺőčàăäĺçěáłĺě ğăňěçăŋĺï

Łăł ćĺďŋő ĺğ âěőàěň 1.2.1 ĺ 1.2.3, àăćŋőňěàŋő łőààěłâŋëě ğăďăçĺ Łőèĺ 1-čő ĺ 2-čő ŕőàïďłőć âěáŋő áćïğăŋë á C0-ŕőńãčàãŕŕăňĺ ĺ C0-łőáĺŋãá őŕěàăâőàäãŋłæĺïňĺ. Őąőąéěŋĺě ŕőŋïâĺï łőààěłâŋőáâĺ àěèěŋĺï ğăďăçĺ Łőèĺ ŕàĺćőďĺâ ł ąőńěě èĺàőłĺň łńăááăň ŕőńãčàãŕŕ ĺ őŕěàăâőàŋëå łőáĺŋãáőć.

Řăąőâë [72], [121], [146], [147] ŕőáćïéěŋë ĺğãçěŋĺî âăł ŋăğëćăěňëå C - ŕőńãčàãŕŕ, á ŕőňőéìî łőâőàëå ĺğãçăńĺáì łăł ğăďăçĺ ŕěàćőčő, âăł ĺ ćâőàőčő ŕőàïďłőć, ă âăłęě ŕőńãčàãŕŕ, ĺňěîéĺå őáőąěŋŋőáâì ć ŋãńě.

Ąőńìèăï çăáâì őâňěçěŋŋőčő ćëèě ňăâěàĺăńă ąãďěâ őâàăęěŋă ŕőďàőąŋěě ć ďăńìŋěľèĺå çăáâïå àăąőâë ăćâőàőć.

Čńăćă 2

Ŕőńãčàãŕŕë őŕěàăâőàőć

Ňăâěàĺăń, ŕàĺćěďěŋŋëľ ć íâőľ čńăćě, ŋőáĺâ ąőńìèěľ çăáâìî âàăďĺæĺőŋŋëľ åăàăłâěà. Ć łăçěáâćě őáŋőćŋëå ĺáâőçŋĺłőć ňőęŋő ĺáŕőńìğőćăâì ĺňěîéĺěáï ć Řőááĺĺ łŋĺčĺ [14], [27], [21], [22], [37]. Őâňěâĺň âăłęě ńĺâěàăâãàã ĺğďăŋŋãî ğă àãąěęőň [59], [73], [93], [113], [127], [145]. Śáëńłă ć âěłáâě, łăł ŕàăćĺńő, ďăěâáï ńĺèì ŋă őďĺŋ ĺğ ćőğňőęŋëå ĺáâőçŋĺłőć.

2.1 Őáŋőćŋëě áćőľáâćă C0-ŕőńãčàãŕŕ őŕěàăâőàőć

Ŕàěďńőęěŋĺě 2.1.1 [113] Ďńï ńîąőľ C0-ŕőńãčàãŕŕë exp(·A) áãéěáâćãîâ âăłĺě łőŋáâăŋâë M ≥ 1 ĺ ω ∈ R, çâő ‖exp(tA)‖ ≤ Me^{ωt} ŕàĺ t ≥ 0 . (2.1) Őŕàěďěńěŋĺě 2.1.1 C0-ŕőńãčàãŕŕă exp(·A) ŋăğëćăěâáï àăćŋőňěàŋő őčàăŋĺçěŋŋőľ, ěáńĺ ‖exp(tA)‖ ≤ M ŕàĺ t ≥ 0 ĺ ŋěłőâőàőľ łőŋáâăŋâě M ≥ 1.

C_0-ŕőńãčàãŕŕă ŋăğëćăěâáï áęĺňăîéěľ, ěáńĺ M = 1 .

§áŋő, çâő ňěŋìèě ěďĺŋĺæë łőŋáâăŋâă M ŋĺłőčďă ąëâì ŋě ňőęěâ, â.ł. ŕàĺ t = 0 C0-ŕőńãčàãŕŕă exp(tA) őąàăéăěâáï ć ěďĺŋĺçŋëľ őŕěàăâőà I ĺ 1 = ‖I‖ ≤ lim_{t→0+}‖exp(tA)‖. Ğăňěâĺň, çâő, ěáńĺ C0-ŕőńãčàãŕŕă exp(·A) ãďőćńěâćőàïěâ őæěŋłě (2.1), âő e^{−αt}exp(tA), t ≥ 0, ïćńïěâáï C0-ŕőńãčàãŕŕőľ, ãďőćńěâćőàïîéěľ ãáńőćĺî

(2.1) á ω_1 = ω − α, ĺ ěě ŕàőĺğćőďïéĺľ őŕěàăâőà ěáâì A − αI.

24 ČŃĂĆĂ 2. ŔŐŃŞČŘŞŔŔŻ ŐŔĚŘĂŠŐŘŐĆ

Ŕàěďńőęěŋĺě 2.1.2 [122] Ďńï C0-ŕőńãčàãŕŕë exp(·A) áãéěáâćãěâ ŕàěďěń

ω(A) := lim_{t→∞} 1 t ln ‖exp(tA)‖ = inf_{t>0} 1 t ln ‖exp(tA)‖, (2.2) łőâőàëľ àăćěŋ âăłęě inf{ω ∈ R : ∀ δ > ω ∃ M_δ áő áćőľáâćőň ‖exp(tA)‖ ≤ M_δe^{δt}, t ≥ 0}. Őŕàěďěńěŋĺě 2.1.2 Ůĺáńő ω(A) ŋăğëćăěâáï âĺŕőň C0-ŕőńãčàãŕŕë exp(·A). Ŕàěďńőęěŋĺě 2.1.3 [122] Šĺŕ C0-ŕőńãčàãŕŕë ňőęěâ ąëâì łăł łőŋěçŋëň, âăł ĺ àăćŋëň −∞ .

Ŕàěďńőęěŋĺě 2.1.4 [27] Ŕãáâì E = H - čĺńìąěàâőćő ŕàőáâàăŋáâćő. Šőčďă ďńï C0-ŕőńãčàãŕŕë exp(·A) ĺňěěň

ω(A) = inf{α ∈ R : α + iβ ∈ ρ(A) ŕàĺ ćáěå β ∈ R ĺ àěğőńìćěŋâă R(α + iβ, A) àăćŋőňěàŋő őčàăŋĺçěŋă ŕő β ∈ R}.

Ŕàěďńőęěŋĺě 2.1.5 [14] Ěáńĺ ğăďăŋă C0-ŕőńãčàãŕŕă exp(·A) ĺ λ ∈ C âăłőćő, çâő Reλ > ω(A), âő λ ∈ ρ(A) ĺ R(λ, A)x = ∫ ∞ 0 e^{−λt}exp(tA)x dt ŕàĺ ćáěå x ∈ E. (2.3) Ć ŕàĺńőęěŋĺïå, ěáńĺ ĺňěěâáï C0-ŕőńãčàãŕŕă, âő ĺáłăâì ěě čěŋěàăâőà, ĺáåőďï ĺğ őŕàěďěńěŋĺï, çăáâő őłăğëćăěâáï ŋěńěčłő. Ŕőíâőňã ĺŋőčďă ãďőąŋěě, ŕőńìğãïáì ŕàěďáâăćńěŋĺěň (2.3), ŕőńãçĺâì àěğőńìćěŋâã čěŋěàăâőàă, ă ŕő ŋěľ ŋăľâĺ áăň ŕàőĺğćőďïéĺľ őŕěàăâőà - áň., ŋăŕà. [118]. Őâňěâĺň ŕőŕãâŋő, çâő ŕàĺ ňăŋĺŕãńïæĺĺ á àěğőńìćěŋâőľ çăáâő ŕőńěğŋőľ őłăğëćăěâáï äőàňãńă d^n dλ^n ( (λI − A)^{−1} ) = (λI − A)^{−n−1}n! ďńï ćáěå n ∈ N. Ćőŕàőá ő âőň, łőčďă őŕěàăâőà A ŕőàőęďăěâ C0-ŕőńãčàãŕŕã, àěèăěâ âăł ŋăğëćăěňăï âěőàěňă Ţĺńńě-Ĺőáĺďë-Ťěńńěàă-Ťĺńńĺŕáă-Ňĺïďěàë.

Šěőàěňă 2.1.1 [37] Ďńï âőčő, çâőąë őŕěàăâőà A ∈ L(E) ïćńïńáï ŕàőĺğćőďïéĺň őŕěàăâőàőň ŋěłőâőàőľ C0-ŕőńãčàãŕŕë exp(·A), ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë A ∈ C(E) ĺ áãéěáâćőćăńĺ łőŋáâăŋâë Ň ĺ ω áő áćőľáâćăňĺ {λ ∈ C : Rěλ > ω} ⊂ ρ(A) ĺ ‖R(λ, A)^n‖ ≤ M (Reλ − ω)^n ŕàĺ Reλ > ω, n ∈ N. (2.4)

2.1. ŐŚŊŐĆŊŻĚ ŚĆŐĽŚŠĆĂ C0-ŔŐŃŞČŘŞŔŔ ŐŔĚŘĂŠŐŘŐĆ 25

Šőâ äăłâ, çâő őŕěàăâőà A ∈ C(E) ŕőàőęďăěâ C0-ŕőńãčàãŕŕã (âő ěáâì ïćńïěâáï čěŋěàăâőàőň) exp(·A), ãďőćńěâćőàïîéãî őæěŋłě (2.1), ąãďěň ğăŕĺáëćăâì âăł: A ∈ G(M, ω). Ŕàěďńőęěŋĺě 2.1.6 [14] Ďńï áęĺňăîéĺå C0-ŕőńãčàãŕŕ ć äőàňãńĺàőćłě âěőàěňë 2.1.1 ãáńőćĺě (2.4) ňőęŋő ğăňěŋĺâì ŋă {λ ∈ C : Rěλ > 0} ⊆ ρ(A) ĺ ‖R(λ, A)‖ ≤ 1/(Reλ) ŕàĺ Reλ > 0. (2.5) Śŕàăćěďńĺćő ĺ ąőńěě őąéěě ãâćěàęďěŋĺě.

Ŕàěďńőęěŋĺě 2.1.7 [14] Ěáńĺ ŋěłőâőàăï ŕőńãŕńőáłőáâì Reλ > ω ŕàĺŋăď- ńěęĺâ ρ(A) ĺ ‖R(λ, A)‖ ≤ 1/(Reλ − ω) ŕàĺ Reλ > ω, âő őŕěàăâőà A ∈ C(E) ïćńïěâáï ŕàőĺğćőďïéĺň őŕěàăâőàőň C0-ŕőńãčàãŕŕë.

Őâňěâĺň, çâő ŋă ŕàăłâĺłě ŕàőćěàłă âőčő, çâő A ïćńïěâáï čěŋěàăâőàőň C0- ŕőńãčàãŕŕë á ŕőňőéìî âěőàěňë 2.1.1 őłăğëćăěâáï áńőęŋă, ŕőíâőňã ãâćěàęďěŋĺï 2.1.6, 2.1.7, ďăîéĺě ŕàőáâëě ďőáâăâőçŋëě ãáńőćĺï ŕőàőęďěŋĺï C0 - ŕőńãčàãŕŕë, ĺňěîâ ąőńìèőě ğŋăçěŋĺě. Ůăáâő ŕőńěğŋőľ őłăğëćăěâáï áńěďãî- éăï Šěőàěňă 2.1.2 [44] Őŕěàăâőà A ∈ C(E) ïćńïěâáï ŕàőĺğćőďïéĺň őŕěàăâőàőň C0-ŕőńãčàãŕŕë âőčďă ĺ âőńìłő âőčďă, łőčďă ŋăľďěâáï âăłőě ω, çâő

(ω, ∞) ⊂ ρ(A) ĺ áãéěáâćãěâ áĺńìŋő ŋěŕàěàëćŋăï äãŋłæĺï T(·) : [0, ∞) → B(E) áő áćőľáâćăňĺ ‖T(t)‖ ≤ Me^{ωt}, t ≥ 0, ĺ

(λI − A)^{−1} = ∫ ∞ 0 e^{−λt}T(t) dt. (2.6) Ć íâőň áńãçăě T(·) = exp(·A).

Šěőàěňă 2.1.3 [16], [37] Ďńï C0-ŕőńãčàãŕŕë exp(·A) ĺňěěň

(i) ěáńĺ x ∈ D(A) , âő äãŋłæĺï t → exp(tA)x ďĺääěàěŋæĺàãěňă ŕő t ĺ d dt exp(tA)x = Aexp(tA)x = exp(tA)Ax ŕàĺ t ≥ 0; (2.7) (ii) ďńï ńîąëå x ∈ E ĺ t > 0 íńěňěŋâ ∫ t 0 exp(sA)x ds ŕàĺŋăďńěęĺâ D(A) ĺ A ∫ t 0 exp(sA)x ds = exp(tA)x − x; (2.8)

26 ČŃĂĆĂ 2. ŔŐŃŞČŘŞŔŔŻ ŐŔĚŘĂŠŐŘŐĆ

(iii) ěáńĺ x ∈ E, âő exp(tA)x − exp(τA)x = A ∫ t τ exp(sA)x ds ŕàĺ t, τ ≥ 0; (iv) őąńăáâì őŕàěďěńěŋĺï ńîąőľ áâěŕěŋĺ ŕàőĺğćőďïéěčő őŕěàăâőàă C_0-

ŕőńãčàãŕŕë ĺŋćăàĺăŋâŋă őâŋőáĺâěńìŋő ŕőńãčàãŕŕë, â.ě. ďńï ńîąőčő t ≥ 0 ĺňěěň exp(tA)x ∈ D(A^n) ŕàĺ x ∈ D(A^n), n ∈ N. Ŕàěďńőęěŋĺě 2.1.8 [15] Őąàăéěŋĺě ŕàěďáâăćńěŋĺï àěğőńìćěŋâë čěŋěàăâőàă çěàěğ ŕőńãčàãŕŕã – (2.3) ŕàĺ x ∈ E ĺ t > 0 ćőğňőęŋő ć ŋěáłőńìłĺå ćăàĺăŋâăå:

(i) ăŕŕàőłáĺňăæĺï Ĺőáĺďë: exp(tA)x = s- lim_{λ→∞} exp ( tλAR(λ, A) ) x; (ii) ăŕŕàőłáĺňăæĺőŋŋăï äőàňãńă őąàăéěŋĺï Şĺďďěàă-Ŕőáâă:

exp(tA)x = s- lim_{k→∞} ( k t R( k t , A) )k x = s- lim_{k→∞}(−1)^k 1 k! ( k t )k+1 R ( k t , A )(k) x. Ŕàěďńőęěŋĺě 2.1.9 [126] Ŕãáâì ğăďăŋă C0-ŕőńãčàãŕŕă exp(·A) ĺ ŋěłőâőàőě ğăňłŋãâőě ŕőďŕàőáâàăŋáâćő F ⊆ E . Śńěďãîéĺě ãáńőćĺï àăćŋőáĺńìŋë:

(i) ŕőďŕàőáâàăŋáâćő F ïćńïěâáï {exp(tA) : t ≥ 0} -ĺŋćăàĺăŋâŋëň;

(ii) áãéěáâćãîâ âăłĺě çĺáńă s_0 ∈ C, r ∈ R ĺ n_0 ∈ N, çâő F ïćńïěâáï

ĺŋćăàĺăŋâŋëň ŕoďŕàőáâàăŋáâćőň őâŋőáĺâěńìŋő őŕěàăâőàőć R(s0 + nr, A) ŕàĺ ńîąëå n ≥ n0 .

Ŕàěďńőęěŋĺě 2.1.10 [59] Ďńï âőčő çâőąë íńěňěŋâ x ∈ E őáâăćăńáï ĺŋćăàĺăŋâŋëň őâŋőáĺâěńìŋő C0-ŕőńãčàãŕŕë exp(·A), (â.ě. çâőąë àăćěŋáâćő

exp(tA)x = x ćëŕőńŋïńőáì ďńï ćáěå t ≥ 0 ), ĺ çâőąë C_0-ŕőńãčàãŕŕă exp(·A)

ąëńă áęĺňăîéěľ ĺńĺ ŕőğĺâĺćŋőľ, ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë àěğőńìćěŋâă R(λ, A) ĺňěńă áőőâćěâáâćěŋŋő íâĺ ęě áćőľáâćă ŕàĺ λ > ω(A). Ŕàěďńőęěŋĺě 2.1.11 [14] Ňŋőęěáâćő íńěňěŋâőć ćĺďă^{∫ t}_0 exp(sA)x ds

(t > 0, x ∈ E), ćåőďïéěě ć D(A), ïćńïěâáï ŕńőâŋëň ć E ĺ őçěćĺďŋő, çâő

lim_{t→0+} t^{−1} ∫ t 0 exp(sA)x ds = x ďńï ćáěå x ∈ E. (2.9)

2.1. ŐŚŊŐĆŊŻĚ ŚĆŐĽŚŠĆĂ C0-ŔŐŃŞČŘŞŔŔ ŐŔĚŘĂŠŐŘŐĆ 27

Ŕàěďńőęěŋĺě 2.1.12 [127] Ďńï ńîąëå x ∈ E, λ ∈ C ĺňěěň (λI − A) ∫ t 0 e^{λ(t−s)}exp(sA)x ds = ( e^{λt} − exp(tA) ) x. (2.10)

Őŕàěďěńěŋĺě 2.1.3 Ŕőďňŋőęěáâćő D ⊆ D(A) ŋăğëćăěâáï áěàďæěćĺŋőľ őŕěàăâőàă A ∈ L(E), ěáńĺ ğăňëłăŋĺě ěčő áãęěŋĺï A|D ŋă ŕőďňŋőęěáâćő D ěáâì A, ĺńĺ, çâő âő ęě, ěáńĺ D ŕńőâŋő ć D(A) ć ŋőàňě čàăäĺłă őŕěàăâőàă A . Ŕàěďńőęěŋĺě 2.1.13 [16] Ěáńĺ ńĺŋěľŋőě ňŋőčőőąàăğĺě^~D ⊆ D(A) ŕńőâŋő ć E ĺ ïćńïěâáï {exp(tA) : t ≥ 0}-ĺŋćăàĺăŋâŋëň, âő^~D - áěàďæěćĺŋă őŕěàăâőàă A .

Ŕàěďńőęěŋĺě 2.1.14 Ć áńãçăě ŕàőĺğćőńìŋőčő ŋěőčàăŋĺçěŋŋőčő őŕěàăâőàă A ňŋőęěáâćő D(A^∞) ňőęěâ áőáâőïâì ńĺèì ĺğ ŋãńěćőčő íńěňěŋâă.

Ŕàěďńőęěŋĺě 2.1.15 [14], [37] Ďńï C0-ŕőńãčàãŕŕë exp(·A) ňŋőęěáâćő

D(A^k) ŕńőâŋő ć E ŕàĺ ńîąőň k ∈ N.

Ąőńěě âőčő, ňŋőęěáâćő D(A^∞) := ∩^∞_{k=0}D(A^k) (ĺŋőčďă ŋăğëćăěňőě ňŋőęěáâćőň ąěáłőŋěçŋő ďĺääěàěŋæĺàãěňëå ćěłâőàőć őŕěàăâőàă A) âőęě ŕńőâŋő ć E ĺ ïćńïěâáï áěàďæěćĺŋőľ őŕěàăâőàă A.

Ŕàěďńőęěŋĺě 2.1.16 [37] Őŕàěďěńĺň ňŋőęěáâćă^~Eα := R(exp(αA)) ŕàĺ łăęďőň α > 0 ĺ^~E0 := ∪α>0^~Eα . Šőčďă^~Eβ ⊆^~Eα ŕàĺ 0 ≤ α ≤ β .

Ŕàěďńőęěŋĺě 2.1.17 [122] Ďńï C0-ŕőńãčàãŕŕ exp(·A) ĺ exp(·B) áńěďãîéĺě ãáńőćĺï íłćĺćăńěŋâŋë: (i) exp(tA)exp(tB) = exp(tB)exp(tA) ŕàĺ t ≥ 0; (ii) R(λ, A)R(λ, B) = R(λ, B)R(λ, A) ŕàĺ ŋěłőâőàőň λ ∈ ρ(A) ∩ ρ(B); (iii) ãáńőćĺě (ii) ĺňěěâ ňěáâő ŕàĺ ńîąőň λ ∈ ρ(A) ∩ ρ(B).

Ć áńãçăě ćëŕőńŋěŋĺï íâĺå ãáńőćĺľ őŕàěďěńěŋă C0-ŕőńãčàãŕŕă {exp(tC) := exp(tA)exp(tB) : t ∈ R_+}. Ňŋőęěáâćő D_0 := D(A) ∩ D(B) ïćńïěâáï áěàďæěćĺŋőľ őŕěàăâőàă C, čďě Cx = Ax + Bx ŕàĺ ćáěå x ∈ D0.

Ŕàěďńőęěŋĺě 2.1.18 [59], [126] Ďńï C0-ŕőńãčàãŕŕë exp(·A) ŕàĺ ćáěå x ∈ E ĺňěěň exp(tA)x = lim_{λ→∞} e^{−λt} ∞∑ k=0 (λt)^k k! [λR(λ, A)]^kx, exp(tA)x = lim_{λ→∞} λ ∞∑ k=0 (−1)^ke^{kλt} R(λk, A)x (k − 1)!

àăćŋőňěàŋő ŋă ńîąőň łőŋěçŋőň őâàěğłě t ∈ [0, T ] .

28 ČŃĂĆĂ 2. ŔŐŃŞČŘŞŔŔŻ ŐŔĚŘĂŠŐŘŐĆ Ŕàěďńőęěŋĺě 2.1.19 [59] Ěáńĺ x ∈ D(A^m), âő áŕàăćěďńĺćă äőàňãńă Šěľńőàă exp(tA)x = m−1∑ k=0 t^k k! A^kx + 1 (m − 1)! ∫ 1 0 (t − s)^{m−1}exp(sA)A^mx ds ĺ áőőâŋőèěŋĺě [exp(tA) − I]^mx = ∫ t 0 ... ∫ t 0 exp ( (s_1 + ... + s_m)A ) A^mx ds_1...ds_m. Őŕàěďěńěŋĺě 2.1.4 Őŕàěďěńĺň ňőďãńì ŋěŕàěàëćŋőáâĺ C0-ŕőńãčàãŕŕë exp(·A) ŋă [0, T ] : ω_T (δ, exp(·A)x) = sup_{0≤t,s≤T} {‖exp(tA)x − exp(sA)x‖ : |t − s| ≤ δ}. Ć áńãçăě, łőčďă T = 1, ąãďěň ŕĺáăâì ŕàőáâő ω(δ, exp(·A)x). Ŕőńőęĺň âăłęě_A τ := (exp(τA) − I)/τ. (2.11) Ŕàěďńőęěŋĺě 2.1.20 [59] Ďńï ńîąőčő x ∈ E áŕàăćěďńĺćő àăćěŋáâćő exp(tA)x = lim_{τ→0} exp(tA_τ )x, ŕàĺçěň áåőďĺňőáâì àăćŋőňěàŋă ŋă ńîąőň łőŋěçŋőň őâàěğłě t ∈ [0, b] ĺ ‖exp(tA)x − exp(tA_τ )x‖ ≤ ω_{b+1} ( τ^{1/3}, exp(·A)x ) + Kτ^{1/3}‖x‖, čďě łőŋáâăŋâă K := Mb(M^b + 4Me^{b(M−1)}) ŋě ğăćĺáĺâ őâ τ, ă M := max_{t∈[0,b]} ‖exp(tA)‖. Ŕàěďńőęěŋĺě 2.1.21 [59] Ŕãáâì ğăďăŋă C0-ŕőńãčàãŕŕă exp(·A) ĺ Δ^m_τ exp(tA) := m∑ k=0 (−1)^{m−k}C^k_mexp ( (t + kτ)A )

( C^k_m-ąĺŋőňĺăńìŋëě łőíääĺæĺěŋâë). Šőčďă 1 τ^m Δ^m_τ exp(tA) = [ exp(τA) − I τ ]m exp(tA) = A^m_τ exp(tA)

2.1. ŐŚŊŐĆŊŻĚ ŚĆŐĽŚŠĆĂ C0-ŔŐŃŞČŘŞŔŔ ŐŔĚŘĂŠŐŘŐĆ 29 ĺ exp(tA)x = lim_{τ→0} ∞∑ k=0 t^k kτ^k ( Δ^k_τ exp(ζA)x )| | | | ζ=0 , ŕàĺçěň áåőďĺňőáâì àăćŋőňěàŋă ŕő t ∈ [0, T ] á ńîąëň T < ∞ . Ŕàěďńőęěŋĺě 2.1.22 [59] Ŕãáâì ĺňěěâáï C0-ŕőńãčàãŕŕă exp(·A). Šőčďă exp(tA)x = lim_{k→∞} [ (1 − t)I + t exp( 1 k A) ]k x àăćŋőňěàŋő ŕő t ∈ [0, 1] , ŕàĺçěň ‖ m∑ k=0 C^k_mt^k(1 − t)^{m−k}exp( k m A) − exp(tA)x‖ ≤ ≤ 3 2 ω ( 1 √ m , exp(·A)x ) ĺ ‖ ∫ 1 0 { m∑ k=0 C^k_mt^k(1 − t)^{m−k}exp( k m A)}xdt − ∫ 1 0 exp(tA)xdt‖ ≤ ≤ ω ( 1 m + 1 , exp(·A)x ) . Ąőńěě őąéăï ăŕŕàőłáĺňăæĺőŋŋăï âěőàěňă ŕàĺćěďěŋă ć [59].

Ŕàěďńőęěŋĺě 2.1.23 [59] Ŕãáâì ŕàĺ t ≥ 0 ĺ x ∈ D(A^{m−1})

B̃^m_t x := m! t^m ( exp(tA)x − m−1∑ k=0 t^k k! A^kx ) (2.12)

(ćëàăęěŋĺě, áâőïéěě ć áłőąłăå, ěáâì őáâăâőł ć äőàňãńě Šěľńőàă – áň. ŕàěďńőęěŋĺě 2.1.19). Ŕàěďěń limt→0+^~B^m_t x áãéěáâćãěâ âőčďă ĺ âőńìłő âőčďă, łőčďă x ∈ D(A^m) ĺ limt→0+ B^m_t x = A^mx. Ŕàěďńőęěŋĺě 2.1.24 [59] Ŕàěďěń ćëàăęěŋĺï P̃^m_t (g_{0,m}, ..., g_{m−1,m})x := m! t^m ( exp(tA)x − m−1∑ k=0 t^k k! g_{k,m} ) (2.13)

ŕàĺ t → 0+ ; x, gi,m ∈ E áãéěáâćãěâ âőčďă ĺ âőńìłő âőčďă, łőčďă x ∈

D(A^m) ĺ g_{i,m} = A^ix (ğăňěâĺň, çâő őŕěàăâőà (2.12) ěáâì çăáâŋëľ áńãçăľ (2.13)).

Ć áńãçăě, ěáńĺ ŕàěďěń áãéěáâćãěâ, őŋ àăćěŋ A^mx.

30 ČŃĂĆĂ 2. ŔŐŃŞČŘŞŔŔŻ ŐŔĚŘĂŠŐŘŐĆ Ŕàěďńőęěŋĺě 2.1.25 [59] Ŕãáâì ŕàĺ t > 0

C̃^m_t x := 1 t^m { m ∑ k=0 (−1)^{m−k}C^k_mexp(ktA)x } . (2.14)

Ŕàěďěń ćëàăęěŋĺï (2.14) ŕàĺ t → 0+ áãéěáâćãěâ âőčďă ĺ âőńìłő âőčďă, łőčďă x ∈ D(A^m), ĺ àăćěŋ A^mx.

Ŕàěďńőęěŋĺě 2.1.26 [59] Ŕàĺ t ≥ 0 ŕőńőęĺň

T_m(t) := I − (I − exp(tA))^m . Šőčďă ďńï x ∈ E

(i) ěáńĺ ‖Tm(t)x − x‖ = ő(t^m) ŕàĺ t → 0+ , âő

T_m(t)x = x ŕàĺ ćáěå t ∈ R_+; (ii) ěáńĺ x ∈ D(A^m), âő

‖T_m(t)x − x‖ = O(t^m) ŕàĺ t → 0+;

(iii) ć áńãçăě àěäńěłáĺćŋőčő E ãâćěàęďěŋĺě (ii) őąàăéăěâáï.

Ŕàěďńőęěŋĺě 2.1.27 [59] Ŕãáâì A ∈ G(M, ω). Šőčďă ŕàĺ äĺłáĺàőćăŋŋőň

m ∈ N áŕàăćěďńĺćë ĺňŕńĺłăæĺĺ:

(i) x ∈ E =⇒ lim_{λ→∞} ‖ ( λR(λ, A) )m x − x‖ = 0; (ii) x ∈ D(A) =⇒ lim_{λ→∞} ‖^λ_m ( [λR(λ, A)]^mx − x ) − Ax‖ = 0; (iii) x ∈ D(A^m) =⇒ lim_{λ→∞} ‖λ^m ( λR(λ, A)x − ∑m−1 k=0 A^kx/k! ) − A^mx‖ = 0.

Ŕàěďńőęěŋĺě 2.1.28 [59] Ŕãáâì x ∈ D(A^{m−1}), y ∈ E ĺ lim_{λ→∞} ‖ ‖ ‖ ‖λ^m ( λR(λ, A)x − m∑ k=0 λ^{−k}A^kx ) − y ‖ ‖ ‖ ‖ = 0. Šőčďă x ∈ D(A^m) ĺ A^mx = y. Ěáńĺ ŕàĺ íâőň y = 0, âő λR(λ, A)x = m−1∑ k=0 A^kx/λ^k ŕàĺ λ > max(0, ω(A)).

2.1. ŐŚŊŐĆŊŻĚ ŚĆŐĽŚŠĆĂ C0-ŔŐŃŞČŘŞŔŔ ŐŔĚŘĂŠŐŘŐĆ 31

Ŕàěďńőęěŋĺě 2.1.29 [59] Śńěďãîéĺě ãâćěàęďěŋĺï ďńï äĺłáĺàőćăŋŋőčő

(x ∈ E) íłćĺćăńěŋâŋë: (i) ψ(t, x) := ‖(exp(tA) − I)x‖ = O(t) ŕàĺ t → 0+ ; (ii) ‖[λR(λ, A)]^mx − x‖ = O(λ^{−1}) ŕàĺ λ → ∞ ĺ ńîąőň äĺłáĺàőćăŋŋőň m ∈ N. Ěáńĺ E àěäńěłáĺćŋő, âő łăęďőě ĺğ ãáńőćĺľ (i),(ii) íłćĺćăńěŋâŋő ãáńőćĺî x ∈ D(A).

Ŕàěďńőęěŋĺě 2.1.30 [59] Ďńï x ∈ D(A^{m−1}) áńěďãîéĺě ãáńőćĺï íłćĺćăńěŋâŋë: (i) ‖exp(tA)x − m−1∑ k=0 t^k k! A^kx‖ = O(t^m/m!) ŕàĺ t → 0+;

(ii) ‖λR(λ, A)x − m−1∑ k=0 A^kx/k!‖ = O(λ^{−m}) ŕàĺ λ → ∞. Ěáńĺ E àěäńěłáĺćŋő, âő łăęďőě ĺğ ãáńőćĺľ (i),(ii) íłćĺćăńěŋâŋő ãáńőćĺî x ∈ D(A^m). Ŕàěďńőęěŋĺě 2.1.31 [59] Ďńï äĺłáĺàőćăŋŋőčő x ∈ E áńěďãîéĺě ãáńőćĺï íłćĺćăńěŋâŋë:

(i) ‖(exp(tA) − I)^mx‖ = O(t^m) ŕàĺ t → 0+ ; (ii) ‖[λR(λ, A) − I]^mx‖ = O(λ^{−m}) ŕàĺ λ → ∞ ; (iii)‖{ ∏m k=1[^λ_k R(^λ_k , A) − I]}x‖ = O(m!λ^{−m}) ŕàĺ λ → ∞. Ć áńãçăě x ∈ D(A^{m−1}) łăęďőě ĺğ íâĺå ãâćěàęďěŋĺľ íłćĺćăńěŋâŋő ãâćěàęďěŋĺïň 2.1.30.

Ŕàěďńőęěŋĺě 2.1.32 [59] Ěáńĺ x âăłőćő, çâő ĺňěěâ ňěáâő őæěŋłă ‖ ( exp(tA) − exp(sA) ) x‖ ≤ L(x) (t − s)^γ (t + s)^{γ/2} , s, t ∈ R_+, âő ‖ ( exp(tA_τ ) − exp(tA) ) x‖ ≤ L(x)τ^{γ/2} ŕàĺ t ≥ 0 .

32 ČŃĂĆĂ 2. ŔŐŃŞČŘŞŔŔŻ ŐŔĚŘĂŠŐŘŐĆ

Ŕàěďńőęěŋĺě 2.1.33 [59] Ŕãáâì H – ąěáłőŋěçŋőňěàŋőě čĺńìąěàâőćő ŕàőáâàăŋáâćő, P ∈ B(H) - ŕàőěłâőà łőŋěçŋőčő àăŋčă, ă C0-ŕőńãčàãŕŕă exp(·A) âăłőćă, çâő sup{‖exp(tA)‖ : t ≥ 0} = ∞ ĺ sup{‖exp(tA)exp(−tP )‖ : t ≥ 0} < ∞. Šőčďă ğăňëłăŋĺě ňŋőęěáâćă ∪t≥0R^(exp(tA)(I−P )^) — ŕàăćĺńìŋőě exp(·A) - ĺŋćăàĺăŋâŋőě ŕőďŕàőáâàăŋáâćő ć H.

Ŕàěďńőęěŋĺě 2.1.34 [31] Ěáńĺ őŕěàăâőàë A ĺ B áăňőáőŕàïęěŋë ĺ őŕěàăâőà exp(−B/2)exp(−A)exp(−B/2) őčàăŋĺçěŋ, âő őŕěàăâőà A+B őčàăŋĺçěŋ áŋĺğã ĺ ‖exp ( − (A + B) ) ‖ ≤ ‖exp(−B/2)exp(−A)exp(−B/2)‖. Őŕàěďěńěŋĺě 2.1.5 Ďćãáâőàőŋŋïï ŕőáńěďőćăâěńìŋőáâì {xk}k∈Z ⊂ E ŋăğëćăěâáï áãňňĺàãěňőľ ŕő Ůěğăàő, ěáńĺ áãéěáâćãěâ ŕàěďěń

C_1- ∑ k∈Z x_k := lim_{n→∞} n∑ k=−n ( 1 − |k|/(n + 1) ) x_k. (2.15)

Ŕàěďńőęěŋĺě 2.1.35 [163] Ŕãáâì A ∈ G(M, ω), x ∈ E, ζ0 ∈ C ĺ {ζ0 + ik :

k ∈ Z} ⊂ ρ(A). Šőčďă áńěďãîéĺě ãáńőćĺï íłćĺćăńěŋâŋë: (i) x ∈ R ( e^{2πζ0} I − exp(2πA) ) ; (ii) ŕàěďěń C_1- ∑ k∈Z R(ζ_0 + ik, A)x áãéěáâćãěâ ;

(iii) ŕàěďěń C_1- ∑ k∈Z R(ζ_0 + ik, A)Q_k(ζ_0)x áãéěáâćãěâ , čďě Qk(ξ) := (2π)^{−1 ∫ 2π}_0 e^{−ikt}e^{−tξ}exp(tA)x dt. Ěáńĺ ŋăľďěâáï âăłőě r > 0, çâő ζ → C1-^∑_{k∈Z} R(ζ + ik, A)x ăŋăńĺâĺçŋă ć Δ(r) := {z ∈ C : |z − ζ0| < r}, âő äãŋłæĺï ζ →^(e^{2πζ} I − exp(2πA)^{)−1}x ăŋăńĺâĺçŋă ć Δ(r).

Ŕàěďńőęěŋĺě 2.1.36 [50] Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) âăłőćă, çâő ďńï ŋěłőâőàőčő T > 0 ĺňěěň (I ± exp(tA))^{−1} ∈ B(E) ŕàĺ ćáěå t ≥ T . Šőčďă

(I ± exp(tA))^{−1} ∈ B(E) ŕàĺ ćáěå 0 < t ≤ T .

2.2. ŚĚŇĚĽŚŠĆĂ ŐŔĚŘĂŠŐŘŐĆ U(·) Ĺ V (·) 33

2.2 Śěňěľáâćă őŕěàăâőàőć U (�) ĺ V (�)

Ć àïďě àăąőâ (áň. ŋăŕà., [62], [139] ĺ ďà.) ććőďĺńĺáì ć àăááňőâàěŋĺě áěňěľáâćă őŕěàăâőàőć, áćïğăŋŋëě á ŕőńãčàãŕŕăňĺ őŕěàăâőàőć ĺ łőáĺŋãá őŕěàăâőàäãŋłæĺïňĺ ŋěłőâőàëňĺ ãàăćŋěŋĺïňĺ.

Šăł, ŋăŕàĺňěà, ć [62] àăááňőâàěŋő ãàăćŋěŋĺě U(t + s) − U(t − s) + 2U(t)U(s) = 2U(t)exp(sA), s, t ≥ 0, U(0) = 0, ă ć [139] ĺğãçăńăáì ğăďăçă U(t + s) + exp(2sA)U(t − s) = 2U(t)U(s), s, t ≥ 0, U(0) = I. Ŕőďőąŋëě áěňěľáâćă ĺáŕőńìğãîâ ĺŋőčďă ďńï ĺááńěďőćăŋĺï ćőğňãéěŋŋëå ãàăćŋěŋĺľ ć ąăŋăåőćëå ŕàőáâàăŋáâćăå. Ć ďăŋŋőľ łŋĺčě ňë łőáŋěňáï ďćãå áěňěľáâć őŕěàăâőàőć U(·) ĺ V (·), áćïğăŋŋëå á C0-ŕőńãčàãŕŕőľ ŕőďőąŋëňĺ áőőâŋőèěŋĺïňĺ, łőâőàëě őâńĺçăîâáï ńĺèì ŕőàïďłőň áőňŋőęĺâěńï ć ŕàăćőľ çăáâĺ.

Őŕàěďěńěŋĺě 2.2.1 Śěňěľáâćőň ňãńìâĺŕńĺłăâĺćŋőčő ćőğňãéěŋĺï

{U(t); t ≥ 0} őŕěàăâőàőć ć B(E) ďńï C_0-ŕőńãčàãŕŕë exp(·A) ŋăğëćăěâáï

áěňěľáâćő őŕěàăâőàőć, ãďőćńěâćőàïîéěě áőőâŋőèěŋĺî U(t + s) − U(t) = exp(tA)U(s) ďńï t, s ≥ 0 (2.16) á U(0) = 0.

Śěňěľáâćőň ăďďĺâĺćŋőčő ćőğňãéěŋĺï {V (t); t ≥ 0} őŕěàăâőàőć ć B(E) ďńï

C_0-ŕőńãčàãŕŕë exp(·A) ŋăğëćăěâáï áěňěľáâćő őŕěàăâőàőć, ãďőćńěâćőàïî-

éěě áőőâŋőèěŋĺî V (t + s) − V (t) = V (s)exp(tA) ďńï t, s ≥ 0, (2.17) á V (0) = 0.

Śěňěľáâćă U(·) ĺ V (·) ĺňěîâ ć ąĺőńőčĺçěáłĺå ňőďěńïå (áň. ŋăŕà. [27],

[85]) őŕàěďěńěŋŋãî áňëáńőćãî ŋăčàãğłã, ĺ, ŋăŕàĺňěà, ŕőńãçěŋĺě çĺáńěŋŋëå

ăńčőàĺâňőć ďńï ćëçĺáńěŋĺï U(·) ĺ V (·) ïćńïěâáï ăłâãăńìŋőľ áăňőáâőïâěńìŋőľ ğăďăçěľ. Ć ďăŋŋőľ łŋĺčě ňë ąãďěň ĺŋâěàěáőćăâìáï áěňěľáâćăňĺ U(·) ĺ V (·) ć áćïğĺ á ĺŋëňĺ æěńïňĺ, ă ĺňěŋŋő, ŋăá ąãďěâ ĺŋâěàěáőćăâì ŕőďåőď, ŕőğćőńïîéĺľ ĺáŕőńìğőćăâì ĺå ďńï ĺğãçěŋĺï ćőğňãéěŋĺľ C0- ŕőńãčàãŕŕ.

34 ČŃĂĆĂ 2. ŔŐŃŞČŘŞŔŔŻ ŐŔĚŘĂŠŐŘŐĆ

2.3 Ĺğňěàĺňőáâì ĺ ŋěŕàěàëćŋőáâì áěňěľáâć

U (�) ĺ V (�)

Ţőàőèő ĺğćěáâŋő ([37]), çâő áĺńìŋő ĺğňěàĺňăï ŕőńãčàãŕŕă ďőńęŋă ąëâì áĺńìŋő ŋěŕàěàëćŋőľ ŋă (0, ∞). Śńěďãîéăï âěőàěňă ŕőłăğëćăěâ, çâő áěňěľáâćő ňãńìâĺŕńĺłăâĺćŋőčő ćőğňãéěŋĺï ĺ áěňěľáâćő ăďďĺâĺćŋőčő ćőğňãéěŋĺï őąńăďăîâ âěň ęě áćőľáâćőň.

Šěőàěňă 2.3.1 Ěáńĺ áěňěľáâćő ňãńìâĺŕńĺłăâĺćŋőčő ćőğňãéěŋĺï U(·) - áĺńìŋő (àăćŋőňěàŋő) ĺğňěàĺňő ŋă (0, ∞), âőčďă U(·) - áĺńìŋő (áőőâćěâáâćěŋŋő, àăćŋőňěàŋő) ŋěŕàěàëćŋő ŋă (0, ∞). Ěáńĺ áěňěľáâćő ăďďĺâĺćŋőčő ćőğňãéěŋĺï V (·) - àăćŋőňěàŋő ĺğňěàĺňő ŋă (0, ∞), âőčďă V (·) àăćŋőňěàŋő ŋěŕàěàëćŋő ŋă (0, ∞).

Ďőłăğăâěńìáâćő. Śńěďãï [37], ňë ňőęěň ŕěàěŕĺáăâì (2.16) U(t) = U(t + h) − exp(tA)U(h) ďńï t, h ≥ 0 ĺ ŕàőĺŋâěčàĺàőćăâì íâő ãàăćŋěŋĺě ŕő h őâ α ďő β. Ćëąĺàăï 0 < ε < α < β < t, ŕőńãçăěň (β − α) ( U(t ± ε) − U(t) ) x = = ∫ β α [U(t ± ε + h) − exp((t ± ε)A)U(h) − (U(t + h) − exp(tA)U(h))]x dh. Śńěďőćăâěńìŋő,_{‖(U(t ± ε) − U(t))x‖ ≤} ≤ 1 (β − α) [ ‖ ∫ t+β t+α ( U(ξ ± ε) − U(ξ) ) xdξ−

− ( exp((t ± ε)A) − exp(tA) ) ∫ β α U(h)x dh‖ ] ≤

≤ 1 (β − α) [ ∫ t+β t+α ‖[U(ξ ± ε) − U(ξ)]x‖dξ+

+‖ ( exp((t ± ε)A) − exp(tA) ) ∫ β α U(h)x dh‖ ]

2.3. ĹĞŇĚŘĹŇŐŚŠĲ Ĺ ŊĚŔŘĚŘŻĆŊŐŚŠĲ ŚĚŇĚĽŚŠĆ U(·) Ĺ V (·) 35

áåőďĺâáï ł 0 ŕàĺ ε → 0, ěáńĺ ňë cňőęěň ŕőłăğăâì, çâő áĺńìŋăï ĺğňěàĺňőáâì

U(·) čăàăŋâĺàãěâ őčàăŋĺçěŋŋőáâì ‖U(t)‖ ŋă łăęďőň ĺŋâěàćăńě [α, β], 0 < α <

β < ∞, ĺńĺ, çâő íłćĺćăńěŋâŋő, ‖U(t)x‖ őčàăŋĺçěŋă ŋă [α, β] ďńï łăęďőčő x ∈ E. Ůâőąë ŕőłăğăâì íâő, ďőŕãáâĺň őâ ŕàőâĺćŋőčő, çâő ŋăľďãâáï âăłĺě

íńěňěŋâ x̂ ∈ E ĺ ŕőáńěďőćăâěńìŋőáâì {tn} ⊂ [α, β], çâő ‖U(tn)x̂‖ ≥ n ĺ tn → γ, ŕàĺ n → ∞. Ś ďàãčőľ áâőàőŋë, ŕőáłőńìłã ‖U(t)x̂‖ ïćńïěâáï ĺğňěàĺňőľ, âő ŋăľďãâáï ŕőáâőïŋŋăï L > 0 ĺ ňŋőęěáâćő F ⊂ [0, γ] á ňěàőľ m(F ) > γ/2 âăłĺě, çâő sup_{t∈F} ‖U(t)x̂‖ ≤ L. Ŕőńőęĺň Fn = {tn − η : η ∈ F ∩ [0, tn]}. Šőčďă ňěàă

m(F_n) ≥ γ/2 ďńï ďőáâăâőçŋő ąőńìèĺå n, ĺ n ≤ ‖U(t_n)x̂‖ ≤ ‖U(t_n − η)x̂‖ + ‖exp ( (t_n − η)A ) ‖ · ‖U(η)x̂‖ ≤ ≤ ‖U(t_n − η)x̂‖ + Me^{ωβ}L ďńï ćáěå η ∈ F ∩ [0, tn]. Ŕőíâőňã ‖U(t)x̂‖ ≥ n − Me^{ωβ}L ďńï łăęďőčő t ∈ Fn, m(Fn) ≥ γ/2. Śńěďőćăâěńìŋő,

‖U(t)x̂‖ = ∞ ďńï ćáěå t ∈ F_∞ := lim F_n

á m(F∞) ≥ γ/2. İâő ŕàőâĺćőàěçĺâ âőňã, çâő ‖U(t)‖ łőŋěçŋă ćáîďã ć [0, ∞). Ďőłăğăâěńìáâćő ďńï áńãçăï áěňěľáâćă ăďďĺâĺćŋőčő ćőğňãéěŋĺï ăŋăńőčĺçŋő.

Ŕőďőąŋő ŕőńãčàãŕŕăň, áĺńìŋăï ŋěŕàěàëćŋőáâì äãŋłæĺľ U(·) ( ĺ V (·)) ć ŋãńě ćńěçěâ áĺńìŋãî ŋěŕàěàëćŋőáâì ŋă [0, ∞).

Śńěďáâćĺě 2.3.1 Śŕàăćěďńĺćë áńěďãîéĺě ãâćěàęďěŋĺï :

(i) Ěáńĺ exp(·A) - C0-čàãŕŕă ĺ äãŋłæĺï U(·) áĺńìŋő ĺğňěàĺňă, âőčďă U(·) áĺńìŋő ŋěŕàěàëćŋă ŋă [0, ∞);

(ii) Ěáńĺ exp(·A) - àăćŋőňěàŋő ŋěŕàěàëćŋăï C_0-ŕőńãčàãŕŕă ĺ U(·) áĺńìŋő

ĺğňěàĺňă, âőčďă U(·) àăćŋőňěàŋő ŋěŕàěàëćŋă ŋă [0, ∞);

(iii) Ŕàěďŕőńőęĺň, çâő V (·) àăćŋőňěàŋő ĺğňěàĺňă ŋă (0, ∞) ĺ őčàăŋĺ-

çěŋă őłőńő 0. Ěáńĺ ŕőńãčàãŕŕă exp(·A) - áĺńìŋő (àăćŋőňěàŋő) ŋěŕàěàëćŋă ŋă

[0, ∞), âőčďă V (·) - áĺńìŋő (áőőâćěâáâćěŋŋő, àăćŋőňěàŋő) ŋěŕàěàëćŋă ŋă [0, ∞). Ďőłăğăâěńìáâćő. (i) Ŕő âěőàěňě 2.3.1 U(·)x áĺńìŋő ŋěŕàěàëćŋă ŋă (0, ∞). Šőčďă, ąěàï ńîąőě t > 0, ňë ĺňěěň U(h)x = exp(−tA)[U(t + h)x − U(t)x] → 0

36 ČŃĂĆĂ 2. ŔŐŃŞČŘŞŔŔŻ ŐŔĚŘĂŠŐŘŐĆ

ŕàĺ h → 0. Śńěďőćăâěńìŋő, U(·)x âăłęě ŋěŕàěàëćŋă ć ŋãńě áŕàăćă ĺ ŕőâőňã ŋěŕàěàëćŋă ŋă [0, ∞).

(ii) Ŕő âěőàěňě 2.3.1 U(·) áĺńìŋő ŋěŕàěàëćŋă ŋă (0, ∞). Śńěďőćăâěńìŋő,

ďńï łăęďőčő n äãŋłæĺï exp(^1_n A)U(h)x = [U(^1_n + h)x − U(^1_n)x] ŋěŕàěàëćŋă ŕő h ŋă [0, ∞). Ŕőáłőńìłã exp(^1_n A) áåőďĺâáï àăćŋőňěàŋő ł I, âő ŕőáńěďőćăâěńìŋőáâì exp(^1_n A)U(·)x ěáâì àăćŋőňěàŋő áåőďïéăïáï ŕőáńěďőćăâěńìŋőáâì áĺńìŋő ŋěŕàěàëćŋëå äãŋłæĺľ ŋă [0, 1]. Ŕőíâőňã ŕàěďěńìŋăï äãŋłæĺï U(·) âăłęě áĺńìŋő ŋěŕàěàëćŋă ŋă [0, 1]. Šăłĺň őąàăğőň, U(·) ňőęěâ ąëâì ğăŕĺáăŋă ŕő äőàňãńě (iv) ŕàěďńőęěŋĺï 2.4.1. Řăćŋőňěàŋăï ŋěŕàěàëćŋőáâì exp(·A) ćńěçěâ àăćŋőňěàŋãî ŋěŕàěàëćŋőáâì U(·).

(iii) Ŕő âěőàěňě 2.3.1 ĺňěěň ‖V (h)exp(tA)‖ = ‖V (t + h) − V (t)‖ → 0 ŕàĺ h → 0 ďńï ćáěå t > 0. Ŕőáłőńìłã V (·) àăćŋőňěàŋő őčàăŋĺçěŋă ŋă [0, 1] ĺ ‖V (h)x‖ ≤ ‖V (h)(I − exp(tA))x‖ + ‖V (h)exp(tA)x‖ ≤ ≤ ‖V (h)‖ · ‖(exp(tA) − I)x‖ + ‖V (h)exp(tA)‖ · ‖x‖, âő ĺğ exp(tA) → I áĺńìŋő (àăćŋőňěàŋő) ŕàĺ t → 0+, áńěďãěâ V (h) → 0 áĺńìŋő (áőőâćěâáâćěŋŋő, àăćŋőňěàŋő) ŕàĺ h → 0+.

Śńěďáâćĺě 2.3.2 Ěáńĺ áěňěľáâćő ňãńìâĺŕńĺłăâĺćŋőčő ćőğňãéěŋĺï U(·) ďńï exp(·A) - áńăąő ŋěŕàěàëćŋő ć ŋãńě áŕàăćă, âő U(·) áĺńìŋő ŋěŕàěàëćŋő ŋă

(0, ∞).

Ďőłăğăâěńìáâćő. Śńăąăï ŋěŕàěàëćŋőáâì áŕàăćă U(·) ć 0 ćńěçěâ ⟨U(t + h)x − U(t)x, x^∗⟩ = ⟨exp(tA)U(h)x, x^∗⟩ = = ⟨U(h)x, T^∗(t)x^∗⟩ → 0 ŕàĺ h → 0+, ďńï ćáěå x ∈ E, x^∗ ∈ E^∗ ĺ t ≥ 0. Šő ěáâì U(·) áńăąő ŋěŕàěàëćŋă áŕàăćă ŋă

[0, ∞). Šăł łăł áńăąăï őďŋőáâőàőŋŋïï ŋěŕàěàëćŋőáâì ćńěçěâ áĺńìŋãî ĺğňě-

àĺňőáâì ďńï ńîąőľ ćěłâőàŋő-ğŋăçŋőľ äãŋłæĺĺ, âő ĺğ âěőàěňë 2.3.1 áńěďãěâ, çâő U(·) áĺńìŋő ŋěŕàěàëćŋă ŋă (0, ∞).

Ŕàěďńőęěŋĺě 2.3.1 Śěňěľáâćő ňãńìâĺŕńĺłăâĺćŋőčő ćőğňãéěŋĺï (ĺńĺ áěňěľáâćő ăďďĺâĺćŋőčő ćőğňãéěŋĺï) ďńï C0-ŕőńãčàãŕŕë exp(·A) áĺńìŋő (àăćŋőňěàŋő) ŋěŕàěàëćŋő ŋă [0, ∞), ěáńĺ őŋő áĺńìŋő (áőőâćěâáâćěŋŋő, àăćŋőňěàŋő) ŋěŕàěàëćŋő ć ŋãńě áŕàăćă.

2.4. ŔŘĚŐĄŘĂĞŐĆĂŊĹĚ ŃĂŔŃĂŚĂ 37

Ďőłăğăâěńìáâćő. Řěğãńìâăâ áńěďãěâ ĺğ őæěŋőł ‖U(t + h)x − U(t)x‖ ≤ max { ‖exp(tA)‖, ‖exp((t + h)A)‖ } · ‖U(|h|)x‖, ‖V (t + h)x − V (t)x‖ ≤ ≤ ‖V (|h|)exp(tA)x‖ + ‖V (|h|)‖ · ‖exp((t + h)A)x − exp(tA)x‖ ďńï 0 < |h| < t. Ŕàěďńőęěŋĺě 2.3.2 Ěáńĺ ŋěŕàěàëćŋőě áěňěľáâćő ňãńìâĺŕńĺłăâĺćŋőčő ćőğňãéěŋĺï U(·) łőňňãâĺàãěâ á exp(·A), âő ěáâì U(t)exp(tA) = exp(tA)U(t) ďńï ćáěå t ≥ 0, âő U(·) - łőňňãâăâĺćŋőě áěňěľáâćő, âő ěáâì U(t)U(s) =

U(s)U(t) ďńï s, t ≥ 0. Šő ęě áăňőě ĺňěěâ ňěáâő ďńï ŋěŕàěàëćŋőčő áěňěľ-

áâćă ăďďĺâĺćŋőčő ćőğňãéěŋĺï.

Ďőłăğăâěńìáâćő. Őąőğŋăçĺň τn = t/n ĺ ćëąěàěň ŕőáńěďőćăâěńìŋőáâì kn âăł, çâő^{kn}_n → s/t ŕàĺ n → ∞. Ć áĺńã ŕàěďáâăćńěŋĺľ U(t) = n−1∑ k=0 exp(τ_nA)^kU(τ_n), U(k_nτ_n) = kn−1∑ k=0 exp(τ_nA)^kU(τ_n) ĺ ŋěŕàěàëćŋőáâĺ U(·), ĺňěěň U(t)U(s) = lim_{n→∞} U(t)U(k_nτ_n) = lim_{n→∞} U(k_nτ_n)U(t) = U(s)U(t). 2.4 Ŕàěőąàăğőćăŋĺě Ńăŕńăáă ĺ ĺŋäĺŋĺâěğĺňăńìŋëě őŕěàăâőàë

Ćŕàěďì ňë ćáěčďă ŕàěďŕőńăčăěň, çâő áěňěľáâćă U(·) ĺ V (·) áĺńìŋő ŋěŕàěàëćŋë ŋă [0, ∞) (â.ě. ïćńïîâáï C0-áěňěľáâćăňĺ). Ŕãáâì^^U(·) ĺ^^V (·) — ĺå ŕàěőąàăğőćăŋĺï Ńăŕńăáă.

Ŕàěďńőęěŋĺě 2.4.1 Ŕãáâì U(·) ěáâì C0-áěňěľáâćő ňãńìâĺŕńĺłăâĺćŋőčő ćőğňãéěŋĺï ĺ V (·) — C0-áěňěľáâćő ăďďĺâĺćŋőčő ćőğňãéěŋĺï ďńï C0-ŕőńãč- àãŕŕë exp(·A). Ĺňěîâ ňěáâő áńěďãîéĺě áćőľáâćă :

38 ČŃĂĆĂ 2. ŔŐŃŞČŘŞŔŔŻ ŐŔĚŘĂŠŐŘŐĆ (i) (exp(tA) − I)U(s) = (exp(sA) − I)U(t) ĺ V (s)(exp(tA) − I) = V (t)(exp(sA) − I) ďńï t, s ≥ 0; (ii) äãŋłæĺĺ U(·) ĺ V (·) íłáŕőŋěŋæĺăńìŋő őčàăŋĺçěŋë; (iii)^d_{dt} [λ(λ − A)^{−1}U(t)x] = exp(tA)λ^2Û(λ)x ĺ_d dt [V (t)λ(λ − A)^{−1}x] = λ^2V̂ (λ)exp(tA)x ďńï x ∈ E, λ > ω, ĺ t > 0; (iv) U(t)x = (λ − A) ∫ t 0 T (s)λÛ(λ)x ds = = ∫ t 0 exp(sA)λ^2Û(λ)x ds − (T (t) − I)λÛ(λ)x ďńï x ∈ E, t ≥ 0; (v) V (t)x = λV̂ (λ)(λ − A) ∫ t 0 exp(sA)x ds = = λ^2V̂ (λ) ∫ t 0 exp(sA)x ds − λV̂ (λ)(exp(tA) − I)x ďńï x ∈ E, t ≥ 0. Ďőłăğăâěńìáâćő. Śćőľáâćă (i) ĺ (ii) - ńěčłő áńěďãîâ ĺğ (2.16) ĺ (2.17) (áň. ć [85] ďőłăğăâěńìáâćő (ii) ďńï àăćŋőňěàŋő ŋěŕàěàëćŋőčő áńãçăï).

Ďőłăęěň (iii). Ŕãáâì Q(t, λ) = λ(λ − A)^{−1}U(t) ĺ D(t, λ) = V (t)λ(λ −

A)^{−1}, λ > ω, t ≥ 0. Ĺğ (2.16) ĺ (2.17) áńěďãěâ, çâő Q^′_t(t, λ) = exp(tA)Q^′_t(0, λ),

ěáńĺ Q^′_t(0, λ) áãéěáâćãěâ, ĺ D^′_t(t, λ) = D^′_t(0, λ)exp(tA), ěáńĺ D^′_t(0, λ) áãéěáâćãěâ. Śńěďőćăâěńìŋő, ďőáâăâőçŋő ŕőłăğăâì, çâő Q^′_t(0, λ) = λ^{2^}U(λ) ĺ

D^′_t(0, λ) = λ^2V̂ (λ). Ąěàï ŕàěőąàăğőćăŋĺě Ńăŕńăáă ć (2.16) ĺ (2.17) ŕő t, ňë

ŕőńãçăěň s^{−1}(e^{λs} − 1)Û(λ) − s^{−1} ∫ s 0 e^{−λτ} U(τ)dτ · e^{λs} = (λ − A)^{−1}U(s)/s ĺ_{s−1(eλs − 1)V̂ (λ) − s−1} ∫_s 0 e^{−λτ} V (τ)dτ · e^{λs} = (V (s)/s)(λ − A)^{−1}. Ŕőńăčăï s → 0+, ŕőńãçăěň ŋěőąåőďĺňëě àăćěŋáâćă. Ĺŋâěčàĺàãï àăćěŋáâćő

Q^′_t(t, λ) = exp(tA)λ^2Û(λ) őâ 0 ďő t, ĺňěěň λ(λ − A)^{−1}U(t)x = Q(t, λ)x = ∫ t 0 T (s)λ^2Û(λ)xds, x ∈ E, (2.18) ĺ, áńěďőćăâěńìŋő, (iv) ďőłăğăŋő. Şâćěàęďěŋĺě (v) ďőłăğëćăěâáï ăŋăńőčĺçŋő.

Ňŋőęěáâćő C0-áěňěľáâć ňãńìâĺŕńĺłăâĺćŋëå ćőğňãéěŋĺľ ĺğőňőàäŋő ňŋőęěáâćã B(E). Ďěľáâćĺâěńìŋő, ďńï ńîąőčő äĺłáĺàőćăŋŋőčő λ > ω őŕàěďěńĺň UB,λ(·) ĺ VB,λ(·) łăł äãŋłæĺĺ U_{B,λ}(t)x := (A − λ) ∫ t 0 exp(sA)Bx ds, x ∈ E, t ≥ 0, (2.19)

2.4. ŔŘĚŐĄŘĂĞŐĆĂŊĹĚ ŃĂŔŃĂŚĂ 39 V_{B,λ}(t)x := B(A − λ) ∫ t 0 exp(sA)x ds, x ∈ E, t ≥ 0. (2.20) §áŋő, çâő UB,λ(·) ěáâì C0-áěňěľáâćő ňãńìâĺŕńĺłăâĺćŋëå ćőğňãéěŋĺľ ĺ VB,λ(·) ěáâì C0-áěňěľáâćő ăďďĺâĺćŋëå ćőğňãéěŋĺľ ďńï exp(·A). Śńěďőćăâěńìŋő, ěáńĺ ňë ćëąěàěň U(·) ĺ λ ć (iv) ŕàěďńőęěŋĺï 2.4.1 àăćŋëňĺ UB,λ(·) ĺ μ, áőőâćěâáâćěŋŋő, âő (iv) ňőęŋő ğăŕĺáăâì łăł U_{B,λ}(t)x = (μ − A) ∫ t 0 T (s)μÛ_{B,λ}(μ)x ds, ďńï x ∈ E, μ > ω, t ≥ 0. Ăŋăńőčĺçŋő V_{B,λ}(t)x = μV̂_{B,λ}(μ)(μ − A) ∫ t 0 exp(sA)x ds, ďńï x ∈ E, μ > ω, t ≥ 0. İâĺ àăćěŋáâćă ĺňěîâ ňěáâő, ć çăáâŋőáâĺ, ďńï μ = λ. Šőčďă, ćëçĺâăï, ŕőńãçăěň (λ − A) ∫ t 0 exp(sA)[B + λÛ_{B,λ}(λ)]x ds = 0 ďńï ćáěå x ∈ E ĺ t ≥ 0, ĺ

(B + λV̂ (λ)) ∫ t 0 T (s)(λ − A)x ds = 0 ďńï ćáěå x ∈ D(A) ĺ t ≥ 0. Ŕőáłőńìłã λ − A őąàăâĺň, âő ńěčłő ćĺďěâì, çâő B = −λ^^UB,λ(λ) = −λ^^VB,λ(λ). İâĺ àăááãęďěŋĺï ňőęŋő ŕőďëâőęĺâì ć áńěďãîéěň ŕàěďńőęěŋĺĺ.

Ŕàěďńőęěŋĺě 2.4.2 Ďńï ńîąőčő λ > ω, őâőąàăęěŋĺě Φ : B → UB,λ(·) ěáâì ąĺěłæĺï ĺğ B(E) ŋă ňŋőęěáâćő C0-áěňěľáâć ňãńìâĺŕńĺłăâĺćŋëå ćőğňãéěŋĺľ, ĺ őâőąàăęěŋĺě Ψ : B → VB,λ(·) ěáâì ąĺěłæĺï ĺğ B(E) ŋă ňŋőęěáâćő ćáěå C0-áěňěľáâć ăďďĺâĺćŋëå ćőğňãéěŋĺľ ďńï exp(·A). Łàőňě âőčő,

Φ^{−1}(U(·)) = −λÛ(λ) ĺ Ψ^{−1}(V (·)) = −λV̂ (λ).

Ŕàěďńőęěŋĺě 2.4.3 Ťãŋłæĺĺ^^U(·) ĺ^^V (·) ĺňěîâ áńěďãîéĺě áćőľáâćă:

(i) ‖Û(λ)‖ → 0 ĺ ‖V̂ (λ)‖ → 0 ŕàĺ λ → ∞; (ii) λÛ(λ) → 0 ĺ λV̂ (λ) → 0 áĺńìŋő ŕàĺ λ → ∞; (iii) ěáńĺ áěňěľáâćő U(·) ńĺŕèĺæ-ŋěŕàěàëćŋő, âőčďă w^∗- lim_{λ→∞} λ^2Û^∗(λ)x^∗ = A^∗_U x^∗ − A^∗x^∗ ďńï ćáěå x^∗ ∈ D(A^∗);

(iv) λ^2V̂ (λ)x → A_V x − Ax áĺńìŋő ŕàĺ λ → ∞ ďńï ćáěå x ∈ D(A);

(v) ěáńĺ ‖U(t)‖ → 0 ŕàĺ t → 0+, âőčďă ‖λ^^U(λ)‖ → 0 ŕàĺ λ → ∞;

(vi) ěáńĺ ‖V (t)‖ → 0 ŕàĺ t → 0+, âőčďă ‖λV̂ (λ)‖ → 0 ŕàĺ λ → ∞.

40 ČŃĂĆĂ 2. ŔŐŃŞČŘŞŔŔŻ ŐŔĚŘĂŠŐŘŐĆ

Ďőłăğăâěńìáâćő. Ěáńĺ U(t) → 0 áĺńìŋő (àăćŋőňěàŋő) ŕàĺ t → 0+, âőčďă

U(·) - áĺńìŋő (áőőâćěâáâćěŋŋő, àăćŋőňěàŋő) (C, 1) áãňňĺàãěňă ł 0. Ŕőáłőńìłã U(·) íłáŕőŋěŋæĺăńìŋő őčàăŋĺçěŋă, áâăŋďăàâŋăï ăàčãňěŋâăæĺï ĺğ [37] ŕőłăğë-

ćăěâ, çâő λ^^U(λ) → 0 áĺńìŋő (áőőâćěâáâćěŋŋő, àăćŋőňěàŋő) ŕàĺ λ → ∞. Šő ęě áăňőě áŕàăćěďńĺćő ďńï V (·). Śńěďőćăâěńìŋő, ĺňěîâ ňěáâő ãâćěàęďěŋĺï (i) ĺ (ii). Şâćěàęďěŋĺě (iii) áńěďãěâ ĺğ (i) őçěćĺďŋëň őąàăğőň. Ďőłăğăâěńìáâćő ãâćěàęďěŋĺľ ő ŕőćěďěŋĺĺ λ^{2^}U(λ)^∗ ĺ λ^{2^}V (λ) ŕàĺ λ → ∞ ąãďěâ őąáãęďěŋő ć áńěďáâćĺïå 2.4.1 ĺ 13.3.1.

Őŕàěďěńěŋĺě 2.4.1 Ŕãáâì U(·) ïćńïěâáï C0-áěňěľáâćőň ňãńìâĺŕńĺłăâĺćŋëå ćőğňãéěŋĺľ ďńï exp(·A). Ĺŋäĺŋĺâěğĺňăńìŋëľ őŕěàăâőà WU áěňěľáâćă U(·) őŕàěďěńïěâáï łăł

W_U x = lim_{h→0}+^{U(h)}_h x, á ěáâěáâćěŋŋőľ őąńăáâìî őŕàěďěńěŋĺï.

Ĺŋäĺŋĺâěğĺňăńìŋëľ őŕěàăâőà AU ŕăàë (exp(·A), U(·)) őŕàěďěńïěâáï łăł

A_U x := lim_{h→0+} (exp(hA) + U(h) − I)x h , á ěáâěáâćěŋŋőľ őąńăáâìî őŕàěďěńěŋĺï.

Ĺŋäĺŋĺâěğĺňăńìŋëľ őŕěàăâőà WV C0-áěňěľáâćă ăďďĺâĺćŋëå ćőğňãéěŋĺľ V (·) ĺ ĺŋäĺŋĺâěğĺňăńìŋëľ őŕěàăâőàă AV ŕăàë

(V (·), exp(·A)) őŕàěďěńïîâáï âăłĺň ęě ŕãâěň, łăł

W_V x := lim_{h→0+} V (h)x h ĺ AV x := lim_{h→0+}^{(exp(hA) + V (h) − I)x} h . Šěőàěňă 2.4.1 Őŕěàăâőàë WU ĺ AU ğăňłŋãâë ĺ W_U = λ(λ − A)Û(λ), Reλ > ω, (2.21) A_U = A(I − λÛ(λ)) + λ^2Û(λ), Reλ > ω. (2.22) Ďőłăğăâěńìáâćő. Ŕãáâì Ch = h^{−1}(exp(hA) + U(h) − I). Ć áĺńã (iv) ŕàěďńőęěŋĺï 2.4.1 ŕàĺ ćáěå x ∈ E h^{−1}U(h)x = h^{−1} ∫ h 0 exp(sA)λ^2Û(λ)x ds − λh^{−1}(exp(hA) − I)Û(λ)x (2.23) ĺ C_hx = h^{−1} ∫ h 0 exp(sA)λ^2Û(λ)xds + h^{−1}(exp(hA) − I)(I − λÛ(λ))x. (2.24)

2.4. ŔŘĚŐĄŘĂĞŐĆĂŊĹĚ ŃĂŔŃĂŚĂ 41

Ŕěàćëľ çńěŋ áŕàăćă áåőďĺâáï ł λ^{2^}U(λ)x ŕàĺ h → 0+. Ŕőíâőňã D(WU ) = D(AÛ(λ)) ĺ W_U x = λ(λ − A)Û(λ)x ďńï x ∈ D(W_U), (2.25)

ĺ ăŋăńőčĺçŋő ŕőńãçăěň D(AU ) = D(A(I − λ^^U(λ)) ĺ

A_U x = λ^2Û(λ)x + A(I − λÛ(λ))x ďńï x ∈ D(A_U). (2.26)

Ŕőáłőńìłã A ğăňłŋãâ ĺ^^U(λ) őčàăŋĺçěŋ, âő ńěčłő ćĺďěâì, çâő WU ĺ AU ğăňłŋãâë.

Ğăňěçăŋĺě 2.4.1 Ćőőąéě čőćőàï, őąńăáâĺ őŕàěďěńěŋĺï őŕěàăâőàőć WU ĺ

A_U ŋě őąïğăâěńìŋő ŕńőâŋë ć E. Őąńăáâĺ őŕàěďěńěŋĺï D(W_V ) ĺ D(A_V )

ćáěčďă ŕńőâŋë ć E, â.ł. áőďěàęăâ ŕńőâŋőě ć E ňŋőęěáâćő D(A). Šěőàěňă 2.4.2 Ĺŋäĺŋĺâěğĺňăńìŋëě őŕěàăâőàë WV ĺ AV ĺňěîâ áńěďãîéĺě áćőľáâćă ďńï Reλ > ω :

D(A) ⊆ D(W_V ) ĺ W_V x = λV̂ (λ)(λ − A)x ďńï x ∈ D(A), (2.27)

D(A) ⊆ D(A_V ) ĺ A_V x = (I − λV̂ (λ))Ax + λ^2V̂ (λ)x ďńï x ∈ D(A). (2.28)

Łàőňě âőčő, ěáńĺ V (t) àăćŋőňěàŋő ŋěŕàěàëćŋă ŕő t, âőčďă AV ğăňłŋãâ,

D(A_V ) = D(A), ĺ A_V = (I − λV̂ (λ))A + λ^2V̂ (λ) ďńï ąőńìèĺå λ.

Ďőłăğăâěńìáâćő. Ŕãáâì Dh = h^{−1(}exp(hA) + V (h) − I^). Ć áĺńã (v) ŕàěďńőęěŋĺï 2.4.1 ĺňěěň àăćěŋáâćă

h^{−1}V (h)x = λ^2V̂ (λ)h^{−1} ∫ h 0 exp(sA)x ds − λV̂ (λ) h · (exp(hA) − I)x ĺ D_hx = λ^2V̂ (λ)h^{−1} ∫ h 0 exp(sA)x ds + (I − λV̂ (λ)) h · (exp(hA) − I)x, łőâőàëě ŕőłăğëćăîâ, çâő D(A) ⊆ D(WV ) ∩ D(AV ), WV x = λ^^V (λ)(λ − A)x ĺ

A_V x = (I − λV̂ (λ))Ax + λ^2V̂ (λ)x ďńï x ∈ D(A).

Ěáńĺ ‖V (t)‖ → 0 ŕàĺ t → 0+, âőčďă ‖λ^^V (λ)‖ → 0 ŕàĺ λ → ∞ (Ŕàěďńőęěŋĺě 2.4.3 (vi) ). Šăłĺň őąàăğőň I − λ^^V (λ) őąàăâĺň ďńï ąőńìèĺå λ, ĺ ňë ĺňěěň D(AV ) ⊆ D(A). Ěáńĺ {xn} - ŕőáńěďőćăâěńìŋőáâì ć D(A) âăłăï, çâő

x_n → x ĺ (I − λV̂ (λ))Ax_n → y, âőčďă Ax_n → (I − λV̂ (λ))^{−1}y âăł çâő x ∈ D(A)

ĺ Ax = (I − λ^^V (λ))^{−1}y. Śńěďőćăâěńìŋő, (I − λ^^V (λ))A ğăňłŋãâ. Šő ęě áăňőě áŕàăćěďńĺćő ďńï AV .

Ĺğ âěőàěňë 2.4.2 ĺ ŕàěďńőęěŋĺï 2.4.3 (ii) áńěďãěâ

42 ČŃĂĆĂ 2. ŔŐŃŞČŘŞŔŔŻ ŐŔĚŘĂŠŐŘŐĆ

Śńěďáâćĺě 2.4.1 Ěáńĺ λ → ∞, âőčďă λ^{2^}V (λ)x → (AV − A)x ďńï ćáěå x ∈ D(A). Ğăňěçăŋĺě 2.4.2 Ěáńĺ C0-áěňěľáâćő ňãńìâĺŕńĺłăâĺćŋëå ćőğňãéěŋĺľ ďńï

exp(·A) łőňňãâăâĺćŋő, â.ě. ãďőćńěâćőàïěâ áőőâŋőèěŋĺî U(·)exp(·A) = exp(·A)U(·), âő U(·) âăłęě ïćńïěâáï C_0-áěňěľáâćőň ăďďĺâĺćŋëå ćőğňãéě-

ŋĺľ ĺ ŕő âěőàěňăň 2.4.1 ĺ 2.4.2 ĺňěěň W_U = W_V = λ(λ − A)Û(λ) ⊇ λÛ(λ)(λ − A) ĺ_A

U = A_V = A(I − λÛ(λ)) + λ^2Û(λ) ⊇ (I − λÛ(λ)) + λ^2Û(λ),

čďě ŕőáńěďŋěě ćłńîçěŋĺě ŕàěćàăéăěâáï ć àăćěŋáâćő ć áńãçăě àăćŋőňěàŋő ŋěŕàěàëćŋőľ U(·).

Čńăćă 3

Čàãŕŕë őŕěàăâőàőć

Čàãŕŕë — őďĺŋ ĺğ ŋăĺąőńěě ĺŋâěàěáŋëå łńăááőć ŕőńãčàãŕŕ őŕěàăâőàőć. Ć íâőň łńăááě ěáâěáâćěŋŋëň őąàăğőň ććőďïâáï ć àăááňőâàěŋĺě, áłăęěň, łńăááë Řãňìě, Ąěàńĺŋčă ĺ Ęěćàě. Šăł, ŋăŕàĺňěà, ć [7] ŕőłăğăŋő, çâő ňŋőęěáâćő ăŋăńĺâĺçěáłĺå ćěłâőàőć čěŋěàăâőàă őčàăŋĺçěŋŋőľ C0-čàãŕŕë ŕńőâŋő ć E. Śěčőďŋï íâă âěňăâĺłă ŕőńãçĺńă áãéěáâćěŋŋőě àăğćĺâĺě ć àăąőâăå [9], [10],

[28]. Ŕőďàőąŋěě íâĺå ćőŕàőáőć ňë łőáŋěňáï ćő ćâőàőľ łŋĺčě.

3.1 C_0-čàãŕŕë őŕěàăâőàőć

Őŕàěďěńěŋĺě 3.1.1 Őďŋőŕăàăňěâàĺçěáłőľ C0-čàãŕŕőľ őŕěàăâőàőć ŋăğëćăěâáï áěňěľáâćő őŕěàăâőàőć, ãďőćńěâćőàïîéěě ãáńőćĺïň őŕàěďěńěŋĺï

1.2.1 á ğăňěŋőľ R_+ ŋă R.

Ŕàěďńőęěŋĺě 3.1.1 [14] Ěáńĺ C0-ŕőńãčàãŕŕă exp(·A) ŕàőďőńęăěâáï ďő C0- čàãŕŕë (ĺŋőčďă čőćőàïâ ćłńăďëćăěâáï ć čàãŕŕã), âő âăłőě àăáèĺàěŋĺě ěďĺŋáâćěŋŋő. Ŕàĺ íâőň ğă C0-čàãŕŕőľ áőåàăŋïěň őąőğŋăçěŋĺě exp(·A).

Šěőàěňă 3.1.1 [14] Ďńï âőčő çâőąë őŕěàăâőà A ∈ L(E) ïćńïńáï ŕàőĺğćőďïéĺň őŕěàăâőàőň C0-čàãŕŕë exp(·A), ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë

A ∈ C(E) ĺ áãéěáâćőćăńĺ łőŋáâăŋâë M ≥ 1 ĺ ω áő áćőľáâćăňĺ {λ ∈ C : |Reλ| > ω} ⊆ ρ(A) ĺ ‖R(λ, A)^k‖ ≤ M (|Reλ| − ω)^k ŕàĺ |Reλ| > ω, k ∈ N. (3.1)

44 ČŃĂĆĂ 3. ČŘŞŔŔŻ ŐŔĚŘĂŠŐŘŐĆ

Ŕàěďńőęěŋĺě 3.1.2 Ěáńĺ A ∈ B(E), âő ŕàőáâěľèĺľ ŕàĺňěà C0-čàãŕŕë őŕěàăâőàőć ďăěâáï äőàňãńőľ exp(tA) = ∞∑ k=0 (tA)^k/k!, t ∈ R. Ŕàěďńőęěŋĺě 3.1.3 [113] Ěáńĺ ďńï C0-ŕőńãčàãŕŕë exp(·A) ŕàĺ łăęďőň t > 0 áãéěáâćãěâ őŕěàăâőà^^Ť(t) := [exp(tA)]^{(−1)} ∈ B(E), âő^^Ť(·) — C0- ŕőńãčàãŕŕă á ŕàőĺğćőďïéĺň őŕěàăâőàőň −A, łőâőàăï ňőęěâ ąëâì ćńőęěŋă ć C0-čàãŕŕã Ť(·) áńěďãîéĺň őąàăğőň: Ť(t) =^{{ exp(tA), t ≥ 0;} Ť̂(t), t ≤ 0. Őŕàěďěńěŋĺě 3.1.2 Ňŋőęěáâćő őŕěàăâőàőć A, ŕőàőęďăîéĺå C0-čàãŕŕë á őæěŋłőľ ‖exp(tA)‖ ≤ Me^{ωt}, t ∈ R, ąãďěň őąőğŋăçăâì GR(M, ω). Ŕàěďńőęěŋĺě 3.1.4 [113] Ěáńĺ 0 ∈ ρ(exp(t0A)) ŕàĺ ŋěłőâőàőň t0 > 0 , âő

0 ∈ ρ(exp(tA)) ŕàĺ ćáěå t > 0 ĺ C_0-ŕőńãčàãŕŕă exp(·A) ňőęěâ ąëâì ćńőęěŋă

ć C0-čàãŕŕã.

Ŕàěďńőęěŋĺě 3.1.5 [122] Ŕãáâì őŕěàăâőà exp(t0A) − I ćŕőńŋě ŋěŕàěàëćěŋ ŕàĺ ŋěłőâőàőň t0 > 0. Šőčďă C0-ŕőńãčàãŕŕă exp(tA) őąàăâĺňă ŕàĺ ńîąőň

t ≥ 0 ĺ ćłńăďëćăěâáï ć C_0-čàãŕŕã.

Ŕàěďńőęěŋĺě 3.1.6 [68] Ŕãáâì exp(·A) ěáâì C0-čàãŕŕă őŕěàăâőàőć á ŋěőčàăŋĺçěŋŋëň A. Šőčďă áãéěáâćãěâ çĺáńő μ âăłőě, çâő ďńï ńîąëå α, β ∈

R_+ ĺňěěň sup t∈[α,β] (‖exp(tA) − I‖ − 1 − e^{μt}) > 0. Ŕàěďńőęěŋĺě 3.1.7 [76] Ŕãáâì iA ŕőàőęďăěâ C0-čàãŕŕã ĺ p(·) – ŕőńĺŋőň çěâŋőľ áâěŕěŋĺ á ŕőńőęĺâěńìŋëň łőíääĺæĺěŋâőň ŕàĺ áâăàèěľ áâěŕěŋĺ. Šőčďă −p(A) ŕőàőęďăěâ ăŋăńĺâĺçěáłãî C0-ŕőńãčàãŕŕã á ãčńőň^π_2 .

Ŕàěďńőęěŋĺě 3.1.8 [56] Ŕãáâì exp(·A) ĺ exp(·G) — łőňňãâĺàãîéĺě ňěęďã áőąőľ C0-čàãŕŕë őŕěàăâőàőć, ă íńěňěŋâ x̃ âăłőć, çâő x̃ ∈ D(A^2)∩D(G^2); Ax̃, Gx̃ ∈ D(A) ∩ D(G); AGx̃ = GAx̃ . Šőčďă ‖Ax̃ − iGx̃‖ ≤ 2‖x̃‖ m(ρ) ρ + 2 √ 2h(x̃) m(1/ρ) ρ + 4‖Ax̃ + iGx̃‖m(ρ) ln ρ ŕàĺ ćáěå ρ ≥ 1 , čďě h(x) := ‖A(Ax + iGx)‖ + ‖B(Ax + iGx)‖, m(r) := sup{‖exp(tA)exp(sG)‖ : t, s ∈ R; |t + is| ≤ r ŕàĺ r > 0}.

3.1. C0-ČŘŞŔŔŻ ŐŔĚŘĂŠŐŘŐĆ 45

Ŕàěďńőęěŋĺě 3.1.9 [56] Ć ãáńőćĺïå ŕàěďńőęěŋĺï 3.1.8 ĺňěěň max(‖Ax̃‖, ‖Gx̃‖) ≤ ≤ ‖x̃‖ m(ρ) ρ + √ 2h(x̃) m(1/ρ) ρ + ‖Ax̃ + iGx̃‖ · ( 1/2 + 2m(ρ) ln ρ ) , ρ ≥ 1. Ŕàěďńőęěŋĺě 3.1.10 [56] Ěáńĺ ć ãáńőćĺïå ŕàěďńőęěŋĺï 3.1.8 ďőŕőńŋĺâěńìŋő m(ρ)/ρ → 0 ŕàĺ ρ → ∞, âő ďńï ńîąëå L, ε > 0 ŋăľďěâáï âăłőě δ > 0, çâő ŕàĺ ‖x̃‖, h(x̃) < L ŋěàăćěŋáâćő ‖Ax̃ + iGx̃‖ < ε ćńěçěâ ‖Ax̃ − iGx̃‖ < ε. Ěáńĺ ć ãáńőćĺïå 3.1.8 ďőŕőńŋĺâěńìŋő m(ρ) ≤ m ŕàĺ ρ ≥ 0, âő ďńï ρ ≥ 1 ĺňěěň_{‖Ax̃ − iGx̃‖ ≤} ≤ 4m‖Ax̃ + iGx̃‖, ěáńĺ ‖x‖ + √ 2h(x) ≤ 2‖Ax + iGx‖; 4m‖Ax̃ + iGx̃‖ · ( 1 + ln [ (‖x̃‖ + √ 2h(x))/(2Ax + iGx‖) ]) ć őáâăńìŋëå áńãçăïå.

Őŕàěďěńěŋĺě 3.1.3 Ňŋőęěáâćő A(A) := {x ∈ D(A^∞) : ∃ α, c > 0 : ‖A^kx‖ ≤ cα^kk^k, k ∈ N} (3.2) ŋăğëćăîâ ňŋőęěáâćőň ăŋăńĺâĺçěáłĺå ćěłâőàőć őŕěàăâőàă A, ă A_c(A) := {x ∈ D(A^∞) : ∀α > 0 ∃c > 0 : ‖A^kx‖ ≤ cα^kk^k, k ∈ N} (3.3) - ňŋőęěáâćőň æěńëå ćěłâőàőć őŕěàăâőàă A . Őçěćĺďŋő, çâő ďńï ńîąőčő A ∈ C(E) ĺňěěň Ac(A) ⊆ A(A) ⊆ D(A^∞). Ŕàěďńőęěŋĺě 3.1.11 [11] Ěáńĺ A ∈ B(E), âő A(A) = D(A^∞) = Ac(A) = E. Ŕàěďńőęěŋĺě 3.1.12 [28] Ěáńĺ A ∈ GR(Ň, ω), âő Ac(A) ŕńőâŋő ć E. Ŕàěďńőęěŋĺě 3.1.13 [10] Ĺňěěâáï ŕàĺňěà őŕěàăâőàă A ∈ G(Ň, 0) âăłőčő, çâő A(A) = {0}.

Őŕàěďěńĺň âăłęě D(A, η) := {x ∈ D(A^∞) : ∃c = c(x, η) > 0 : ‖A^kx‖ ≤ cη^k, k ∈ N} ĺ EXP (A) := {x ∈ D(A^∞) : ∃α, c > 0 : ‖A^kx‖ ≤ cα^k, k ∈ N}.

46 ČŃĂĆĂ 3. ČŘŞŔŔŻ ŐŔĚŘĂŠŐŘŐĆ Őŕàěďěńěŋĺě 3.1.4 Ňŋőęěáâćő EXP (A) ŋăğëćăěâáï ňŋőęěáâćőň ćěłâőàőć íłáŕőŋěŋæĺăńìŋőčő âĺŕă.

Ğăňěçăŋĺě 3.1.1 Ěáńĺ őŕěàăâőà A ∈ L(E) őąńăďăěâ ŕőńŋőľ áĺáâěňőľ áőąáâćěŋŋëå ćěłâőàőć, âő ŕàőáâàăŋáâćő EXP (A) ŕńőâŋő ć E. Ŕàěďńőęěŋĺě 3.1.14 [10] Ňŋőęěáâćő D(A, η) , ŋăďěńěŋŋőě ŋőàňőľ ‖x‖_{D(A,η)} := sup_{k∈N} η^{−k}‖A^kx‖, ïćńïěâáï ąăŋăåőćëň ŕàőáâàăŋáâćőň.

Ŕàěďńőęěŋĺě 3.1.15 [10] Ĺňěîâ ňěáâő ãâćěàęďěŋĺï:

(i) D(A, η_1) ⊆ D(A, η_2) ĺ ‖x‖_{D(A,η2)} ≤ ‖x‖_{D(A,η1)} ŕàĺ x ∈ D(A, η_1) ĺ η_1 ≤ η_2; (ii) ňŋőęěáâćő D(A, η) ĺŋćăàĺăŋâŋő őâŋőáĺâěńìŋő A ĺ ‖Ax‖_{D(A,η)} ≤ η‖x‖_{D(A,η)} ŕàĺ x ∈ D(A, η); (iii) ∪^∞_{k=1}σ(A|_{D(A,k)}) ⊆ σ(A) ĺ ‖R(λ, A)x‖_{D(A,η)} ≤ ‖R(λ, A)‖ · ‖x‖_{D(A,η)} ŕàĺ λ ∈ ρ(A) ĺ x ∈ D(A, η); (iv) ěáńĺ EXP (A) = E , âő ńîąőľ íńěňěŋâ x ∈ E ňőęěâ ąëâì ŕàěď- áâăćńěŋ łăł x =^{∑∞}_{k=1} xk , čďě xk ∈ D(A, k),^{∑∞}_{k=1} ‖xk‖_{D(A,k)} < ∞ ĺ ‖x‖ = inf ∑∞ k=1 ‖x_k‖_{D(A,k)}, čďě inf ćğïâ ŕő ćáěň ćőğňőęŋëň ŕàěďáâăćńěŋĺïň x. Ąő-

ńěě âőčő, D(A) = {x ∈ E : x = ∑∞ k=1 x_k, x_k ∈ D(A, k), ∑∞ k=1 k‖x_k‖_{D(A,k)} < ∞} ĺ Ax = ∞∑ k=1 A|_{D(A,k)}x_k, x ∈ D(A). Ŕàěďńőęěŋĺě 3.1.16 [10] Ěáńĺ A ∈ GR(M, 0), âő EXP (A) = E.

Čńăćă 4

Ăŋăńĺâĺçěáłĺě ŕőńãčàãŕŕë

Ăŋăńĺâĺçěáłĺě ŕőńãčàãŕŕë ŕàěďáâăćńïîâ áőąőľ ćěáìňă ćăęŋëľ ďńï ŕàĺńőęěŋĺľ łńăáá C0-ŕőńãčàãŕŕ, ŕőáłőńìłã őŋĺ ïćńïîâáï ăąáâàăłâŋőľ łőŋáâàãłæĺěľ, áőőâćěâáâćãîéěľ èĺàőłőňã łńăááã ğăďăç ďńï ŕăàăąőńĺçěáłĺå ãàăćŋěŋĺľ. Šěň ŋě ňěŋěě, íâőâ ãàőćěŋì ăąáâàăłæĺĺ ŋě âěàïěâ őáŋőćŋëå áćőľáâć ĺ ďăęě ŕàĺ àăááňőâàěŋĺĺ àăğŋőáâŋëå áåěň ŕőğćőńïěâ ŕőńãçĺâì őŕâĺňăńìŋëě àěğãńìâăâë.

4.1 Ďĺääěàěŋæĺàãěňëě ŕőńãčàãŕŕë

Ĺğ őŕàěďěńěŋĺï ĺŋäĺŋĺâěğĺňăńìŋőčő őŕěàăâőàă ïáŋő, çâő ć őąéěň áńãçăě äãŋłæĺï t → exp(tA)x ŋě ïćńïěâáï ďĺääěàěŋæĺàãěňőľ ŕàĺ ćáěå x ∈ E. Őďŋăłő ďńï ŋěłőâőàëå çăáâő ćáâàěçăîéĺåáï ć ŕàĺńőęěŋĺïå łńăááőć C0- ŕőńãčàãŕŕ ĺňěěâ ňěáâő ďĺääěàěŋæĺàãěňőáâì ŕàĺ t > 0.

Őŕàěďěńěŋĺě 4.1.1 C0-ŕőńãčàãŕŕă exp(·A) ŋăğëćăěâáï ďĺääěàěŋæĺàãěňőľ, ŋăçĺŋăï á t0 (ĺńĺ áâăŋőćĺâáï ďĺääěàěŋæĺàãěňőľ), ěáńĺ ŕàĺ ńîąőň x ∈ E äãŋłæĺï t → exp(tA)x ďĺääěàěŋæĺàãěňă ŋă (t0, ∞). C0-ŕőńãčàãŕŕă ŋăğëćăěâáï ďĺääěàěŋæĺàãěňőľ, ěáńĺ t0 = 0.

Ĺňěěâ ňěáâő áńěďãîéĺľ łàĺâěàĺľ âőčő, çâő C0-ŕőńãčàãŕŕă áâăŋőćĺâáï ďĺääěàěŋæĺàãěňőľ:

Ŕàěďńőęěŋĺě 4.1.1 [23], [127] Ďńï âőčő çâőąë C0-ŕőńãčàãŕŕă áâăŋőćĺńăáì ďĺääěàěŋæĺàãěňőľ ŋăçĺŋăï á t0, ŋěőąåőďĺňő ĺ ďőáâăâőçŋő áãéěáâćőćăŋĺě âăłĺå çĺáěń a, b > 0, M > 0, çâő ‖R(λ, A)‖ ≤ M|Imλ| ŕàĺ Re λ > a − b ln |Imλ|.

48 ČŃĂĆĂ 4. ĂŊĂŃĹŠĹŮĚŚŁĹĚ ŔŐŃŞČŘŞŔŔŻ

Ŕàěďńőęěŋĺě 4.1.2 [127] Ěáńĺ áãéěáâćãîâ łőŋáâăŋâë C > 0 ĺ δc > 0 âăłĺě, çâő_{‖exp(tA) − I‖ ≤ 2 + C · t ln t, 0 < t < δ} c, (4.1)

âő C0-ŕőńãčàãŕŕă exp(·A) áâăŋőćĺâáï ďĺääěàěŋæĺàãěňőľ, ŋăçĺŋăï á 3M/C, čďě łőŋáâăŋâă M ćğïâă ĺğ (2.1).

Ŕàěďńőęěŋĺě 4.1.3 [162] Ěáńĺ C0-ŕőńãčàãŕŕă exp(·A) áâăŋőćĺâáï ďĺääěàěŋæĺàãěňőľ, âő őŕěàăâőàë exp(tA) áîàêěłâĺćŋë ŕàĺ łăęďőň t ≥ 0.

Ŕàěďńőęěŋĺě 4.1.4 [162] Ŕãáâì A ∈ G(M, ω) ĺ őŕěàăâőà exp(t0A) ŋě ïćńïěâáï áîàìěłâĺćŋëň ŕàĺ ŋěłőâőàőň t0 > 0. Šőčďă C0-ŕőńãčàãŕŕă exp(·A) ŋě ïćńïěâáï áîàêěłâĺćŋőľ ŋĺ ŕàĺ łăłőň t > 0, ĺ ć íâőň áńãçăě C0-ŕőńãčàãŕŕă

exp(·A) ŋě áâăŋőćĺâáï ďĺääěàěŋæĺàãěňőľ.

4.2 Ăŋăńĺâĺçěáłĺě ŕőńãčàãŕŕë

Őąőğŋăçĺň çěàěğ Σ(θ) := {z ∈ C : |arg z| < θ} áěłâőà łőňŕńěłáŋőľ ŕńőáłőáâĺ C. Őŕàěďěńěŋĺě 4.2.1 C0-ŕőńãčàãŕŕă exp(·A) ŋăğëćăěâáï ăŋăńĺâĺçěáłőľ

C_0-ŕőńãčàãŕŕőľ á ãčńőň θ ∈ (0, π/2) ĺńĺ ŕàőáâő ăŋăńĺâĺçěáłőľ, ěáńĺ őŋă

àăáèĺàïěâáï ďő őŕěàăâőà-äãŋłæĺĺ exp(zA) : z → B(E), ăŋăńĺâĺçěáłőľ ć

Σ(θ) ĺ áĺńìŋő ŋěŕàěàëćŋőľ ć ŋãńě ŕő ńîąőňã ńãçã ćŋãâàĺ Σ(θ).

Őŕàěďěńěŋĺě 4.2.2 Ěáńĺ ďńï ńîąőčő ŕőńőęĺâěńìŋőčő ψ < θ ćëŕőńŋěŋă őæěŋłă ‖exp(zA)‖ ≤ Mψ ≤ ∞ ŕàĺ ćáěå z ∈ Σ(ψ), âő ăŋăńĺâĺçěáłãî C0- ŕőńãčàãŕŕã ŋăğëćăîâ őčàăŋĺçěŋŋőľ ăŋăńĺâĺçěáłőľ.

Ŕàěďńőęěŋĺě 4.2.1 [22] Őŕěàăâőà-äãŋłæĺï exp(·A) áőåàăŋïěâ ć Σ(θ) ŕőńãčàãŕŕőćőě áćőľáâćő, â.ě.

exp((z_1 + z_2)A) = exp(z_1A)exp(z_2A), z_1, z_2 ∈ Σ(θ).

Ć Σ(θ) ŕàĺ ω > ω(A) őáâăěâáï áŕàăćěďńĺćőľ őæěŋłă (2.1) ć ćĺďě ‖exp(zA)‖ ≤ Me^{ω Rez}, |arg z| ≤ θ_1 < θ < π/2. (4.2) Ąãďěň őąőğŋăçăâì çěàěğ H(θ, ω) ňŋőęěáâćő ŕàőĺğćőďïéĺå őŕěàăâőàőć ăŋăńĺâĺçěáłĺå ŕőńãčàãŕŕ á ãčńőň θ, ãďőćńěâćőàïîéĺå őæěŋłě (4.2).

4.2. ĂŊĂŃĹŠĹŮĚŚŁĹĚ ŔŐŃŞČŘŞŔŔŻ 49

Šěőàěňă 4.2.1 [127] Ďńï C0-ŕőńãčàãŕŕë exp(·A) áńěďãîéĺě ãâćěàęďěŋĺï íłćĺćăńěŋâŋë:

(i) C_0-ŕőńãčàãŕŕă exp(·A) ïćńïěâáï ăŋăńĺâĺçěáłőľ;

(ii) áãéěáâćãîâ âăłĺě M ≥ 1, ω ∈ R, çâő ŕàĺ Reλ ≥ ω > ω(A) őŕàě-

ďěńěŋă àěğőńìćěŋâă R(λ, A) ĺ ‖R(λ, A)‖ ≤ M |λ − ω| ; (4.3)

(iii) C_0-ŕőńãčàãŕŕă exp(·A) ïćńïěâáï ďĺääěàěŋæĺàãěňőľ ĺ ďńï ěě ŕàőĺğ-

ćőďŋőľ áŕàăćěďńĺćă őæěŋłă á ŋěłőâőàëňĺ M ≥ 1, ω ∈ R ‖ d dt exp(tA)‖ ≤ Mt^{−1}e^{ωt}, t ∈ R_+; (4.4) (iv) ĺňěěâ ňěáâő őæěŋłă (ćěéěáâćěŋŋëľ łàĺâěàĺľ ăŋăńĺâĺçŋőáâĺ) ‖A(I − λA)^{−k}‖ ≤ C kλ , (0 < λ < λ_0, k ∈ N, kλ ≤ 1); (v) ĺňěěâ ňěáâő őæěŋłă ‖ d^{m+k} dλ^{m+k} (λ^kR(λ, A))‖ ≤ Mm!k!ρ^k (λ − ω)^{m+1} , m, k ∈ N, λ > ω(A). Ŕàěďńőęěŋĺě 4.2.2 [59] Ďńï C0-ŕőńãčàãŕŕë exp(·A) ãáńőćĺï^~Et ⊆ D(A) ĺ

‖tAexp(tA)‖ ≤ Q ŕàĺ 0 < t ≤ 0 íłćĺćăńěŋâŋë âőňã, çâő C_0-ŕőńãčàãŕŕă exp(·A) ăŋăńĺâĺçěáłĺ ŕàőďőńęăěâáï ć áěłâőà Σ(^1_{Qe} ) ĺ ćëŕőńŋïěâáï ãáńő- ćĺě s-lim_{ζ→0} exp(ζA)x = x (ζ ∈ Σ(θ)) ďńï ńîąőčő x ∈ E.

Łàőňě âőčő, ŕàĺ 0 < t ≤ 1 ĺ α ∈ (0,^1_{Qe} ) ĺňěěň Aexp(tA) = 1 2πi ∫ |ζ−t|=t·sinα exp(ζA)/(ζ − t)^2 dζ, čďě łőŋâãà ĺŋâěčàĺàőćăŋĺï őąåőďĺâáï ć ŕőńőęĺâěńìŋőň ŋăŕàăćńěŋĺĺ. Ŕàěďńőęěŋĺě 4.2.3 [59] Ěáńĺ ăŋăńĺâĺçěáłăï C0-ŕőńãčàãŕŕă exp(·A) ãďőćńěâćőàïěâ ãáńőćĺïň Ŕàěďńőęěŋĺï 4.2.2, A ∈ G(M, ω) ĺ ďőŕãáłăěâ őæěŋłã ‖exp(ζA)‖ ≤ M_1 ŕàĺ ζ ∈ {ζ ∈ C : 0 ≤ Reζ ≤ 2, |arg ζ| ≤ ε eM }, čďě 0 ≤ ϵ ≤ 1, ă łőŋáâăŋâă Q ćğïâă ĺğ Ŕàěďńőęěŋĺï 4.2.2. Šőčďă ďńï α ĺğ ŕàěďńőęěŋĺï 4.2.2 ćëŕőńŋěŋă őæěŋłă ‖tAexp(tA)‖ ≤ M_1 sin α .

50 ČŃĂĆĂ 4. ĂŊĂŃĹŠĹŮĚŚŁĹĚ ŔŐŃŞČŘŞŔŔŻ

Ŕàěďńőęěŋĺě 4.2.4 [16] Ďńï ăŋăńĺâĺçěáłőľ C0-ŕőńãčàãŕŕë exp(·A) ĺňěěň (i) ‖ d^k dt^k (exp(tA))‖ = ‖A^kexp(tA)‖ ≤ M_ke^{ωt}/t^k, t > 0; (4.5)

(ii) ‖A^k ( exp(tA) − exp(sA) ) ‖ ≤ M_k(t^k − s^k)e^{ωt} k(ts)^k , 0 < s ≤ t, (4.6) čďě Mk = M^kk^k, k ∈ N ĺ ω > ω(A). Ŕàěďńőęěŋĺě 4.2.5 [73] Őŕěàăâőà A ŕőàőęďăěâ őčàăŋĺçěŋŋãî ăŋăńĺâĺçěáłãî C0-ŕőńãčàãŕŕã á ãčńőň θ âőčďă ĺ âőńìłő âőčďă, łőčďă Σ(θ + π/2) ⊂

ρ(A) ĺ ďńï ńîąőčő ψ ∈ (0, θ) áãéěáâćãěâ âăłăï łőŋáâăŋâă M_ψ, çâő ‖R(λ, A)‖ ≤ M_ψ/|λ| ŕàĺ λ ∈ Σ(ψ + π/2). Ŕàěďńőęěŋĺě 4.2.6 [16] C0-ŕőńãčàãŕŕă exp(·A) ïćńïěâáï ăŋăńĺâĺçěáłőľ âőčďă ĺ âőńìłő âőčďă, łőčďă ŋăľďãâáï ω1 > ω(A) ĺ M ≥ 1 áő áćőľáâćőň ‖R(ω_1 + iη, A)‖ ≤ M/|η| ŕàĺ ćáěå η ∈ R. Ŕàěďńőęěŋĺě 4.2.7 [77] Ěáńĺ A ŕőàőęďăěâ őčàăŋĺçěŋŋãî C0-čàãŕŕã őŕěàăâőàőć exp(·A), âő −A^2 ŕőàőęďăěâ őčàăŋĺçěŋŋãî ăŋăńĺâĺçěáłãî C0-ŕőńãčàãŕŕã á ãčńőň π/2. Şâćěàęďěŋĺě őáâăěâáï ć áĺńě, ěáńĺ áńőćă ”őčàăŋĺçěŋŋãî” áŋïâì.

Ŕàěďńőęěŋĺě 4.2.8 [148] Ŕãáâì A ěáâì ŕàőĺğćőďïéĺľ őŕěàăâőà C0- ŕőńãčàãŕŕë ĺ SV (exp(·A), t) < ∞. Šőčďă ŕőńãčàãŕŕă exp(·A) ïćńïěâáï ăŋăńĺâĺçěáłőľ.

Ŕàěďńőęěŋĺě 4.2.9 Ŕãáâì ć Σ(θ) ğăďăŋă ăŋăńĺâĺçěáłăï C0-ŕőńãčàãŕŕă exp(·A). Šőčďă őŕěàăâőà-äãŋłæĺï^{exp(t · e^{iφ}A), t ≥ 0^} ïćńïěâáï C0- ŕőńãčàãŕŕőľ ŕàĺ ńîąőň φ ∈ (−θ, θ).

Ŕàěďńőęěŋĺě 4.2.10 [77] Ŕãáâì őŕěàăâőà −A ŕőàőęďăěâ őčàăŋĺçěŋŋãî ăŋăńĺâĺçěáłãî C0-ŕőńãčàãŕŕã exp(·A) á ãčńőň θ ĺ n(π/2 − θ) < π/2. Šőčďă őŕěàăâőà −A^n ŕőàőęďăěâ őčàăŋĺçěŋŋãî ăŋăńĺâĺçěáłãî C0-ŕőńãčàãŕŕã á ãčńőň π/2 − n(π/2 − θ) (áńãçăľ n = 2 áň. ć [100]).

Ŕàěďńőęěŋĺě 4.2.11 [77] Ěáńĺ −A ŕőàőęďăěâ őčàăŋĺçěŋŋãî ăŋăńĺâĺçěáłãî C0-ŕőńãčàãŕŕã á ãčńőň π/2, âő őŕěàăâőà −A^n ŕőàőęďăěâ őčàăŋĺçěŋŋãî ăŋăńĺâĺçěáłãî C0-ŕőńãčàãŕŕã ďńï ńîąőčő n ∈ N.

4.2. ĂŊĂŃĹŠĹŮĚŚŁĹĚ ŔŐŃŞČŘŞŔŔŻ 51

Ŕàěďńőęěŋĺě 4.2.12 [75] Ŕãáâì ďăŋă őčàăŋĺçěŋŋăï ăŋăńĺâĺçěáłăï C0-ŕőńãčàãŕŕă

exp(·A) á ãčńőň θ ∈ (0, π/2]. Ěáńĺ R(A) ŕńőâŋő ć E, âő N(A) = {0} ĺ őŕěàă-

âőà A^{−1} ŕőàőęďăěâ őčàăŋĺçěŋŋãî ăŋăńĺâĺçěáłãî C0-ŕőńãčàãŕŕã exp(·A^{−1}) á ãčńőň θ, łőâőàăï ďăěâáï ĺŋâěčàăńőň, áåőďïéĺňáï ć àăćŋőňěàŋőľ őŕěàăâőàŋőľ âőŕőńőčĺĺ exp(tA^{−1}) = 1 2πi ∫ Č e^{−z}A(zA + tI)^{−1} dz, (4.7) čďě Č = ∂^[{z ∈ C : |z| = r > 0} ∪ Σ(θ)^].

Ŕàěďńőęěŋĺě 4.2.13 [75] Ěáńĺ ŕàőáâàăŋáâćő E àěäńěłáĺćŋő, âő ć ŕàěďńőęěŋĺĺ 4.2.12 ãáńőćĺě ŕńőâŋőáâĺ ňőęŋő ğăňěŋĺâì ŋă ãáńőćĺě N(A) = {0}. Ŕàěďńőęěŋĺě 4.2.14 [156] Śńěďãîéĺě ãâćěàęďěŋĺï íłćĺćăńěŋâŋë:

(i) C_0-ŕőńãčàãŕŕă exp(·A) ïćńïěâáï ăŋăńĺâĺçěáłőľ; (ii) ŋăľďěâáï âăłőě çĺáńő ζ ∈ C, |ζ| = 1, çâő lim_{t→0+} inf_x {‖ζx − exp(tA)x‖ : x ∈ E, ‖x‖ = 1} > 0; (iii) ĺňěěâ ňěáâő ŋěàăćěŋáâćő lim_{t→0+} sup_x { t‖Aexp(tA)x‖ : x ∈ D(A), ‖x‖ = 1} < ∞; (4.8) (iv) őŕěàăâőà ( A0 AA ) ŕőàőęďăěâ C0-ŕőńãčàãŕŕã ŋă E × E;

(v) áãéěáâćãîâ łőŋáâăŋâă C ĺ çĺáńő b > 0 áő áćőľáâćăňĺ n · ‖(λR(λ, A))^n − (λR(λ, A))^{n−1}‖ ≤ C ŕàĺ λ > nb, n ∈ N; (vi) áãéěáâćãěâ âăłőľ ŕőńĺŋőň q, çâő lim_{t→0+}‖q(exp(tA))‖ < L(q) := sup{|q(z)| : z ∈ C, |z| = 1}; (vii) áâàőčőě ŋěàăćěŋáâćő lim_{h→∞} sup s,t∈K ‖{q(exp( st n A))}^nexp(tA)‖ < L(q) ćëŕőńŋïěâáï ďńï ńîąëå łőňŕăłâőć K ⊂ R ĺ ćáěå ŕőńĺŋőňőć q(z) áő áćőľáâćőň |q(1)| < L(q);

(viii) ďńï ńîąőčő ζ ∈ C âăłőčő, çâő |ζ| = 1 ĺ ζ ≠ 1 ŕàĺ ďőáâăâőçŋő

ňăńëå t őŕěàăâőà ζI − exp(tA) őčàăŋĺçěŋŋő őąàăâĺň.

52 ČŃĂĆĂ 4. ĂŊĂŃĹŠĹŮĚŚŁĹĚ ŔŐŃŞČŘŞŔŔŻ

Ŕàěďńőęěŋĺě 4.2.15 [156] Ěáńĺ ďńï C0-ŕőńãčàãŕŕë exp(·A) ĺňěěâ ňěáâő ŋěàăćěŋáâćő_{lim} t→0+ ‖exp(tA) − I‖ < 2, (4.9) âő C0-ŕőńãčàãŕŕă exp(·A) ăŋăńĺâĺçŋă. Őąàăâŋőě ãâćěàęďěŋĺě, ćőőąéě čőćőàï, ŋěćěàŋő, ŋő őŋő ĺňěěâ ňěáâő, ŋăŕàĺňěà, ć áńãçăě àăćŋőňěàŋő ćëŕãłńőčő E ĺ áęĺňăîéěľ C0-ŕőńãčàãŕŕë.

Ŕàěďńőęěŋĺě 4.2.16 [22] Ěáńĺ C0-ŕőńãčàãŕŕă exp(·A) ăŋăńĺâĺçŋă á ãčńőň θ, âő^~Eα ⊆ D(A^∞) ŕàĺ ńîąőň łőňŕńěłáŋőň α ∈ Σ(θ).

Ŕàěďńőęěŋĺě 4.2.17 [22] Ŕãáâì exp(·A) - őčàăŋĺçěŋŋăï ăŋăńĺâĺçěáłăï C0- ŕőńãčàãŕŕă ĺ δ = π/2 + ψ á ψ ĺğ ŕàěďńőęěŋĺï 4.2.5. Šőčďă exp(tA) = 1 2πi ∫ Čφ e^{λz}R(λ, A) dλ, (4.10) čďě Γφ = Γφ+ ∪ Čφ−, Čφ± = {ρe^{±iφ} : 0 < ρ < ∞)} ŕàĺ π/2 < φ < δ. Ŕàěďńőęěŋĺě 4.2.18 [59] Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) ăŋăńĺâĺçŋă. Šő- čďă (i) ψ(t, x) = O(t^α) ŕàĺ t → 0+ ĺ 0 < α < 1 âőčďă ĺ âőńìłő âőčďă, łőčďă ‖Aexp(tA)‖x = O(t^{α−1}) ŕàĺ t → 0+, çâő ć áćőî őçěàěďì ĺňěěâ ňěáâő âőčďă

ĺ âőńìłő âőčďă, łőčďă ‖A^2exp(tA)x‖ = O(t^{α−2}) ŕàĺ t → 0+; (ii) ěáńĺ ψ(t, x) = O(t), âő ‖Aexp(tA)x‖ = O(log(1/t)) ĺ ‖A^2exp(tA)x‖ = O(^1_t ) ŕàĺ t → 0+.

Ŕàěďńőęěŋĺě 4.2.19 [12] Ěáńĺ A ŕőàőęďăěâ őčàăŋĺçěŋŋãî ăŋăńĺâĺçěáłãî

C_0-ŕőńãčàãŕŕã, âő ňŋőęěáâćő æěńëå ćěłâőàőć A_c(A) ŕńőâŋő ć E.

Ŕàěďńőęěŋĺě 4.2.20 [12] Ŕãáâì A ŕőàőęďăěâ áęĺňăîéãî ăŋăńĺâĺçěáłãî C0-ŕőńãčàãŕŕã exp(·A). Šőčďă Ac(A) = ∩t>0R(exp(tA)) , ďńï C0-ŕőńãčàãŕŕë exp(·A) áãéěáâćãîâ őąàăâŋëě őŕěàăâőàë, őŕàěďěńěŋŋëě ŋă Ac(A), ĺ [exp(tA)]^{−1}x =^{∑∞}_{k=0} t^k(−A)^kx/k! ŕàĺ ćáěå x ∈ Ac(A).

Ŕàěďńőęěŋĺě 4.2.21 [65] Ŕãáâì A ∈ H(^π_2 , 0) ĺ B^2 = A . Šőčďă ďńï ńîąőčő

η > 0 ąăŋăåőćë ŕàőáâàăŋáâćă D(B, η) ĺ D(A, η^2) áőćŕăďăîâ. Ŕàĺ íâőň EXP (B) = EXP (A).

Čńăćă 5 Ťàěďčőńìňőćë ŕőńãčàãŕŕë

5.1 Ťàěďčőńìňőćë őŕěàăâőàë

Ďńï őŕěàăâőàă A ∈ C(E) àăğňěàŋőáâì ïďàă ĺńĺ ŋãńěćőčő ŕőďŕàőáâàăŋáâćă N(A) őąőğŋăçĺň nul(A) := dimN(A). Őŕàěďěńěŋĺě 5.1.1 Ďěäěłâ őŕěàăâőàă A őŕàěďěńĺň łăł łőàăğňěàŋőáâì

R(A), â.ě. def(A) = dim(E \ R(A)). Ěáńĺ nul(A) ĺńĺ def(A) łőŋěçŋë, âő

őŕàěďěńïîâ ĺŋďěłá őŕěàăâőàă: ind(A) := nul(A) − def(A). Őŕàěďěńěŋĺě 5.1.2 Őŕěàăâőà A ∈ C(E) ŋăğëćăěâáï äàěďčőńìňőćëň (ŋěâěàőćëň), ěáńĺ R(A) ğăňłŋãâő ĺ nul(A) ĺ def(A) łőŋěçŋë. Ěáńĺ ęě âőńìłő őďŋő ĺğ çĺáěń nul(A) ĺ def(A) łőŋěçŋő, âő őŕěàăâőà ŋăğëćăîâ ŕőńãäàěďčőńìňőćëň.

5.2 Ŕőńãäàěďčőńìňőćë ŕőńãčàãŕŕë

Őŕàěďěńěŋĺě 5.2.1 C0-ŕőńãčàãŕŕã exp(·A) ŋăğëćăîâ ŕőńãäàěďčőńìňőćőľ, ěáńĺ őŕěàăâőà exp(tA) ŕőńãäàěďčőńìňőć ŕàĺ łăęďőň t ≥ 0. Ŕàěďńőęěŋĺě 5.2.1 [98] Ŕãáâì t0 > 0 . Śŕàăćěďńĺćë ãâćěàęďěŋĺï:

(i) ěáńĺ nul(exp(t0A)) < ∞, âő nul(exp(tA)) = 0 ďńï ńîąőčő t ≥ 0;

(ii) ěáńĺ def(exp(t_0A)) < ∞ , âő def(exp(tA)) = 0 ďńï ńîąőčő t ≥ 0; (iii) ěáńĺ őŕěàăâőà exp(t_0A) äàěďčőńìňőć, âő őŕěàăâőà exp(tA) ąĺěłâĺ-

ćěŋ ŕàĺ ńîąőň t ∈ R+ ;

(iv) ěáńĺ őŕěàăâőà exp(t_0A) ŕőńãäàěďčőńìňőć, âő ďńï ćáěå t > 0 őŕěàăâőà exp(tA) ŕőńãäàěďčőńìňőć ĺ nul(exp(tA)) = nul(exp(t_0A)) ĺ def(exp(tA)) = def(exp(t_0A)).

54 ČŃĂĆĂ 5. ŤŘĚĎČŐŃĲŇŐĆŻ ŔŐŃŞČŘŞŔŔŻ Šěőàěňă 5.2.1 [98] Ŕãáâì ŕàőáâàăŋáâćő E àěäńěłáĺćŋő. Šőčďă C0-ŕőńãčàãŕŕă exp(·A) ïćńïěâáï ŕőńãäàěďčőńìňőćőľ âőčďă ĺ âőńìłő âőčďă, łőčďă ďńï ńîąëå μ > ω(A) ĺ 1 ≤ p < ∞

inf_{‖x‖=1} ∫ ∞ 0 e^{−μt}‖exp(tA)x‖^pdt + inf_{‖y∗ ‖=1} ∫ ∞ 0 e^{−μt}‖exp(tA)^∗y^∗‖^pdt > 0. Ŕàěďńőęěŋĺě 5.2.2 [98] Ďĺääěàěŋæĺàãěňăï C0-ŕőńãčàãŕŕă á ŋěőčàăŋĺçěŋŋëň ŕàőĺğćőďïéĺň őŕěàăâőàőň ŋě ňőęěâ ąëâì ŕőńãäàěďčőńìňőćőľ. Ŕàěďńőęěŋĺě 5.2.3 [98] Ěáńĺ C0-ŕőńãčàãŕŕă exp(·A) ŕőńãäàěďčőńìňőćă ĺ ĺňěěâ ŋěőčàăŋĺçěŋŋëľ ŕàőĺğćőďïéĺľ őŕěàăâőà, âő lim_{t→0+} ‖exp(tA) − I‖ ≥ 2. Őŕàěďěńĺň ŕàĺćěďěŋŋëľ ňĺŋĺňăńìŋëľ ňőďãńì őŕěàăâőàă A ∈ L(E) łăł_{γ(A) := inf{‖Ax‖/dist(x, N(A)) : x ∉ N(A)},} čďě dist(x, N(A)) - àăááâőïŋĺě őâ íńěňěŋâă x ďő ïďàă N(A). Ŕàěďńőęěŋĺě 5.2.4 [16] Őąńăáâì ğŋăçěŋĺľ őŕěàăâőàă A ∈ C(E) ğăňłŋãâă âőčďă ĺ âőńìłő âőčďă, łőčďă γ(A) > 0 .

Ŕàěďńőęěŋĺě 5.2.5 [98] Ěáńĺ C0-ŕőńãčàãŕŕă exp(·A) ŕőńãäàěďčőńìňőćă, âő

(i) sup_{t>0} t^{−1} ln[γ(exp(tA))] = lim_{t→∞} t^{−1} ln[γ(exp(tA))] ≤ ω(A); (ii) áãéěáâćãîâ âăłĺě łőŋáâăŋâë δ > 0 ĺ α , çâő δe^{αt} ≤ γ(exp(tA)) ≤ e^{ω(A) t}, t ≥ 0. Ŕàěďńőęěŋĺě 5.2.6 [98] Ŕãáâì őŕěàăâőà exp(t0A) ŕőńãäàěďčőńìňőć ŕàĺ ŋěłőâőàőň t0 > 0 (ă, áńěďőćăâěńìŋő, ĺ ďńï ćáěå t ≥ 0 - áň. ŕàěďń.5.2.1). Šőčďă ć ŕőńãŕńőáłőáâĺ SF (A) := {z ∈ C : Rez < sup_{t>0} t^{−1} ln[γ(exp(tA))]} ĺňěěň (i) λI − A ïćńïěâáï ŕőńãäàěďčőńìňőćëň ŕàĺ ćáěå λ ∈ SF (A); (ii) nul(λI − A) ĺ def(λI − A) ŕőáâőïŋŋë ŕàĺ λ ∈ SF (A), ŕàĺçěň nul(λI − A) = 0, ěáńĺ nul(exp(t_0A)) < ∞,

5.2. ŔŐŃŞŤŘĚĎČŐŃĲŇŐĆŻ ŔŐŃŞČŘŞŔŔŻ 55

nul(λI − A) > 0, ěáńĺ nul(exp(t_0A)) = ∞, def(λI − A) = 0, ěáńĺ def(exp(t_0A)) < ∞, def(λI − A) > 0, ěáńĺ def(exp(t_0A)) = ∞; (iii) |γ(λI − A) − γ(λ_1I − A)| ≤ |λ − λ_1| ŕàĺ λ, λ_1 ∈ SF (A). Ŕàěďńőęěŋĺě 5.2.7 [98] Ěáńĺ C0-ŕőńãčàãŕŕă exp(·A) ŕőńãäàěďčőńìňőćă ĺ àěğőńìćěŋâă R(λ, A) łőňŕăłâŋă ŕàĺ ŋěłőâőàőň λ, âő őŕěàăâőà exp(tA) ąĺěłâĺćěŋ ŕàĺ ńîąőň t ≥ 0 .

Ŕàěďńőęěŋĺě 5.2.8 [98] Śńěďãîéĺě ãâćěàęďěŋĺï íłćĺćăńěŋâŋë: (i) ‖exp(tA)x‖ ≥ e^{ρt} · ‖x‖ ŕàĺ ćáěå x ∈ E ĺ t ≥ 0; (ii) ‖(λI − A)x‖ ≥ (ρ − λ)‖x‖ ŕàĺ ćáěå λ < ρ ĺ x ∈ D(A); (iii) ďńï łăęďőčő x ∈ D(A) á ěďĺŋĺçŋőľ ŋőàňőľ ŋăľďěâáï âăłőľ íńěňěŋâ x^∗ ∈ θ(x) (áň. čńăćã 7), çâő Re⟨Ax, x^∗⟩ ≥ ρ .

Ŕàěďńőęěŋĺě 5.2.9 [98] Ďńï A ∈ G(1, 0) áńěďãîéĺě ãâćěàęďěŋĺï íłćĺćăńěŋâŋë:_{(i)}

őŕěàăâőà exp(tA) - ĺğőňěâàĺï ŕàĺ łăęďőň t > 0; (ii) ‖(λI − A)x‖ ≥ −λ‖x‖ ŕàĺ ćáěå λ < 0 ĺ x ∈ D(A) ; (iii) ďńï łăęďőčő x ∈ E ŋăľďěâáï x^∗ ∈ θ(x) âăłőľ, çâő Re⟨Ax, x^∗⟩ = 0. Ć áńãçăě E = H ŕàěďńőęěŋĺï 5.2.8 ĺ 5.2.9 ňőęŋő ŕěàěäőàňãńĺàőćăâì, ĺáŕőńìğãï çĺáńőćãî őąńăáâì ğŋăçěŋĺï őŕěàăâőàă W (A) := {(Ax, x) : ‖x‖ = 1, x ∈ D(A)}. Ŕàěďńőęěŋĺě 5.2.10 [98] Śńěďãîéĺě ãâćěàęďěŋĺï íłćĺćăńěŋâŋë:

(i) C_0-ŕőńãčàãŕŕă exp(·A) ćłńăďëćăěâáï ć C_0-čàãŕŕã ĺ γ(exp(tA)) ≥ e^{ρt} ŕàĺ t ≥ 0; (ii) Re[W (A)] ≥ ρ ; (iii) ‖(λI − A)x‖ ≥ (ρ − λ)‖x‖ ŕàĺ ćáěå λ < ρ ĺ x ∈ D(A). Ŕàĺ ćëŕőńŋěŋĺĺ íâĺå ãâćěàęďěŋĺľ ĺňěěň lim_{t→0} γ(exp(tA)) = 1.

Čńăćă 6

Śŕěłâàăńìŋëě áćőľáâćă ŕőńãčàãŕŕ

Łăł ĺğćěáâŋő, áŕěłâà ŕàőĺğćőďïéěčő őŕěàăâőàă C0-ŕőńãčàãŕŕë ńěęĺâ ć ŕőńãŕńőáłőáâĺ {λ ∈ C : Reλ ≤ ω(A)}. İâő áńĺèłőň őąéěě ãâćěàęďěŋĺě, őďŋăłő, ěáńĺ ŋăň ĺğćěáâŋë ŋěłőâőàëě ďőŕőńŋĺâěńìŋëě áćőľáâćă ŕőńãčàãŕŕë, âő íâő ňőňěŋâăńìŋő ŕőğćőńïěâ áďěńăâì ŋěłőâőàëě ğăłńîçěŋĺï ő ąőńěě âőŋłőľ áâàãłâãàě áŕěłâàă σ(A). Ćňěáâě á âěň ĺŋäőàňăæĺï ő âőŋłőľ áâàãłâãàě áŕěłâàă ŕàőĺğćőďïéěčő őŕěàăâőàă áãéěáâćěŋŋő őąőčăéăěâ ĺŋâãĺæĺî ć ŕőŋĺňăŋĺĺ áćőľáâć ŕőńãčàãŕŕë.

6.1 Őąéĺě ŕőŋïâĺï ĺ őŕàěďěńěŋĺï

Ďńï őŕěàăâőàă A ∈ C(E) őąőğŋăçĺň áŕěłâà çěàěğ σ(A) ĺ, łăł őąëçŋő, őąőğŋăçĺň âőçěçŋëľ áŕěłâà — P σ(A) , ŋěŕàěàëćŋëľ áŕěłâà — Cσ(A) ĺ őáâăâőçŋëľ áŕěłâà — Rσ(A).

Őŕàěďěńěŋĺě 6.1.1 Őąńăáâìî äàěďčőńìňőćőáâĺ őŕěàăâőàă A ∈ C(A) ŋăğëćăěâáï ňŋőęěáâćő ΩF (A) ćáěå âőçěł z ∈ C , ďńï łőâőàëå őŕěàăâőà

zI − A ïćńïěâáï äàěďčőńìňőćëň.

Őŕàěďěńěŋĺě 6.1.2 Ďőŕőńŋěŋĺě ł ΩF (A) ć C ŋăğëćăěâáï áãéěáâćěŋŋëň áŕěłâàőň őŕěàăâőàă A ∈ C(E) ĺ őąőğŋăçăěâáï Eσ(A) .

Ŕàěďńőęěŋĺě 6.1.1 [27] Ĺňěěâ ňěáâő ćńőęěŋĺě Eσ(A) ⊆ σ(A) ďńï ńîąőčő A ∈ C(E).

6.1. ŐĄŹĹĚ ŔŐŊ§ŠĹ§ Ĺ ŐŔŘĚĎĚŃĚŊĹ§ 57

Őŕàěďěńěŋĺě 6.1.3 Őąőğŋăçĺň çěàěğ EF σ(A) ňŋőęěáâćő âěå z ∈ C, ďńï łőâőàëå őŕěàăâőà (zI − A) ŋě ïćńïěâáï ŕőńãäàěďčőńìňőćëň. Őŕàěďěńěŋĺě 6.1.4 Ňŋőęěáâćő ćáěå âőçěł λ ∈ C , ďńï łőâőàëå őŕěàăâőà

λI−A ŋě ïćńïěâáï ĺŋêěłâĺćŋëň ĺńĺ R(λI−A) ŋěğăňłŋãâő ć E, ŋăğëćăěâáï

ăŕŕàőłáĺňăâĺćŋëň áŕěłâàőň őŕěàăâőàă A ∈ C(E) ĺ őąőğŋăçăěâáï Aσ(A). Ŕàěďńőęěŋĺě 6.1.2 [122] Ďńï ńîąőčő A ∈ C(E) ĺňěîâ ňěáâő áőőâŋőèě- ŋĺï_{P σ(A) ⊆ Aσ(A)} ĺ σ(A) = Aσ(A) ∪ Rσ(A). Ŕàěďńőęěŋĺě 6.1.3 [122] Ďńï ńîąőčő A ∈ C(E) ĺňěěň

(i) âőŕőńőčĺçěáłăï čàăŋĺæă ∂σ(A) áŕěłâàă σ(A) áőďěàęĺâáï ć Aσ(A);

(ii) Rσ(A) = P σ(A^∗).

Łăł őąëçŋő, ďńï őŕěàăâőàă B ∈ B(E) őŕàěďěńĺň áŕěłâàăńìŋëľ àăďĺãá_{r(B) := sup{|λ| : λ ∈ σ(B)}, (6.1)}

ă âăłęě áãéěáâćěŋŋëľ áŕěłâàăńìŋëľ àăďĺãá Er(B) := sup{|λ| : λ ∈ Eσ(B)}. (6.2) Őŕàěďěńěŋĺě 6.1.5 Ňěàőľ ŋěłőňŕăłâŋőáâĺ Kãàăâőćáłőčő ňŋőęěáâćă Ω ⊂ E ŋăğëćăěâáï ćěńĺçĺŋă

α(Ω) := inf { d > 0 : áãéěáâćãěâ łőŋěçŋőě çĺáńő âăłĺå ŕőďňŋőęěáâć {Ω_j}^k_{j=1} ⊆ E, çâő Ω ⊆ ∪^k_{j=1}Ω_j , sup{‖x − y‖ : x, y ∈ Ω_i} ≤ d, i = 1, k } . Ňěàă ŋěłőňŕăłâŋőáâĺ ŕãáâőčő ňŋőęěáâćă áçĺâăěâáï àăćŋőľ ŋãńî.

Ŕőďàőąŋő ő áćőľáâćăå ňěà ŋěłőňŕăłâŋőáâĺ áň., ŋăŕà., [26]. Őŕàěďěńěŋĺě 6.1.6 Ŕãáâì B ∈ B(E). Ćěńĺçĺŋă

‖B‖_α := inf { d > 0 : α(BΩ) ≤ d · α(Ω) ŕàĺ ńîąőň őčàăŋĺçěŋŋőň Ω ∈ E } ŋăğëćăěâáï ňěàőľ ŋěłőňŕăłâŋőáâĺ őŕěàăâőàă B. Ŕàěďńőęěŋĺě 6.1.4 [122] Ďńï ńîąőčő B ∈ B(E) ĺňěěň

Er(B) = lim_{k→∞} ‖B^k‖^{1/k}_α = lim_{k→∞} ‖B^k‖^{1/k}_∗ , (6.3) čďě ‖B‖∗ = inf{‖B − K‖ : K ∈ B0(E)} .

58 ČŃĂĆĂ 6. ŚŔĚŁŠŘĂŃĲŊŻĚ ŚĆŐĽŚŠĆĂ ŔŐŃŞČŘŞŔŔ

6.2 Őâőąàăęěŋĺě áŕěłâàă

Őŕàěďěńěŋĺě 6.2.1 Śŕěłâàăńìŋőľ čàăŋìî őŕěàăâőàă A ŋăğëćăîâ ćěńĺçĺŋã_{S(A) := sup{Reλ : λ ∈ σ(A)}, (6.4)}

ŕàĺ íâőň_{S(A) = −∞,} ěáńĺ σ(A) = ∅.

Ŕàěďńőęěŋĺě 6.2.1 [122] Ŕãáâì A ∈ G(M, ω). Šőčďă S(A) ≤ ω(A). (6.5) Ŕàěďńőęěŋĺě 6.2.2 [122] Ŋěàăćěŋáâćő (6.5) ňőęěâ ąëâì áâàőčĺň. Ŕàěďńőęěŋĺě 6.2.3 [122] Řăćěŋáâćő ω(A) = S(A) ĺňěěâ ňěáâő, ŋăŕàĺňěà, ć łăęďőň ĺğ áńěďãîéĺå áńãçăěć:

(i) C_0-ŕőńãčàãŕŕă exp(·A) áâăŋőćĺâáï łőňŕăłâŋőľ; (ii) C_0-ŕőńãčàãŕŕă exp(·A) áâăŋőćĺâáï ďĺääěàěŋæĺàãěňőľ; (iii) C_0-ŕőńãčàãŕŕă exp(·A) ïćńïěâáï ăŋăńĺâĺçěáłőľ.

Ŕàěďńőęěŋĺě 6.2.4 [122] Ďńï A ∈ G(Ň, ω) ĺňěěň r(exp(tA)) = e^{ω(A)t}, t ≥ 0. (6.6) Őŕàěďěńěŋĺě 6.2.2 Śãéěáâćěŋŋëň ŕőłăğăâěńěň àőáâă C0-ŕőńãčàãŕŕë exp(·A) ŋăğëćăěâáï ćěńĺçĺŋă

Eω(A) := inf_{t>0} 1 t ln ‖exp(tA)‖_α = lim_{t→∞} 1 t ln ‖exp(tA)‖_α. (6.7) Ŕàěďńőęěŋĺě 6.2.5 [27] Ŕãáâì A ∈ G(M, ω). Šőčďă Eω(A) ≤ ω(A). Ŕàěďńőęěŋĺě 6.2.6 [27] Ŕãáâì A ∈ G(M, ω). Šőčďă (áà. á (6.6))

Er(exp(tA)) = e^{Eω(A) t} ŕàĺ ćáěå t ≥ 0. (6.8)

Ŕàěďńőęěŋĺě 6.2.7 [27] Ŕőńőęĺň S_1(A) := sup{Reλ : λ ∈ σ(A) \ Eσ(A)}. Šőčďă (i) sup{Reλ : λ ∈ Eσ(A)} ≤ Eω(A); (ii) ω(A) = max{S(A), Eω(A)} = max{S_1(A), Eω(A)}.

6.2. ŐŠŐĄŘĂĘĚŊĹĚ ŚŔĚŁŠŘĂ 59

Ŕàěďńőęěŋĺě 6.2.8 [37] Ŕãáâì A ∈ G(M, ω). Ěáńĺ ąěáłőŋěçŋőáâì — ĺğőńĺàőćăŋŋăï őáőąăï âőçłă àěğőńìćěŋâë R(λ, A), âő őŋă ïćńïěâáï áãéěáâćěŋŋő őáőąőľ.

Ŕàěďńőęěŋĺě 6.2.9 [122] Ďńï ńîąőľ C0-ŕőńãčàãŕŕë exp(·A) áŕàăćěďńĺćő ćłńîçěŋĺě exp(tσ(A)) ⊆ σ(exp(tA)) ŕàĺ t ≥ 0, (6.9) ŋăğëćăěňőě âěőàěňőľ őą őâőąàăęěŋĺĺ áŕěłâàă C0-ŕőńãčàãŕŕë; ğďěáì e^{tΩ} := {λ ∈ C : ∃z ∈ Ω : λ = e^{tz}} . Ąőńěě ďěâăńìŋő: (i) e^{tP σ(A)} = P σ(exp(tA)) \ {0}; (ii) e^{tRσ(A)} = Rσ(exp(tA)) \ {0}; (iii) e^{tAσ(A)} ⊆ Aσ(exp(tA)); (iv) e^{tEσ(A)} ⊆ Eσ(exp(tA)); (v) e^{tEF σ(A)} ⊆ EF σ(exp(tA)). Ŕàěďńőęěŋĺě 6.2.10 [122] Ďńï C0-ŕőńãčàãŕŕë exp(·A) àăćěŋáâćő e^{tσ(A)} = σ(exp(tA)) \ {0}, t ≥ 0, (6.10) áŕàăćěďńĺćő, ěáńĺ, ŋăŕàĺňěà,

(i) C_0-ŕőńãčàãŕŕă exp(·A) áâăŋőćĺâáï łőňŕăłâŋőľ; (ii) C_0-ŕőńãčàãŕŕă exp(·A) áâăŋőćĺâáï ďĺääěàěŋæĺàãěňőľ; (iii) C_0-ŕőńãčàãŕŕă exp(·A) ăŋăńĺâĺçěáłăï;

(iv) C_0-ŕőńãčàãŕŕă exp(·A) áâăŋőćĺâáï àăćŋőňěàŋő ŋěŕàěàëćŋőľ.

Ŕàěďńőęěŋĺě 6.2.11 [122] Ěáńĺ ďńï C0-čàãŕŕë exp(·A) áŕàăćěďńĺćă őæěŋłă

‖exp(tA)‖ ≤ C(1 + t)^k ŕàĺ C > 0, k ∈ N, ĺ ćáěå t ∈ R , âő ćëŕőńŋěŋő ąőńěě

áńăąőě, çěň (6.10), áőőâŋőèěŋĺě

σ(exp(tA)) = e^{tσ(A)} ďńï ćáěå t ≥ 0, (6.11)

ŋăğëćăěňőě ĺŋőčďă áńăąőľ âěőàěňőľ őą őâőąàăęěŋĺĺ áŕěłâàă.

Őŕàěďěńěŋĺě 6.2.3 Ťãŋłæĺï ω(·) ŋăğëćăěâáï ŋěłćăğĺăŋăńĺâĺçŋőľ, ěáńĺ_{∫ ∞} −∞ ln ω(t) 1 + t^2 dt < ∞.

60 ČŃĂĆĂ 6. ŚŔĚŁŠŘĂŃĲŊŻĚ ŚĆŐĽŚŠĆĂ ŔŐŃŞČŘŞŔŔ

Őŕàěďěńěŋĺě 6.2.4 C0-ŕőńãčàãŕŕă (C0-čàãŕŕă) exp(·A) ŋăğëćăěâáï ŋěłćăğĺăŋăńĺâĺçŋőľ, ěáńĺ ‖exp(tA)‖ ≤ ω(t), t ∈ R+, á ŋěłćăğĺăŋăńĺâĺçŋőľ äãŋłæĺěľ ω(·) (áőőâćěâáâćěŋŋő, t ∈ R).

Šěőàěňă 6.2.1 [123] Ŕãáâì C0-čàãŕŕă exp(·A) ŋěłćăğĺăŋăńĺâĺçŋă. Šőčďă ćëŕőńŋïěâáï áńăąăï âěőàěňă őą őâőąàăęěŋĺĺ áŕěłâàă, â.ě. ĺňěěâ ňěáâő áőőâŋőèěŋĺě (6.11).

Šěőàěňă 6.2.2 [135] C0-čàãŕŕă exp(·A) á őæěŋłőľ ‖exp(tA)‖ ≤ ω(t), t ∈ R, ĺňěěâ ŋěŕãáâőľ áŕěłâà σ(A) ≠ ∅ âőčďă ĺ âőńìłő âőčďă, łőčďă ω(·) ïćńïěâáï ŋěłćăğĺăŋăńĺâĺçŋőľ.

Ŕàěďńőęěŋĺě 6.2.12 [122] Ŕãáâì A ∈ G(M, ω) . Šőčďă ŕàĺ ńîąőň t ∈ R+ (i) ěáńĺ λ ∈ Cσ(A) ĺ ŋĺ őďŋő ĺğ çĺáěń λk = λ + 2πik/t, (k ∈ Z) , ŋě ŕàĺŋăďńěęĺâ P σ(A) ∪ Rσ(A) , âő e^{tλ} ∈ Cσ(exp(tA)); (ii) ěáńĺ λ ∈ Rσ(A) ĺ ŋĺ őďŋő ĺğ çĺáěń λ_k, k ∈ Z, ŋě ŕàĺŋăďńěęĺâ P σ(A), âő e^{tλ} ∈ Rσ(exp(tA)) ; (iii) ěáńĺ e^{tλ} ∈ Rσ(exp(tA)), âő ŋĺ őďŋő λ_k, k ∈ Z, ŋě ŕàĺŋăďńěęĺâ P σ(A)

ĺ áãéěáâćãěâ âăłőě^~k ∈ N, çâő λ~_k ∈ Rσ(A);

(iv) ěáńĺ λ ∈ P σ(A), âő μ := e^{tλ} ∈ σ(exp(tA)). Ěáńĺ ęě μ ∈ P σ(exp(tA)),

âő ŋăľďěâáï^~k ∈ Z âăłőě, çâő λ~_k ∈ P σ(A) ĺ

N((μ−exp(tA))^l) = ∨^∞_{k=−∞}N((λ_kI −A)^l) ŕàĺ ćáěå æěńëå l ≥ 1. Ğďěáì ∨^∞_{k=−∞}Ω_k

— ŋăĺňěŋìèěě ğăňłŋãâőě ŕőďŕàőáâàăŋáâćő, áőďěàęăéěě ćáě Ωk .

Ŕàěďńőęěŋĺě 6.2.13 [27] Şâćěàęďěŋĺě ŕàěďńőęěŋĺï 6.2.12 (i) ŋě őąàăéăěâáï. Šőçŋěě, ćőğňőęŋő, çâő e^{tλ} ∈ Cσ(exp(tA)), ć âő ćàěňï łăł λ + 2πik/t ∈ ρ(A), k ∈ Z. Ŕàěďńőęěŋĺě 6.2.14 [122] Ŕãáâì E = H- čĺńìąěàâőćő ŕàőáâàăŋáâćő ĺ

A ∈ H(M, ω). Šőčďă ŕàĺ łăęďőň t ∈ R_+ ňŋőęěáâćő σ(exp(tA)) \ {0} àăćŋő {e^{tλ} : ńĺąő λ_k = λ + 2πik/t ∈ σ(A) ŕàĺ ŋěłőâőàőň k ∈ Z, ńĺąő ŕőáńěďőćă-

âěńìŋőáâì {‖R(λk, A)‖}k∈Z ŋěőčàăŋĺçěŋŋă }.

Ŕàěďńőęěŋĺě 6.2.15 [37] Ŕãáâì A ∈ C(E). Šőčďă

(i) ρ(A) = ρ(A^∗) ; (ii) P σ(A) ⊆ P σ(A^∗) ∪ Rσ(A^∗); (iii) Rσ(A) ⊆ P σ(A^∗) ⊆ P σ(A) ∪ Rσ(A); (iv) Cσ(A) ⊆ Rσ(A^∗) ∪ Cσ(A^∗).

6.2. ŐŠŐĄŘĂĘĚŊĹĚ ŚŔĚŁŠŘĂ 61

Ŕàěďńőęěŋĺě 6.2.16 [122] Ďńï C0-ŕőńãčàãŕŕë exp(·A) ĺňěěň:

(i) σ(exp(tA)) = σ(exp(tA)^⊙) = σ(exp(tA)^∗) ŕàĺ ńîąőň t ∈ R_+; (ii) Rσ(exp(tA)) = P σ(exp(tA)^⊙) = P σ(exp(tA)^∗) ŕàĺ ńîąőň t ∈ R_+; (iii) σ(A) = σ(A^⊙) = σ(A^∗); (iv) Rσ(A) = P σ(A^⊙) = P σ(A^∗); (v) S(A) = S(A^⊙) ĺ ω(A) = ω(A^⊙).

Čńăćă 7

Řăćŋőňěàŋő őčàăŋĺçěŋŋëě ŕőńãčàãŕŕë

Ţőàőèő ĺğćěáâŋő, çâő ğăňěŋă čěŋěàăâőàă A C0-ŕőńãčàãŕŕë, ãďőćńěâćőàïîéěľ őæěŋłě ‖exp(tA)‖ ≤ Me^{ωt}, ŋă A + αI ŕàĺćőďĺâ ł ŕőńãčàãŕŕě, ãďőćńěâćő- àïîéěľ őæěŋłě_{‖exp(t(A + αI))‖ ≤ Me(ω+α)t, t ≥ 0.} Őâáîďă áńěďãěâ, çâő ńîąãî C0-ŕőńãčàãŕŕã ňőęŋő âàăŋáäőàňĺàőćăâì ć őčàăŋĺçěŋŋãî. Šěň ŋě ňěŋěě, ĺğãçěŋĺě àăćŋőňěàŋő őčàăŋĺçěŋŋëå C0-ŕőńãčàãŕŕ ĺňěěâ áăňőáâőïâěńìŋëľ ĺŋâěàěá őáőąěŋŋő ć áćïğĺ á ăáĺňŕâőâĺçěáłĺň ŕőćěďěŋĺěň (áň. ŋăŕà. [157]), ă âăłęě ć áćïğĺ á ćőŕàőáăňĺ áãňňĺàãěňőáâĺ. Őąàăâĺň âăłęě ćŋĺňăŋĺě ŋă âőâ äăłâ, çâő âőńìłő àăáŕőńőęěŋĺě áŕěłâàă ŋě őŕàěďěńïěâ ć ąěáłőŋěçŋőňěàŋőň áńãçăě ŕőćěďěŋĺï ŕőńãčàãŕŕë ŋă ąěáłőŋěçŋőáâĺ.

7.1 Řăćŋőňěàŋő őčàăŋĺçěŋŋëě ŕőńãčàãŕŕë

Ďńï łăęďőčő íńěňěŋâă y ∈ E őŕàěďěńĺň áőŕàïęěŋŋőě ňŋőęěáâćő

θ(y) := {y^∗ ∈ E^∗ : ‖y‖^2 = ‖y^∗‖^2 = ⟨y, y^∗⟩}. (7.1)

Ŕàěďńőęěŋĺě 7.1.1 [115] Ňŋőęěáâćő θ(y) ŋěŕãáâő ŕàĺ ńîąőň y ∈ E, ćëŕãłńő, ğăňłŋãâő ĺ θ(0) = {0}.

Řăááňőâàĺň őâőąàăęěŋĺě φ : E → E^∗ âăłőě, çâő φ(y) ∈ θ(y) ŕàĺ ńîąőň

y ∈ E. Šăłőě őâőąàăęěŋĺě φ ŋăğëćăěâáï ďćőľáâćěŋŋëň (ďãăńìŋëň)

őâőąàăęěŋĺěň. Ťĺłáĺàãěň ŋěłőâőàőě φ ĺ ŕőńőęĺň [x, y] := ⟨x, φ(y)⟩ ďńï ńîąëå x, y ∈ E. Ťãŋłæĺï [x, y] , ďěľáâćãîéăï ĺğ E×E ć R ĺńĺ C , ŋăğëćăěâáï ŕőńãáłăńïàŋëň ŕàőĺğćěďěŋĺěň ć ąăŋăåőćőň ŕàőáâàăŋáâćě E.

7.1. ŘĂĆŊŐŇĚŘŊŐ ŐČŘĂŊĹŮĚŊŊŻĚ ŔŐŃŞČŘŞŔŔŻ 63

Ŕàěďńőęěŋĺě 7.1.2 [128] Ŕãáâì E áĺńìŋő ćëŕãłńő, ă áęĺňăîéăï C0-ŕőńãč- àãŕŕă exp(·A) ĺ ‖x‖ = 1 âăłőćë, çâő limt→∞ |⟨exp(tA)x, φ(x)⟩| = 1. Šőčďă x ïćńïěâáï áőąáâćěŋŋëň ćěłâőàőň őŕěàăâőàă A, áőőâćěâáâćãîéĺň çĺáâő ňŋĺňőňã áőąáâćěŋŋőňã ğŋăçěŋĺî.

Ŕàěďńőęěŋĺě 7.1.3 [115] Ŕőńãáłăńïàŋőě ŕàőĺğćěďěŋĺě őąńăďăěâ áćőľáâćă- ňĺ:_{[x + y, z] = [x, z] + [y, z], [λx, y] = λ[x, y],} [x, x] = ‖x‖^2, |[x, y]| ≤ ‖x‖ · ‖y‖ ďńï ńîąëå λ ĺ x, y, z ∈ E. Őŕàěďěńěŋĺě 7.1.1 Őŕěàăâőà A ∈ L(E) ŋăğëćăěâáï ďĺááĺŕăâĺćŋëň (ŕő őâŋőèěŋĺî ł ŕőńãáłăńïàŋőňã ŕàőĺğćěďěŋĺî [x, y]), ěáńĺ

Re[Ax, x] ≤ 0 ŕàĺ ćáěå x ∈ D(A). (7.2)

Ěáńĺ ć őŕàěďěńěŋĺĺ 7.1.1 ğŋăł ≤ ğăňěŋĺâì ŋă ≥ , âő čőćőàïâ, çâő A ăłłàěâĺćěŋ.

Őŕàěďěńěŋĺě 7.1.2 Ůĺáńőćőľ őąńăáâìî ğŋăçěŋĺľ őŕěàăâőàă A ŋăğëćăîâ ňŋőęěáâćő (áà. á čĺńìąěàâőćëň áńãçăěň - áâà. 55) W (A) := {[Ax, x] : x ∈ D(A), ‖x‖ = 1}. (7.3) Ŕőńőęĺň âăłęě Θ(A) := sup{Reλ : λ ∈ W (A)}.

Ŕàěďńőęěŋĺě 7.1.4 [115] Ŕãáâì B ∈ B(E). Šőčďă

Θ(B) = lim_{t→0+} t^{−1}(‖I + tB‖ − 1) ĺ, ąőńěě âőčő, Θ(B) = ω(B).

Ŕàěďńőęěŋĺě 7.1.5 [16] Ěáńĺ őŕěàăâőà B ∈ B(E) ïćńïěâáï ďĺááĺŕăâĺćŋëň, âő àěğőńìćěŋâă R(λ, B) áãéěáâćãěâ ŕàĺ ńîąőň λ âăłőň, çâő Reλ > 0. Őŕàěďěńěŋĺě 7.1.3 Ďĺááĺŕăâĺćŋëľ őŕěàăâőà A ŋăğëćăěâáï m− ďĺááĺŕăâĺćŋëň (ňăłáĺňăńìŋëň ďĺááĺŕăâĺćŋëň), ěáńĺ ρ(A) ∩ R+ ≠ ∅. Őŕěàăâőà −A ŋăğëćăěâáï m-ăłłàěâĺćŋëň, ěáńĺ A m-ďĺááĺŕăâĺćěŋ.

Ŋăŕőňŋĺň, çâő ńîąãî C0-ŕőńãčàãŕŕã ŕãâěň áďćĺčă ŕàőĺğćőďïéěčő őŕěàăâőàă ňőęŋő áďěńăâì őčàăŋĺçěŋŋőľ.

Šěőàěňă 7.1.1 [115] Őŕěàăâőà A ŕőàőęďăěâ áęĺňăîéãî ŕőńãčàãŕŕã âőčďă ĺ âőńìłő âőčďă, łőčďă D(A) = E ĺ A ïćńïěâáï m -ďĺááĺŕăâĺćŋëň.

64 ČŃĂĆĂ 7. ŘĂĆŊŐŇĚŘŊŐ ŐČŘĂŊĹŮĚŊŊŻĚ ŔŐŃŞČŘŞŔŔŻ

Ŕàěďńőęěŋĺě 7.1.6 [115] Őŕěàăâőà A ďĺááĺŕăâĺćěŋ âőčďă ĺ âőńìłő âőčďă, łőčďă ŕàĺ ńîąőň α > 0 őŕěàăâőà I −αA ĺŋêěłâĺćěŋ ĺ ‖(I −αA)^{−1}‖ ≤ 1.

Ŕàěďńőęěŋĺě 7.1.7 [122] Ŕãáâì A - ďĺááĺŕăâĺćŋëľ őŕěàăâőà. Šőčďă (i) ěáńĺ A ğăňëłăěň, âő ğăňëłăŋĺě A âăłęě ďĺááĺŕăâĺćŋő;

(ii) ěáńĺ D(A) ⊇ R(A) , ć çăáâŋőáâĺ, ěáńĺ A ŕńőâŋő őŕàěďěńěŋ, âő

őŕěàăâőà A ğăňëłăěň;

(iii) őŕěàăâőà A m-ďĺááĺŕăâĺćěŋ âőčďă ĺ âőńìłő âőčďă, łőčďă R(I − hA) = E ŕàĺ ćáěå h > 0.

Őŕàěďěńěŋĺě 7.1.4 Őŕěàăâőà A ŋăğëćăîâ T -ăłłàěâĺćŋëň ŋă ąăŋăåőćőľ áâàãłâãàě, ěáńĺ őŋ ãďőćńěâćőàïěâ ãáńőćĺî ‖ ( (I − λA)^{−1}x − (I − λA)^{−1}y )+ ‖ ≤ ‖(x − y)^+‖ (7.4) ŕàĺ λ > 0 ĺ x, y ∈ E. Ŕàěďńőęěŋĺě 7.1.8 [60] Ńîąőľ T -ăłłàěâĺćŋëľ őŕěàăâőà ć ąăŋăåőćőľ áâàãłâãàě E ïćńïěâáï ăłłàěâĺćŋëň âőčďă ĺ âőńìłő âőčďă, łőčďă dimE ňěŋìèě 3 ĺńĺ ŋőàňă ïćńïěâáï p-ăďďĺâĺćŋőľ ŕàĺ p ≥ 0, â.ě. ‖x + y‖^p ≤ ‖x‖^p + ‖y‖^p (p < ∞) ĺńĺ ‖x + y‖ = max(‖x‖, ‖y‖) (p = ∞). Ŕàěďńőęěŋĺě 7.1.9 [93] Ŕãáâì őŕěàăâőà A ∈ GR(1, 0). Šőčďă Re⟨Ax, y⟩ = 0 ŕàĺ ćáěå x ∈ D(A) ĺ y ∈ θ(x), (7.5) ĺ àăćěŋáâćő_{(λI − A)D(A) = E (7.6)}

ćëŕőńŋïěâáï ŕàĺ ćáěå λ ∈ R \ {0}.

Ŕàěďńőęěŋĺě 7.1.10 [93] Ěáńĺ A ŕńőâŋő őŕàěďěńěŋ ĺ ćëŕőńŋïîâáï áőőâŋőèěŋĺï (7.5) ĺ (7.6) ŕàĺ λ0 > 0 ĺ λ1 < 0, âő A ∈ GR(1, 0).

Ŕàěďńőęěŋĺě 7.1.11 [122] C0-čàãŕŕă áęăâĺľ ‖exp(·A)‖ ≤ 1 ïćńïěâáï ĺğő- ňěâàĺěľ, â.ě. ‖exp(tA)x‖ = ‖x‖ ŕàĺ ńîąëå x ∈ E, t ∈ R. Őŕàěďěńěŋĺě 7.1.5 C0-ŕőńãčàãŕŕă exp(·A) ŋăğëćăěâáï ãŋĺâăàŋőľ, ěáńĺ őŕěàăâőà exp(tA) ãŋĺâăàěŋ ŕàĺ ńîąőň t > 0.

7.1. ŘĂĆŊŐŇĚŘŊŐ ŐČŘĂŊĹŮĚŊŊŻĚ ŔŐŃŞČŘŞŔŔŻ 65

Šěőàěňă 7.1.2 (Šěőàěňă Śâőãŋă). Őŕěàăâőà A ć čĺńìąěàâőćőň ŕàőáâàăŋáâćě H ïćńïěâáï ŕàőĺğćőďïéĺň őŕěàăâőàőň ãŋĺâăàŋőľ C0-čàãŕŕë őŕěàăâőàőć âőčďă ĺ âőńìłő âőčďă, łőčďă őŋ ĺňěěâ ćĺď A = iA1, čďě A1 - áăňőáőŕàïęěŋ ć H. İâă C0-čàãŕŕă őąëçŋő ğăŕĺáëćăěâáï łăł exp(itA1), t ∈ R.

Ŕàěďńőęěŋĺě 7.1.12 Ŕãáâì exp(·A) — àăćŋőňěàŋő őčàăŋĺçěŋŋăï C0-čàãŕŕă ć H. Šőčďă áãéěáâćãîâ áăňőáőŕàïęěŋŋëľ őčàăŋĺçěŋŋő őąàăâĺňëľ őŕěàăâőà Q ∈ B(H) ĺ âăłĺě łőŋáâăŋâë C, c ∈ R, çâő c‖x‖^2 ≤ (Qx, x) ≤ C‖x‖^2 ŕàĺ ńîąőň x ∈ E, ĺ őŕěàăâőà-äãŋłæĺï Qexp(·A)Q^{−1} ïćńïěâáï ãŋĺâăàŋőľ čàãŕŕőľ á ŕàőĺğćőďïéĺň őŕěàăâőàőň QAQ^{−1} .

Őŕàěďěńěŋĺě 7.1.6 Őŕěàăâőà A íłćĺćăńěŋâěŋ m-ăłłàěâĺćŋőňã, ěáńĺ áãéěáâćãěâ íłćĺćăńěŋâŋăï ŋőàňă, ć łőâőàőľ őŋ m-ăłłàěâĺćěŋ.

Ŕàěďńőęěŋĺě 7.1.13 [78] Ŕãáâì őŕěàăâőàë A ĺ A^2 őąă íłćĺćăńěŋâŋë măłłàěâĺćŋëň. Šőčďă −A ŕőàőęďăěâ àăćŋőňěàŋő őčàăŋĺçěŋŋãî ăŋăńĺâĺçěáłãî C0-ŕőńãčàãŕŕã á ãčńőň π/4. Őŕěàăâőà −A^2 ŕőàőęďăěâ ăŋăńĺâĺçěáłãî

C_0-ŕőńãčàãŕŕã á ãčńőň θ âőčďă ĺ âőńìłő âőčďă, łőčďă −A ŕőàőęďăěâ àăć-

ŋőňěàŋő őčàăŋĺçěŋŋãî ăŋăńĺâĺçěáłãî C0-ŕőńãčàãŕŕã á ãčńőň π/4+θ/2 (0 < θ < π/2). Ŕàěďńőęěŋĺě 7.1.14 [78] Ŕãáâì őŕěàăâőà A^{2k} ïćńïěâáï íłćĺćăńěŋâŋëň m-ăłłàěâĺćŋőňã ŕàĺ k = 0, n. Šőčďă A ŕőàőęďăěâ àăćŋőňěàŋő őčàăŋĺçěŋŋãî ăŋăńĺâĺçěáłãî C0-ŕőńãčàãŕŕã á ãčńőň π(1 − 2^{−n})/2 .

Őŕàěďěńěŋĺě 7.1.7 Őŕěàăâőà A ŋăğëćăěâáï âőâăńìŋő ăłłàěâĺćŋëň, ěáńĺ ďńï łăęďőčő ŋăâãàăńìŋőčő n ∈ N őŕěàăâőà A^n ïćńïěâáï ăłłàěâĺćŋëň. Ăŋăńőčĺçŋő őŕàěďěńïěâáï âőâăńìŋăï m-ăłłàěâĺćŋőáâì.

Ŕàěďńőęěŋĺě 7.1.15 [78] Śńěďãîéĺě ãáńőćĺï íłćĺćăńěŋâŋë:

(i) őŕěàăâőà A íłćĺćăńěŋâěŋ âőâăńìŋő m-ăłłàěâĺćŋőňã;

(ii) őŕěàăâőà −A ŕőàőęďăěâ ăŋăńĺâĺçěáłãî C_0-ŕőńãčàãŕŕã á ãčńőň π/2; (iii) ďńï ćáěå n ∈ N őŕěàăâőà −A^n ŕőàőęďăěâ ăŋăńĺâĺçěáłãî C_0-ŕőńã-

čàãŕŕã á ãčńőň π/2.

Ŕàěďńőęěŋĺě 7.1.16 [78] Ć čĺńìąěàâőćőň ŕàőáâàăŋáâćě H áńěďãîéĺě ãáńőćĺï íłćĺćăńěŋâŋë:

(i) őŕěàăâőà A m-ăłłàěâĺćěŋ ĺ âőâăńìŋő ăłłàěâĺćěŋ;

(ii) őŕěàăâőà A âőâăńìŋő m-ăłłàěâĺćěŋ; (iii) őŕěàăâőà A áăňőáőŕàïęěŋ ĺ ŕőńőęĺâěńěŋ.

66 ČŃĂĆĂ 7. ŘĂĆŊŐŇĚŘŊŐ ŐČŘĂŊĹŮĚŊŊŻĚ ŔŐŃŞČŘŞŔŔŻ

Ŕàěďńőęěŋĺě 7.1.17 [78] Ěáńĺ őŕěàăâőà A m-ăłłàěâĺćěŋ ć čĺńìąěàâőćőň ŕàőáâàăŋáâćě H, âő áãéěáâćãěâ âőńìłő őďĺŋ m-ăłłàěâĺćŋëľ B âăłőľ, çâő B^2 = A. Ěáńĺ W (A) ńěęĺâ ć Σ(θ), âő σ(B) ĺ W (B) áőďěàęăâáï ć

Σ(θ/2) .

Ŕàěďńőęěŋĺě 7.1.18 [29], [16] Ŕãáâì ŕőńãčàãŕŕë exp(·A), exp(·B), exp ( ·(A + B) ) ∈ G(1, 0). Šőčďă exp ( t(A + B) ) x = s- lim_{k→∞} ( exp( t k A)exp( t k B) )k x ďńï łăęďőčő x ∈ E ĺ àăćŋőňěàŋő ŕő t ĺğ ńîąőčő łőňŕăłâă ć R+ . Ŕàěďńőęěŋĺě 7.1.19 [8] Ŕãáâì A ∈ G(M, 0), x1 ∈ N(A), x2 ∈ R(A). Šőčďă 1 t ∫ t 0 exp(sA)(x_1 + x_2) ds = x_1 + O(1/t) ŕàĺ t → ∞.

Ŕàěďńőęěŋĺě 7.1.20 [8] Ŕãáâì A ∈ G(M, 0) ĺ E àěäńěłáĺćŋő. Šőčďă E =

N(A) ⊕ R(A), N(A) ∩ R(A) = {0} ĺ ŕàőěłâőà P (0) : E → N(A) ćďőńì R(A)

ĺňěěâ ŋőàňã ‖P (0)‖ ≤ M . Ąőńěě âőčő, ńîąőľ x ∈ E ŕàěďáâăćĺň ć ćĺďě x = P (0)x + (I − P (0))x ∈ N(A) ⊕ R(A) ĺ s- lim_{t→∞} t^{−1} ∫ t 0 exp(sA)x ds = P (0)x. (7.7) Ŕàěďńőęěŋĺě 7.1.21 [8] Ďńï A ∈ G(M, 0) áńěďãîéĺě ãâćěàęďěŋĺï íłćĺćăńěŋâŋë:

(i) E = N(A) ⊕ R(A); (ii) lim_{t→∞} t^{−1} ∫ t 0 exp(sA)xds áãéěáâćãěâ ďńï łăęďőčő x ∈ E ;

(iii) lim_{λ→0+} λR(λ, A)x áãéěáâćãěâ ďńï łăęďőčő x ∈ E ; (iv) lim_{λ→0+} R(λ, A)x áãéěáâćãěâ ďńï łăęďőčő x ∈ R(A).

Ŕàěďńőęěŋĺě 7.1.22 [8] (Ňãńìâĺŕńĺłăâĺćŋăï äőàňãńă Ůěàŋőćă) Ŕãáâì áěňěľáâćő áęăâĺľ {V(t), t ≥ 0} ŋă E őąńăďăěâ áćőľáâćăňĺ V(0) = I, V^′(0)x áãéěáâćãěâ ďńï ćáěå x ∈ B ⊆ E ĺ ğăňëłăŋĺě A áãęěŋĺï V^′(0)|_B ŕőàőęďăěâ áęĺňăîéãî C0-ŕőńãčàãŕŕã. Šőčďă ďńï łăęďőčő x ∈ E ĺňěěâ ňěáâő àăćěŋáâćő_{exp(tA)x = s- lim} k→∞ V(t/k)^kx àăćŋőňěàŋő ŕő t ĺğ ńîąőčő łőňŕăłâă ć R+ .

7.1. ŘĂĆŊŐŇĚŘŊŐ ŐČŘĂŊĹŮĚŊŊŻĚ ŔŐŃŞČŘŞŔŔŻ 67

Ŕàěďńőęěŋĺě 7.1.23 [133] Ŕãáâì A ∈ G(M, 0) ĺ áãéěáâćãěâ δ > 0 âăłőě, çâő ‖exp(hA) − I‖ < 2 ŕàĺ ćáěå h ∈ (0, δ) . Šőčďă ŕàĺ łăęďőň ζ ∈ (0, δ) ĺ

x ∈ E ĺňěěň

s- lim_{t→∞} t^{−1} ∫ t 0 exp(sA)x ds = s- lim_{k→∞} k^{−1} k∑ j=0 exp(jζA)x ć áńãçăě áãéěáâćőćăŋĺï őďŋőčő ĺğ ŕàěďěńőć.

Ŕàěďńőęěŋĺě 7.1.24 [127] Ŕãáâì A ∈ G(M, 0). Šőčďă ‖Ax‖ ≤ 4M^2‖x‖ · ‖A^2x‖, x ∈ D(A^2). (7.8) Ŕàěďńőęěŋĺě 7.1.25 [8] Ŕãáâì ć ãáńőćĺïå ŕàěďńőęěŋĺï 7.1.24 ŕàőáâàăŋáâćő E = H - čĺńìąěàâőćő ĺ M = 1. Šőčďă ďńï łăęďőčő x ∈ D(A^2) ĺňěěň ‖Ax‖ ≤ 2‖x‖ · ‖A^2x‖, x ∈ D(A^2). (7.9) ŕàĺçěň ŋěàăćěŋáâćő ŕěàěåőďĺâ ć àăćěŋáâćő âőčďă ĺ âőńìłő âőčďă, łőčďă

A^2x + λAx + λ^2x = 0 ĺ Re⟨A^2x, x⟩ = 0 ŕàĺ ŋěłőâőàőň λ ≥ 0 . Ěáńĺ A

ŕőàőęďăěâ C0-čàãŕŕã, âő łőŋáâăŋâă 2 ć (7.9) áâăŋőćĺâáï àăćŋőľ 1. İâő ŋěàăćěŋáâćő őâŋőáĺâáï ł áěàĺĺ ŋěàăćěŋáâć ňőňěŋâőć (áň. [22]).

Őŕàěďěńěŋĺě 7.1.8 C0-ŕőńãčàãŕŕă exp(·A) ŋăğëćăěâáï áńăąő (áĺńìŋő, àăćŋőňěàŋő) (C, α) íàčőďĺçěáłőľ ŋă ąěáłőŋěçŋőáâĺ, ěáńĺ őŕěàăâőà CH(t, α)x := αt^{−α} ∫ t 0 (t − s)^{α−1}exp(sA)x ds áãéěáâćãěâ ŕàĺ ćáěå t > 0; ∫ ∞ 0 e^{−λt}‖CH(t, α)x‖dt < ∞ ŕàĺ ćáěå x ∈ E ĺ λ > max(0, ω(A)) ĺ ěáńĺ ŕàěďěń (C, α)-lim exp(tA) := lim_{t→∞} CH(t, α) áãéěáâćãěâ ć áńăąőľ (áĺńìŋőľ, àăćŋő-

ňěàŋőľ) őŕěàăâőàŋőľ âőŕőńőčĺĺ. İâő âăł ŋăğëćăěňëľ ŕàěďěń ŕő Ůěğăàő.

Őŕàěďěńěŋĺě 7.1.9 C0-ŕőńãčàãŕŕă exp(·A) ŋăğëćăěâáï áńăąő (áĺńìŋő, àăćŋőňěàŋő) íàčőďĺçěáłőľ ŋă ąěáłőŋěçŋőáâĺ ć áňëáńě Ăąěńï , ěáńĺ ŕàěďěń

(A)- lim_{t→∞} exp(tA) := lim_{λ→0+} λ ∫ ∞ 0 e^{−λt}exp(tA)dt ≡ lim_{λ→0+} λR(λ, A) (7.10) áãéěáâćãěâ ć áőőâćěâáâćãîéěľ őŕěàăâőàŋőľ âőŕőńőčĺĺ.

Ŕőńăčăï t → 0+ ćňěáâő t → ∞ ĺńĺ λ → ∞ ćňěáâő λ → 0+, ŕőńãçĺň őŕàěďěńěŋĺï íàčőďĺçŋőáâĺ ć ŋãńě.

68 ČŃĂĆĂ 7. ŘĂĆŊŐŇĚŘŊŐ ŐČŘĂŊĹŮĚŊŊŻĚ ŔŐŃŞČŘŞŔŔŻ

Šěőàěňă 7.1.3 [37] Ěáńĺ ŕàĺ äĺłáĺàőćăŋŋőň α ≥ 0 áãéěáâćãěâ ŕàěďěń

(C, α)- lim_{t→∞} x(t) = y, âő ŕàĺ β ≥ α áãéěáâćãěâ ŕàěďěń (C, β)- lim_{t→∞} x(t) = A- lim_{t→∞} x(t) = y. Ŕàěďńőęěŋĺě 7.1.26 [37] Ŕőńãčàãŕŕă exp(·Ă) áńăąő íàčőďĺçŋă ć áňëáńě Ăąěńï ć ŋãńě (ąěáłőŋěçŋőáâĺ) âőčďă ĺ âőńìłő âőčďă, łőčďă őŋă áĺńìŋő íàčőďĺçŋă ć áňëáńě Ăąěńï ć ŋãńě (ąěáłőŋěçŋőáâĺ).

Ŕàěďńőęěŋĺě 7.1.27 [37] Ěáńĺ ŕőńãčàãŕŕă exp(·A) ŕàĺ α ≥ 0 áńăąő (C, α)- íàčőďĺçŋă ć ŋãńě, âő őŋă áĺńìŋő (C, α)-íàčőďĺçŋă ć ŋãńě. Ŕàěďńőęěŋĺě 7.1.28 [37] Ŕãáâì ŕőńãčàãŕŕă exp(·A) áĺńìŋő íàčőďĺçŋă ŕő Ăąěńî ŋă ąěáłőŋěçŋőáâĺ ĺ (A)-limt→∞ exp(tA)x := P x ŕàĺ ńîąőň x ∈ E . Šőčďă_{(i)}

őŕěàăâőà P — ŕàőěłâőà, â.ě. P = P^2 ; (ii) P exp(tA) = exp(tA)P ŕàĺ ćáěå t ≥ 0; (iii) P Ax = 0 ŕàĺ ćáěå x ∈ D(A) ĺ AP x = 0 ŕàĺ ćáěå x ∈ E; (iv) R(P ) = N(A); (v) E = R(P ) ⊕ N(P ), R(P ) ∩ N(P ) = {0}, E = N(A) ⊕ R(A). Ŕàěďńőęěŋĺě 7.1.29 [37] Ďńï C0-ŕőńãčàãŕŕë exp(·A) á ω(A) ≤ 0 áńěďãîéĺě ãáńőćĺï àăćŋőáĺńìŋë:

(i) C_0-ŕőńãčàãŕŕă exp(·A) áĺńìŋő íàčőďĺçŋă ŕő Ăąěńî ŋă ąěáłőŋěçŋőáâĺ; (ii) ŕàĺ łăęďőň x ∈ E ňŋőęěáâćő {λR(λ, A)x}_{0<λ<λ0} őâŋőáĺâěńìŋő áě-

łćěŋæĺăńìŋő áńăąő łőňŕăłâŋő;

(iii) ‖λR(λ, A)‖ ≤ M ŕàĺ 0 < λ < λ_0 ĺ E = N(A) ⊕ R(A) .

Ŕàěďńőęěŋĺě 7.1.30 [37] Ŕãáâì u-(A)-lim exp(tA) := Q. Šőčďă exp(tA) = Qexp(tB), t ≥ 0, čďě Q = Q^2, B ∈ B(E) ĺ AQ = QA = A. Łàőňě âőčő, u-lim exp(tA) = Q.

Ŕàěďńőęěŋĺě 7.1.31 [37] Ďńï ŕőńãčàãŕŕë exp(·A) á ω(A) ≤ 0 áńěďãîéĺě ãáńőćĺï íłćĺćăńěŋâŋë:

(i) C_0-ŕőńãčàãŕŕă exp(·A) àăćŋőňěàŋő íàčőďĺçŋă ŕő Ăąěńî ŋă ąěáłőŋěç-

ŋőáâĺ, ŕàĺçěň u-(A)-limt→∞ exp(tA) = P , čďě P^2 = P ∈ B(E);

(ii) âőçłă λ = 0 ïćńïěâáï ŕàőáâëň ŕőńîáőň àěğőńìćěŋâë ĺ ćëçěâ R(λ, A) őâŋőáĺâěńìŋő ŋãńï ěáâì P ;

(iii) s-lim_{λ→0+} λ^2R(λ, A) = 0 ĺ E = R(A) ⊕ N(A), ŕàĺçěň ŕőďŕàőáâàăŋ-

áâćă ğăňłŋãâë;

(iv) s-lim_{λ→0+} λ^2R(λ, A) = 0 ĺ R(A^2)— ğăňłŋãâő.

7.2. ŞŚŠŐĽŮĹĆŻĚ ŔŐŃŞČŘŞŔŔŻ 69

Ŕàěďńőęěŋĺě 7.1.32 [37] Ěáńĺ ω(A) ≤ 0 ĺ C0-ŕőńãčàãŕŕă exp(·A) àăćŋőňěàŋő íàčőďĺçŋă ŕő Ăąěńî ŋă ąěáłőŋěçŋőáâĺ, âő R(A^k) = R(A) ŕàĺ k ∈ N.

Ŕàěďńőęěŋĺě 7.1.33 [114] Ŕãáâì A ∈ G(M, 0) ĺ E - ŕàőáâàăŋáâćő Čàőâěŋďĺłă áő áćőľáâćőň Ďăŋäőàďă-Ŕěââĺáă. Ěáńĺ ŕàőáâàăŋáâćő E/^~E0 áěŕăàăąěńìŋő, âő áãéěáâćãîâ őŕěàăâőàë B, P ∈ B(E) âăłĺě, çâő I − P - ŕàőěłâőà łőŋěçŋőčő àăŋčă, P B = BP ĺ exp(tA) = P exp(tB), t ≥ 0.

7.2 Şáâőľçĺćëě ŕőńãčàãŕŕë

Ĺğćěáâěŋ łńăááĺçěáłĺľ ŕàĺňěà C0-ŕőńãčàãŕŕë (áň. [37]) , łőčďă σ(A) = ∅ ĺ

‖exp(tA)‖ = e^{(πt/2)}, t ∈ R_+. Ąőńěě âőčő (áň. [166]), ďăęě ć áńãçăě čĺńìąěàâőćă

ŕàőáâàăŋáâćă E = H ďńï ńîąëå ćěéěáâćěŋŋëå çĺáěń a < b ŋăľďěâáï âăłăï

C_0-ŕőńãčàãŕŕă exp(·A) , çâő S(A) = a ĺ ‖exp(tA)‖ = e^{bt}, t ≥ 0 .

İâĺ ŕàĺňěàë čőćőàïâ ő áãéěáâćěŋŋőň őâńĺçĺĺ ąěáłőŋěçŋőňěàŋőčő áńãçăï őâ łőŋěçŋőňěàŋőčő, łőčďă, áłăęěň, ć łăçěáâćě őŕěàăâőàă A ćëáâãŕăěâ ňăâàĺæă.

Őŕàěďěńěŋĺě 7.2.1 Ŕőńőęĺň ω(x, A) := inf{ω ∈ R : ‖exp(tA)x‖ ≤ Me^{ωt} ŕàĺ ŋěłőâőàőň Ň ĺ t ≥ 0 } - čàăŋĺæă íłáŕőŋěŋæĺăńìŋőčő àőáâă äãŋł- æĺĺ exp(·A)x. Őŕàěďěńěŋĺě 7.2.2 Ůĺáńő

ω_1(A) := sup{ω(x, A) : x ∈ D(A)} (7.11)

- ŋăğëćăěâáï čàăŋĺæěľ íłáŕőŋěŋæĺăńìŋőčő àőáâă àěèěŋĺï ğăďăçĺ Łőèĺ ŕěàćőčő ŕőàïďłă (1.4).

Őçěćĺďŋő, çâő ω(A) = sup{ω(x, A) : x ∈ E}.

Ŕàěďńőęěŋĺě 7.2.1 [122] Ďńï ńîąőčő x ∈ E ĺ ńîąőľ C0-ŕőńãčàãŕŕë exp(·A) ĺňěěň_{ω(x, A) = lim} t→∞ t^{−1} ln ‖exp(tA)x‖, ω(x, A) = inf{Reλ : ∫ ∞ 0 e^{−λt}‖exp(tA)x‖ dt áãéěáâćãěâ}, ω_1(A) = inf { Reλ : ∫ ∞ 0 e^{−λt}exp(tA)x dt áãéěáâćãěâ

70 ČŃĂĆĂ 7. ŘĂĆŊŐŇĚŘŊŐ ŐČŘĂŊĹŮĚŊŊŻĚ ŔŐŃŞČŘŞŔŔŻ łăł ŋěáőąáâćěŋŋëľ ĺŋâěčàăń ďńï ńîąőčő x ∈ E^} =

= inf { Reλ : ∫ ∞ 0 e^{−λt}‖exp(tA)x‖ dt áãéěáâćãěâ ďńï ńîąőčő x ∈ D(A) } . Ěáńĺ N(A) = {0}, âő ŕàĺ x ∈ D(A) ĺňěěň ω(x, A) = inf{Reλ : ∫ ∞ 0 e^{−λt}exp(tA)Ax dt áãéěáâćãěâ łăł ŋěáőąáâćěŋŋëľ

ĺŋâěčàăń}.

Ŕàěďńőęěŋĺě 7.2.2 [122] Őçěćĺďŋő, çâő S(A) ≤ ω1(A) ≤ ω(A) , ŕàĺçěň ěáâì ŕàĺňěàë, łőčďă őąă ŋěàăćěŋáâćă őďŋőćàěňěŋŋő áâàőčĺě. Őŕàěďěńěŋĺě 7.2.3 C0-ŕőńãčàãŕŕă exp(·A) ŋăğëćăěâáï

a) ãáâőľçĺćőľ, ěáńĺ ‖exp(tA)x‖ → 0 ŕàĺ t → ∞ ďńï ńîąőčő x ∈ D(A) ; b) àăćŋőňěàŋő ãáâőľçĺćőľ, ěáńĺ a) ćëŕőńŋïěâáï ŕàĺ ńîąőň x ∈ E; á) íłáŕőŋěŋæĺăńìŋő ãáâőľçĺćőľ, ěáńĺ ω1(A) < 0; d) àăćŋőňěàŋő íłáŕőŋěŋæĺăńìŋő ãáâőľçĺćőľ, ěáńĺ ω(A) < 0.

Ŕàěďńőęěŋĺě 7.2.3 [122] Ŕãáâì A ∈ B(E) ĺ S(A) < 0. Šőčďă C0-ŕőńãčàãŕŕă

exp(·A) àăćŋőňěàŋő íłáŕőŋěŋæĺăńìŋő ãáâőľçĺćă. Ć áńãçăě ŋěőčàăŋĺçěŋŋőčő

őŕěàăâőàă A íâő, ćőőąéě čőćőàï, ŋěćěàŋő.

Ŕàěďńőęěŋĺě 7.2.4 [122] Śńěďãîéĺě ãâćěàęďěŋĺï íłćĺćăńěŋâŋë:

(i) C_0-ŕőńãčàãŕŕă exp(·A) ãáâőľçĺćă ; (ii) N(A) = {0} ĺ ĺŋâěčàăń ∫ ∞ 0 exp(tA)x dt áãéěáâćãěâ ďńï ćáěå x ∈ D(A). Ŕàěďńőęěŋĺě 7.2.5 [122] Śńěďãîéĺě ãâćěàęďěŋĺï íłćĺćăńěŋâŋë:

(i) C_0-ŕőńãčàãŕŕă exp(·A) ãáâőľçĺćă ĺ A ∈ G(M, 0); (ii) C_0-ŕőńãčàãŕŕă exp(·A) àăćŋőňěàŋő ãáâőľçĺćă;

(iii) A ∈ G(M, 0) ĺ áãéěáâćãěâ âăłőě ŕńőâŋőě ć E ŕőďňŋőęěáâćő D̃ ⊂ E, çâő ĺŋâěčàăń ∫^∞_0 exp(tA)x dt áãéěáâćãěâ ďńï ńîąőčő x ∈ D̃.

Őąőğŋăçĺň b(x) := inf{Reλ :^{∫ ∞}_0 e^{−λt}exp(tA)x dt áãéěáâćãěâ }. Ŕàěďńőęěŋĺě 7.2.6 [125] Ŕãáâì ğăďăŋă C0-ŕőńãčàãŕŕă exp(·A) ĺ x ∈ D(A). Šőčďă

(i) ω(x, A) = max(b(x), b(Ax));

7.2. ŞŚŠŐĽŮĹĆŻĚ ŔŐŃŞČŘŞŔŔŻ 71

(ii) ěáńĺ b(Ax) ≥ 0, âő 0 ≤ ω(x, A) ≤ b(Ax) = inf{ω ∈ R : ‖exp(tA)x − x‖ ≤ Me^{ωt} ŕàĺ ŋěłőâőàőň Ň ĺ ćáěå t ≥ 0};

(iii) ěáńĺ N(A) = {0} , âő ω(x, A) = b(Ax) ;

(iv) ěáńĺ b(Ax) < 0, âő b(Ax) = inf{ω ∈ R : ‖exp(tA)x − y‖ ≤ Me^{ωt} ŕàĺ ŋěłőâőàőň Ň ĺ t ≥ 0}, čďě y ∈ N(A).

Ąőńěě âőčő, ěáńĺ N(A) = {0}, âő ω(x, A) < 0.

Őŕàěďěńěŋĺě 7.2.4 Ććěďěň őąőğŋăçěŋĺï (x ∈ E) :

γ(x, A) := inf { a ∈ R : äãŋłæĺï λ → R(λ, A)x ĺňěěâ čőńőňőàäŋőě ŕàőďőń-

ęěŋĺě ć ŕőńãŕńőáłőáâì {λ ∈ C : Reλ ≥ a}^} ,

γ_0(x, A) := inf { a ∈ R : a > γ(x, A) ĺ äãŋłæĺï R(λ, A)x őčàăŋĺçěŋă ć

ŕőńãŕńőáłőáâĺ {λ ∈ C : Reλ ≥ a}^},

γ_1(x, A) := inf { a ∈ R : a > γ(x, A) ĺ äãŋłæĺï R(λ, A)x áåőďĺâáï ł ŋãńî

àăćŋőňěàŋő ŕő Reλ ŕàĺ |Imλ| → ∞ ćő ćáěľ ŕőńãŕńőáłőáâĺ {λ ∈ C : Reλ ≥ a + ε}, ε > 0 } . Ŕàěďńőęěŋĺě 7.2.7 [125] Ďńï ńîąőčő x ∈ E ĺňěěň γ(x, A) ≤ γ0(x, A) ≤

γ_1(x, A) ≤ ω(A). Ěáńĺ ęě x ∈ D(A^2), âő γ_1(x, A) ≤ ω(x, A) ≤ max{γ(x, A), γ_0(A^2x, A)}. Ŕàěďńőęěŋĺě 7.2.8 [125] Ŕãáâì ğăďăŋă ŕőğĺâĺćŋăï àăćŋőňěàŋő őčàăŋĺçěŋŋăï C0-ŕőńãčàãŕŕă exp(·A) ć ŕàőáâàăŋáâćě E á ŋőàňăńìŋëň ćőáŕàőĺğćőďïéĺň łőŋãáőň. Ěáńĺ limλ→0+ R(λ, A)x áãéěáâćãěâ ŕàĺ ćáěå x ∈ D(A), âő

C_0-ŕőńãčàãŕŕă àăćŋőňěàŋő ãáâőľçĺćă.

Ŕàěďńőęěŋĺě 7.2.9 [122] Śńěďãîéĺě ãâćěàęďěŋĺï íłćĺćăńěŋâŋë:

(i) âĺŕ ŕőńãčàãŕŕë ω(A) < 0 ;

(ii) lim_{t→∞} ‖exp(tA)‖ = 0 ;

(iii) ŕàĺ ŋěłőâőàőň t_0 > 0 ĺňěěň ‖exp(t_0A)‖ < 1 ;

(iv) S(A) < 0 ĺ áãéěáâćãěâ t_0 âăłőě, çâő Aσ(exp(t_0A)) ńěęĺâ ćŋãâàĺ

ěďĺŋĺçŋőčő łàãčă;

(v) ďńï ńîąőčő (ŋěłőâőàőčő) p ≥ 1 áãéěáâćãěâ^{∫ ∞}_0 ‖exp(tA)x‖^p dt ŕàĺ ńîąőň x ∈ E.

72 ČŃĂĆĂ 7. ŘĂĆŊŐŇĚŘŊŐ ŐČŘĂŊĹŮĚŊŊŻĚ ŔŐŃŞČŘŞŔŔŻ

Ŕàěďńőęěŋĺě 7.2.10 [122] Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) ãáâőľçĺćă. Šőčďă_{(i) S(A) ≤ 0} ĺ Reλ < 0 ŕàĺ ńîąőň λ ∈ P σ(A) ∪ Rσ(A); (ii) ŕàěďěń lim_{λ→0+} λR(λ, A)x áãéěáâćãěâ ďńï ńîąőčő x ∈ D(A).

Ŕàěďńőęěŋĺě 7.2.11 [122] Ŕãáâì exp(·A) - àăćŋőňěàŋő őčàăŋĺçěŋŋăï ăŋăńĺâĺçěáłăï C0-ŕőńãčàãŕŕă. Šőčďă áńěďãîéĺě ãâćěàęďěŋĺï íłćĺćăńěŋâŋë: (i) 0 ∉ P σ(A) ∪ Rσ(A) ; (ii) C_0-ŕőńãčàãŕŕă exp(·A) àăćŋőňěàŋő ãáâőľçĺćă.

Ŕàěďńőęěŋĺě 7.2.12 [140] Ŕãáâì S(A) ≤ −δ < 0. Šőčďă (i) ěáńĺ ‖R(λ, A)‖ = O(|λ|^k) ŕàĺ |Imλ| → ∞ ĺ Reλ ≥ −δ, ĺ k ≥ −2, âő ŋăľďãâáï âăłĺě 0 < μ < δ ĺ g(μ) > 0 , çâő ‖A^{−(k+2)}exp(tA)x‖ ≤ g(μ)e^{−μt}‖x‖ ŕàĺ ńîąëå x ∈ E, t ≥ 0;

(ii) ěáńĺ (i) ćëŕőńŋïěâáï ŕàĺ k ≥ −1 , âő ŋăľďěâáï μ ∈ (0, δ) âăłőě,

çâő ∫_∞ 0 |e^{μt}⟨A^{−(k+1)}exp(tA)x, x^∗⟩|^2 dt ≤ K(μ, x, x^∗) ŕàĺ ćáěå x ∈ E, x^∗ ∈ E^∗ .

Ŕàěďńőęěŋĺě 7.2.13 [122] Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) ŕőğĺâĺćŋă ĺ

D(A)^− := −D(A)^+. Šőčďă ŋěàăćěŋáâćő ω_1(A) < 0 ĺňěěâ ňěáâő âőčďă ĺ

âőńìłő âőčďă, łőčďă E^+ ⊆ AD(A)^− .

Ŕàěďńőęěŋĺě 7.2.14 [122] Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) ŕőğĺâĺćŋă ĺ őčàăŋĺçěŋă. Ěáńĺ âőâăńìŋőě ć E ŕőďňŋőęěáâćő F ⊂ E^+ âăłőćő, çâő

lim_{λ→0+} R(λ, A)x áãéěáâćãěâ ŕàĺ ćáěå x ∈ F , âő C_0-ŕőńãčàãŕŕă exp(·A)

àăćŋőňěàŋő ãáâőľçĺćă.

Ŕàěďńőęěŋĺě 7.2.15 [45] Ŕãáâì E àěäńěłáĺćŋő, A ∈ G(M, 0), P σ(A)∩iR = ∅ ĺ ňŋőęěáâćő σ(A) ∩ iR áçěâŋő. Šőčďă C0-ŕőńãčàãŕŕă exp(·A) ïćńïěâáï àăćŋőňěàŋő ãáâőľçĺćőľ.

Ŕàěďńőęěŋĺě 7.2.16 [45] Ěáâì ŕàĺňěàë, łőčďă C0-ŕőńãčàãŕŕă exp(·A) àăćŋőňěàŋő ãáâőľçĺćă, P σ(A) ∩ iR = ∅, ŋő σ(A) ∩ iR ≠ ∅ .

Ŕàěďńőęěŋĺě 7.2.17 [45] Ĺňěěâáï ŕàĺňěà C0-ŕőńãčàãŕŕë, ŋě ïćńïîéěľáï àăćŋőňěàŋő ãáâőľçĺćőľ ć àěäńěłáĺćŋőň E, âăłőľ, çâő P σ(A) = ∅ ĺ σ(A) ⊆ iR.

7.2. ŞŚŠŐĽŮĹĆŻĚ ŔŐŃŞČŘŞŔŔŻ 73

Ŕàěďńőęěŋĺě 7.2.18 [45] Ŕãáâì A ∈ G(M, 0), Rσ(A)∩iR = ∅ ĺ ňŋőęěáâćő

σ(A) ∩ iR áçěâŋő. Šőčďă C_0-ŕőńãčàãŕŕă exp(·A) àăćŋőňěàŋő ãáâőľçĺćă.

Ŕàěďńőęěŋĺě 7.2.19 [45] Şâćěàęďěŋĺě ŕàěďńőęěŋĺï 7.2.18 âőçŋőě ć áńěďãîéěň áňëáńě:

(i) áãéěáâćãěâ ãŋĺâăàŋăï C0-čàãŕŕă exp(·A) âăłăï, çâő σ(A) ⊆ iR,

Rσ(A) = ∅ ĺ ć âő ęě ćàěňï íâă čàãŕŕă ŋěãáâőľçĺćă; âőçŋěě, ć íâőľ

áĺâãăæĺĺ ãáńőćĺě exp(tA)x → 0 ŕàĺ t → ∞ ćńěçěâ x = 0;

(ii) áãéěáâćãěâ C_0-ŕőńãčàãŕŕă exp(·A) âăłăï, çâő ω(A) = 0 ĺ Reλ < 0

ŕàĺ λ ∈ σ(A), őďŋăłő C0-ŕőńãčàãŕŕă exp(·A) ŋě ïćńïěâáï àăćŋőňěàŋő ãáâőľçĺćőľ;_{(iii)}

ŕãáâì E = C[0, ∞) ĺ (exp(tA)f)(s) = f(t + s). Šőčďă

σ(A) = {λ ∈ C : Reλ ≤ 0} ĺ C_0-ŕőńãčàãŕŕă exp(·A) àăćŋőňěàŋő ãáâőľçĺćă.

Ŕàěďńőęěŋĺě 7.2.20 [45] Ŕãáâì E àěäńěłáĺćŋő, A ∈ G(M, 0) ĺ ňŋőęěáâćő σ(A) ∩ iR áçěâŋő. Šőčďă E ěáâì ŕàïňăï áãňňă ĺŋćăàĺăŋâŋëå ŕőďŕàő- áâàăŋáâć Est ĺ Eap (E = Est ⊕ Eap), čďě E_{st} := {x ∈ E : lim_{t→∞} exp(tA)x = 0}, E_{ap} := span{x ∈ D(A) : Ax = λx, λ ∈ iR}. Ąőńěě âőčő, áãęěŋĺě C0-ŕőńãčàãŕŕë exp(·A) ŋă Eap ňőęěâ ąëâì ćńőęěŋő ć čàãŕŕã ŋă Eap.

Ŕàěďńőęěŋĺě 7.2.21 [140] Ŕãáâì S(A) ≤ −δ < 0 ĺ C0-ŕőńãčàãŕŕă exp(·A) áâăŋőćĺâáï ďĺääěàěŋæĺàãěňőľ. Šőčďă ŋăľďãâáï âăłĺě łőŋáâăŋâë μ ∈ (−δ, 0), K = K(μ), çâő ‖exp(tA)‖ ≤ Ke^{μt} ŕàĺ t ≥ 0. Ŕàěďńőęěŋĺě 7.2.22 [45] Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) áâăŋőćĺâáï ŋěŕàěàëćŋőľ ŕő ŋőàňě. Ěáńĺ Reλ < 0 ďńï ćáěå λ ∈ σ(A), âő C0-ŕőńãčàãŕŕă àăćŋőňěàŋő ãáâőľçĺćă.

Ŕàěďńőęěŋĺě 7.2.23 [122] Ŕãáâì ŕőğĺâĺćŋăï C0-ŕőńãčàãŕŕă exp(·A) àăćŋőňěàŋő őčàăŋĺçěŋă ĺ áâăŋőćĺâáï ŋěŕàěàëćŋőľ ŕő ŋőàňě. Šőčďă áńěďãîéĺě ãáńőćĺï íłćĺćăńěŋâŋë:

(i) C_0-ŕőńãčàãŕŕă exp(·A) àăćŋőňěàŋő ãáâőľçĺćă; (ii) 0 ∉ Rσ(A) , â.ě. N(A^∗) = {0}.

Ć áńãçăě, łőčďă E àěäńěłáĺćŋő, ãáńőćĺï (i) ĺ (ii) íłćĺćăńěŋâŋë áńěďãîéěňã:

(iii) 0 ∉ P σ(A) , â.ě. N(A) = {0} .

Ŕàěďńőęěŋĺě 7.2.24 [45] Ěáńĺ ć ŕàěďńőęěŋĺĺ 7.2.18 ãáńőćĺě őčàăŋĺçěŋŋőáâĺ A ∈ G(M, 0) ğăňěŋĺâì ŋă ŕàěďŕőńőęěŋĺï: S(A) ≤ 0 ĺ sup_{t≥0} ‖exp(tA)B‖

74 ČŃĂĆĂ 7. ŘĂĆŊŐŇĚŘŊŐ ŐČŘĂŊĹŮĚŊŊŻĚ ŔŐŃŞČŘŞŔŔŻ

< ∞, čďě B ∈ B(E)— őŕěàăâőà, łőňňãâĺàãîéĺľ á C_0-ŕőńãčàãŕŕőľ exp(·A),

âő łőŋáâăâĺàãîéăï çăáâì ğăňěŋĺâáï ŋă limt→∞ ‖exp(tA)Bx‖ = 0 ďńï ńîąőčő x ∈ E .

Ŕàěďńőęěŋĺě 7.2.25 [45] Ŕãáâì Reλ < 0 ďńï ćáěå λ ∈ σ(A) ĺ

sup_{t≥0} ‖exp(tA)Ax‖ < ∞ ŕàĺ ŋěłőâőàőň x ∈ D(A). Šőčďă lim_{t→∞} ‖exp(tA)x‖ = 0, â.ě. C_0-ŕőńãčàãŕŕă exp(·A) ãáâőľçĺćă.

Ŕàěďńőęěŋĺě 7.2.26 [117] Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) àăćŋőňěàŋő őčàăŋĺçěŋă, ňŋőęěáâćő σ(A) ∩ iR áçěâŋő ĺ áőŕàïęěŋŋëľ őŕěàăâőà A^∗ âăłőć, çâő P σ(A^∗) ∩ iR = ∅ . Šőčďă C0-ŕőńãčàãŕŕă exp(·A) àăćŋőňěàŋő ãáâőľçĺćă. Ŕàěďńőęěŋĺě 7.2.27 [117] Ŕãáâì exp(·A) — àăćŋőňěàŋő őčàăŋĺçěŋŋăï C0- čàãŕŕă ĺ σ(A) ∩ iR = ∅. Šőčďă őŋă ïćńïěâáï àăćŋőňěàŋő ãáâőľçĺćőľ.

Ŕãáâì A ∈ C(E), m ∈ N ∪ {0}. Ŕőńőęĺň ďńï λ ∈ ρ(A) ω_m(A) := inf{ω ∈ R : sup_{t≥0} ‖e^{−ωt}exp(tA)R(λ, A)^m‖ < ∞} ĺ Ξ_m(A) := inf{s > ω(A) : ‖R(a + ib, A)‖ = O(|b|^m) ŕàĺ b → ∞ ĺ a ≥ s}. Őâňěâĺň, çâő ω0(A) áőćŕăďăěâ á âĺŕőň C0-ŕőńãčàãŕŕë ω(A) .

Ŕàěďńőęěŋĺě 7.2.28 [141], [159] Ŕãáâì A ∈ G(M, ω). Šőčďă ŕàĺ ńîąőň

m ∈ N ∪ {0} (áň. ŕàěďńőęěŋĺě 7.2.12)

(i) ω_{m+2}(A) ≤ Ξ_m(A) ;

(ii) ěáńĺ E = H- čĺńìąěàâőćő, âő ω_m(A) ≤ Ξ_m(A);

(iii) áőőâŋőèěŋĺě ω_{m+1}(A) ≤ Ξ_m(A) ćëŕőńŋěŋő, ć çăáâŋőáâĺ, ěáńĺ ć

łăçěáâćě ŕàőáâàăŋáâćă E ćğïâì ŕàőáâàăŋáâćă Ńěąěčă, Ąěáőćă, Śőąőńěćă. Ŕàěďńőęěŋĺě 7.2.29 [141] Ŕőáâàőěŋë ŕàĺňěàë, łőčďă

(i) ω_{m+1}(A) < ω_m(A) ĺ S(A) < Ξ_m(A), m ∈ N ∪ {0};

(ii) E àăćŋőňěàŋő ćëŕãłńő ĺ ω_1(A) < Ξ_0(A) < ω_0(A).

Őŕàěďěńěŋĺě 7.2.5 C0-ŕőńãčàãŕŕă exp(·A) ć čĺńìąěàâőćőň ŕàőáâàăŋáâćě H ŋăğëćăěâáï áńăąő L^p ãáâőľçĺćőľ, ěáńĺ ŕàĺ ńîąëå x, y ∈ H ćëŕőńŋïěâáï ãáńőćĺě_{∫ ∞} 0 |(exp(tA)x, y)|^p dt < ∞.

7.2. ŞŚŠŐĽŮĹĆŻĚ ŔŐŃŞČŘŞŔŔŻ 75

Ŕàěďńőęěŋĺě 7.2.30 [161] Śńăąăï L^p ãáâőľçĺćőáâì C0-ŕőńãčàãŕŕë ŕàĺ ŋěłőâőàőň p ∈ [1, ∞) ćńěçěâ áńăąãî ãáâőľçĺćőáâì C0-ŕőńãčàãŕŕë ŕàĺ ńîąőň p ∈ [1, ∞). Ŕàěďńőęěŋĺě 7.2.31 [161] C0-ŕőńãčàãŕŕă exp(·A), ğăďăŋŋăï ŋă H, áńăąő

L^p ãáâőľçĺćă ŕàĺ ŋěłőâőàőň p ∈ [1, ∞) âőčďă ĺ âőńìłő âőčďă, łőčďă őŋă

àăćŋőňěàŋő íłáŕőŋěŋæĺăńìŋő ãáâőľçĺćă.

Ŕàěďńőęěŋĺě 7.2.32 [162] Śńăąăï L^p ãáâőľçĺćőáâì, ćőőąéě čőćőàï, ŋě ćńěçěâ àăćŋőňěàŋőľ íłáŕőŋěŋæĺăńìŋőľ ãáâőľçĺćőáâĺ.

Ŕàěďńőęěŋĺě 7.2.33 [122] Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) ŕőğĺâĺćŋă. Šőčďă, ěáńĺ_{(i)}

őŕěàăâőà (λI − A) őąàăâĺň ŕàĺ ńîąőň λ ≥ 0, ńĺąő_{(ii)}

őŕěàăâőà A őąàăâĺň ĺ A^{−1} ⪯ 0, âő C0-ŕőńãčàãŕŕă íłáŕőŋěŋæĺăńìŋő ãáâőľçĺćă.

Őŕàěďěńěŋĺě 7.2.6 Őŕàěďěńĺň ňŋőęěáâćő äãŋłæĺľ łőňŕńěłáŋőľ ŕěàěňěŋŋőľ áő ğŋăçěŋĺïňĺ ć E

H^∞ := {f(z) : f(·) : z → E - őčàăŋĺçěŋă ĺ ăŋăńĺâĺçŋă ŕàĺ Rez > 0}.

Ŕàěďńőęěŋĺě 7.2.34 [161] Ŕãáâì E = H – čĺńìąěàâőćő ŕàőáâàăŋáâćő, ĺ

R(z, A) ∈ H^∞. Šőčďă C_0-ŕőńãčàãŕŕă exp(·A) àăćŋőňěàŋő íłáŕőŋěŋæĺăńìŋő

ãáâőľçĺćă.

Ŕàěďńőęěŋĺě 7.2.35 [122] Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) ŕőğĺâĺćŋă, àăćŋőňěàŋő őčàăŋĺçěŋă, łćăğĺłőňŕăłâŋă ĺ S(A) = 0. Šőčďă áãéěáâćãîâ ŕőńőęĺâěńìŋëľ ŕàőěłâőà P łőŋěçŋőčő àăŋčă ĺ łőŋáâăŋâë δ > 0 ĺ M ≥ 1 âăłĺě, çâő ‖exp(tA) − P ‖ ≤ Me^{−δt} ŕàĺ ćáěå t ≥ 0.

Ŕàěďńőęěŋĺě 7.2.36 [122] Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) ŕőğĺâĺćŋă, àăćŋőňěàŋő őčàăŋĺçěŋă ĺ áâăŋőćĺâáï ŋěŕàěàëćŋőľ ŕő ŋőàňě, ă ŕàőáâàăŋáâćő E àěäńěłáĺćŋő. Šőčďă ŕàĺ ńîąőň x ∈ E áãéěáâćãěâ ŕàěďěń^^P x = s-

lim_{t→∞} exp(tA)x, čďě P̂ - ŕőńőęĺâěńìŋëľ ŕàőěłâőà ŋă N(A).

Ŕàěďńőęěŋĺě 7.2.37 [122] Ŕãáâì ć ãáńőćĺïå ĺ őąőğŋăçěŋĺïå 7.2.35 ďőŕőńŋĺâěńìŋő p – ŕőàïďőł ŕőńîáă λ0 = S(A) àěğőńìćěŋâë R(λ, A). Ŕãáâì P (λ0)– ŕàőěłâőà ŋă N((λ0I − A)^p) ćďőńì R((λ0I − A)^p). Šőčďă

(i) ďńï ńîąőčő η ∈ (0, ε) áãéěáâćãěâ łőŋáâăŋâă M(η) âăłăï, çâő ‖exp(tA)(I − P (λ_0))‖ ≤ M(η)e^{(λ0−η)t} ŕàĺ t ∈ R_+ ;

76 ČŃĂĆĂ 7. ŘĂĆŊŐŇĚŘŊŐ ŐČŘĂŊĹŮĚŊŊŻĚ ŔŐŃŞČŘŞŔŔŻ

(ii) ěáńĺ p = 1 ,âő ďńï ńîąőčő η ∈ (0, ε) ĺňěěň ‖e^{−λ0t}exp(tA) − P (λ_0)‖ ≤ M(η)e^{−ηt}, t ∈ R_+; ( iii) ěáńĺ C_0-ŕőńãčàãŕŕă exp(·A) ŋěŕàĺćőďĺňă ĺ Ax_0 = λ_0x_0, A^∗x^∗_0 = λ_0x^∗_0, ⟨x_0, x^∗_0⟩ = 1, âő ďńï ńîąëå η ∈ (0, ε) ĺ x ∈ E ‖e^{−λ0t}exp(tA)x − ⟨x, x^∗_0⟩x_0‖ ≤ M(η)e^{−ηt}, t ∈ R_+. Ŕàěďńőęěŋĺě 7.2.38 [112] C0-ŕőńãčàãŕŕă exp(·A) (C, 1)-íàčőďĺçŋă âőčďă ĺ âőńìłő âőčďă, łőčďă_{E =} {x ∈ E : exp(tA)x = x, t ∈ R_+}⊕{x ∈ E : t^{−1} ∫ t 0 exp(sA)x ds → 0 ŕàĺ t → ∞}. Ŕàěďńőęěŋĺě 7.2.39 [112] Ěáńĺ C0-ŕőńãčàãŕŕă exp(·A) (C, 1)-íàčőďĺçŋă, âő áńěďãîéĺě ãáńőćĺï íłćĺćăńěŋâŋë:

(i) íńěňěŋâ y ∈ R(A);

(ii) s-lim_{λ→0+} R(λ, A)y áãéěáâćãěâ;

(iii) s-lim_{α→∞} α^{−1} ∫ α 0 ∫ β 0 exp(sA)y dsdβ áãéěáâćãěâ; (iv) ďńï ŋěłőâőàőľ ŕőáńěďőćăâěńìŋőáâĺ {α_m} áãéěáâćãěâ w- lim_{αm→∞} α^{−1}_m ∫ α_m 0 ∫ β 0 exp(sA)y dsdβ. Ŕàěďńőęěŋĺě 7.2.40 [112] Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) âăłőćă, çâő t^{−1}‖exp(tA)‖ → 0 ŕàĺ t → ∞ ĺ sup t^{−1}‖ ∫ t 0 exp(sA)x ds‖ ≤ M‖x‖ ďńï ćáěå x ∈ E ĺ ŋěłőâőàőčő M < ∞. Šőčďă łăęďőě ĺğ ãáńőćĺľ (i)-(iv) ŕàěďńőęěŋĺï 7.2.39 íłćĺćăńěŋâŋő âőňã, çâő y ∈ R(A|_{R(A)∩D(A)}).

Ŕàěďńőęěŋĺě 7.2.41 [112] Ŕãáâì A ∈ G(M, 0). Šőčďă ãáńőćĺě y^∗ ∈ R(A^∗) àăćŋőáĺńìŋő ãáńőćĺî sup_{t>0} ‖^{∫ t}_0 exp(sA)^∗y^∗ ds‖ < ∞ .

7.3 Ăáĺňŕâőâĺłă áěňěľáâć U (�) ĺ V (�)

Ć íâőň àăğďěńě ňë àăááňăâàĺćăěň ăáĺňŕâőâĺçěáłőě ŕőćěďěŋĺě C0-áěňěľáâćă ňãńìâĺŕńĺłăâĺćŋőčő ćőğňãéěŋĺï U(·) ĺ C0-áěňěľáâćă ăďďĺâĺćŋőčő ćőğňãéěŋĺï V (·) ŕàĺ t → ∞. Ąãďěň ćáîďã áçĺâăâì, çâő C0-ŕőńãčàãŕŕă exp(·A) ćëåőďĺâ ŋă ŕàěďěń á ŕőłăğăâěńěň àőáâă λ0 ∈ R.

7.3. ĂŚĹŇŔŠŐŠĹŁĂ ŚĚŇĚĽŚŠĆ U(·) Ĺ V (·) 77

Őŕàěďěńěŋĺě 7.3.1 Čőćőàïâ, çâő C0-ŕőńãčàãŕŕă exp(·A) ćëåőďĺâ ŋă ŕàěďěń á ŕőłăğăâěńěň àőáâă λ0 ∈ R, ěáńĺ áãéěáâćãěâ őŕěàăâőà P ∈ B(E) âăłőľ, çâő_{lim} t→∞ e^{−λ0t}exp(tA)x = P x ďńï ćáěå x ∈ E. Ěáńĺ exp(·A) ćëåőďĺâ ŋă ŕàěďěń á ŕőłăğăâěńěň àőáâă λ0 ∈ R, âő ïáŋő, çâő ŋăľďěâáï ŕőáâőïŋŋăï M1 ≥ 1 áő áćőľáâćőň ‖exp(tA)‖ ≤ M_1e^{λ0t} ďńï t ≥ 0. (7.12) Ć áĺńã ŕàěďńőęěŋĺï 7.1.28 ć ďăŋŋőľ áĺâãăæĺĺ P — ŕàőěłâőà á őąńăáâìî ğŋăçěŋĺľ R(P ) = N(λ0 − A) ĺ ŋãńěćëň ŕàőáâàăŋáâćőň N(P ) = R(λ0I − A).

Ğăňěçăŋĺě 7.3.1 Ć őŕàěďěńěŋĺĺ Č.Ćěąąă ő ćëåőďě ŋă ŕàěďěń á ŕőłăğăâěńěň àőáâă λ0 ďőŕőńŋĺâěńìŋő ŕàěďŕőńăčăěâáï, çâő őŕěàăâőà P ĺňěěâ łőŋěçŋëľ àăŋč ĺ ‖e^{−λ0t}exp(tA) − P ‖ → 0 ŕàĺ t → ∞. Őŋ ŕőłăğăń [160], çâő exp(·A) ĺňěěâ àăćŋőňěàŋëľ ćëåőď ŋă łőŋěçŋőňěàŋëľ ŕàěďěń á ŕőłăğăâěńěň àőáâă

λ_0 ěáńĺ ĺ âőńìłő ěáńĺ Eω(A) < λ_0, čàăŋĺçŋëľ áŕěłâà Bσ(A) = {λ_0} ĺ λ_0 —

ŕàőáâőľ ŕőńîá àěğőńìćěŋâë R(·, A).

Ŋăň ŕőŋăďőąĺâáï áńěďãîéăï ńěňňă.

Ńěňňă 7.3.1 Ěáńĺ ŋěŕàěàëćŋăï äãŋłæĺï f(·) : [0, ∞) → E âăłőćă, çâő

lim_{t→∞} f(t) = φ, φ ∈ E, âőčďă ďńï ńîąőčő λ á Reλ > 0 ňë ĺňěěň e^{−λt} ∫ t 0 e^{λs}f(s) ds → φ/λ ŕàĺ t → ∞. (7.13) Ďőłăğăâěńìáâćő. Ůâőąë ďőłăğăâì (7.13 ), ďőáâăâőçŋő àăááňőâàěâì áńãçăľ φ = 0, âăł łăł λe^{−λt} ∫ t 0 e^{λs}(f(s) − φ) ds + φ − e^{−λt} φ = λe^{−λt} ∫ t 0 e^{λs}f(s) ds. Ŕőńőęĺć t = T + ζ, ŕőńãçĺň e^{−λt} ∫ t 0 e^{λs}f(s) ds = = e^{−λ(T +ζ)} ∫ T +ζ T e^{λs}f(s) ds + e^{−λ(T +ζ)} ∫ T 0 e^{λs}f(s) ds = = e^{−λ(T +ζ)} ∫ ζ 0 e^{λT} e^{λη}f(T + η) dη + e^{−λζ}e^{−λT} ∫ T 0 e^{λs}f(s) ds.

78 ČŃĂĆĂ 7. ŘĂĆŊŐŇĚŘŊŐ ŐČŘĂŊĹŮĚŊŊŻĚ ŔŐŃŞČŘŞŔŔŻ

Ćő-ŕěàćëå, ŕőŋïâŋő, çâő ŋőàňă ‖e^{−λζ ∫ ζ}_0 e^{λη}f(T +η) dη‖ őčàăŋĺçěŋă äãŋłæĺěľ

1/λ (1 − e^{−λζ}) sup_{t≥T} ‖f(t)‖ ďńï ćáěå ζ ĺ T . Šěŕěàì ňë ňőęěň ćëąàăâì T

âăłĺň ąőńìèĺň, çâő ŕěàćëľ çńěŋ áŕàăćă áâăŋőćĺâáï ňěŋìèě çěň ε. Šőčďă ňë ňőęěň ćëąàăâì ζ âăłőľ ąőńìèőľ, çâő ćâőàőľ çńěŋ âăłęě ąãďěâ ňěŋìèĺň çěň ε. Ňë ãáâăŋőćĺńĺ (7.13) ďńï φ = 0.

Ŕàěďńőęěŋĺě 7.3.1 Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) ćëåőďĺâ ŋă ŕàěďěń á ŕőłăğăâěńěň àőáâă λ0 ∈ R. Śŕàăćěďńĺćë áńěďãîéĺě ãâćěàęďěŋĺï :

(i) Ěáńĺ λ0 < 0, âőčďă g(t) ≡^{∫ t}_0 exp(sA) ds → −A^{−1} ć őŕěàăâőàŋőľ ŋőàňě ŕàĺ t → ∞;

(ii) Ěáńĺ λ_0 > 0, âőčďă e^{−λ0t}g(t) → P/λ_0 áĺńìŋő ŕàĺ t → ∞.

Ďőłăğăâěńìáâćő. Ěáńĺ λ0 < 0, âőčďă őŕěàăâőà A őąàăâĺň ĺ g(t) =

(exp(tA) − I)A^{−1}. Ŕőíâőňã ŕàěďěń àăćěŋ −A^{−1}. Ůâőąë ãáâăŋőćĺâì (ii), ňë

ňőęěň ŕěàěŕĺáăâì e^{−λ0t}g(t) = e^{−λ0t} ∫ t 0 e^{λ0s}e^{−λ0s}exp(sA) ds. Ŕàĺňěŋïï ńěňňã 7.3.1, ŕőńãçăěň (ii).

Ğăňěçăŋĺě 7.3.2 Ć áńãçăě λ0 > 0 ĺğ äőàňãńë e^{−λ0t} ∫ t 0 exp(sA) ds = = −λ_0 ∫ t 0 e^{−λ0s} ∫ s 0 exp(ζA) dζ ds + ∫ t 0 e^{−λ0s}exp(sA) ds ňë ćĺďĺň, çâő ěáńĺ exp(·A) ãďőćńěâćőàïěâ (7.12) ( ąěğ ŕàěďŕőńőęěŋĺï, çâő exp(·A) ćëåőďĺâ ŋă ŕàěďěń á ŋěłőâőàëň ŕőłăğăâěńěň àőáâă) ĺ ěáńĺ áãéěáâćãěâ ŕàěďěń ŕő Ůěğăàő P = s-limt→∞^1_t^{∫ t}_0 e^{−λ0s}exp(sA) ds, âőčďă áãéěáâćãěâ ĺ áĺńìŋëľ ŕàěďěń ŕő Ůěğăàő s- lim_{t→∞} 1 t ∫ t 0 e^{−λ0s} ∫ s 0 exp(τA) dτ ds = P/λ_0. Ďńï ďőłăğăâěńìáâćă áńãçăï λ0 = 0 âěőàěňë 7.3.1 ŋăň ŋãęŋő ãâćěàęďěŋĺě

7.2.40, łőâőàőě ňë ŕěàěäőàňãńĺàãěň ğďěáì áńěďãîéĺň őąàăğőň:

Ŕãáâì sup_{t>0} ‖^1_t^{∫ t}_0 exp(sA)ds‖ < ∞ ĺ^1_t exp(tA) → 0 áĺńìŋő ŕàĺ t → ∞. Šőčďă x := limt→∞^1_t^{∫ t}_0^{∫ s}_0 exp(τA)y dτ ds áãéěáâćãěâ ěáńĺ ĺ âőńìłő ěáńĺ

7.3. ĂŚĹŇŔŠŐŠĹŁĂ ŚĚŇĚĽŚŠĆ U(·) Ĺ V (·) 79

y ∈ D(A) ∩ R(A) ( = R(A) ć áńãçăě, ěáńĺ exp(·A) íàčőďĺçŋă ). Łàőňě âőčő,

íâőâ íńěňěŋâ x — ěďĺŋáâćěŋŋőě àěèěŋĺě ãàăćŋěŋĺï Ax = −y ć R(A), âő ěáâì x = −^~A^{−1}y, čďě^~A = A|_{R(A)}.

Ĺáŕőńìğãï ŕàěďńőęěŋĺï 2.4.1 (iv), 7.3.1 ĺ ćëèěãŕőňïŋãâãî âěőàěňã, ŕőńãçăěň:

Šěőàěňă 7.3.1 Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) ćëåőďĺâ ŋă ŕàěďěń á ŕőłăğăâěńěň àőáâă λ0 ∈ R. Śŕàăćěďńĺćë áńěďãîéĺě ãâćěàęďěŋĺï:

(i) Ěáńĺ λ0 < 0, âőčďă ďńï łăęďőčő λ > ω ĺňěěň ‖U(t) − λ(A − λ)A^{−1}Û(λ)‖ → 0 ŕàĺ t → ∞. Ć çăáâŋőáâĺ, U(t)x → −A^{−1}λ(λ − A)^^U(λ)x ďńï x ∈ D(A^^U(λ));

(ii) Ěáńĺ λ_0 = 0, âőčďă lim_{t→∞}^1_t ∫ t 0 U(s)x ds áãéěáâćãěâ âőčďă ĺ âőńìłő

âőčďă^^U(λ)x ∈ R(A) ďńï ŋěłőâőàőčő ( ĺ, ğŋăçĺâ, ćáěå ) λ > ω. Ć íâőň áńãçăě ŕàěďěń −λ(λ−A)^~A^{−1^}U(λ)x ŋě ğăćĺáĺâ őâ λ ĺ àăćěŋ −^~A^{−1}λ(λ−A)^^U(λ)x, ěáńĺ x ∈ D(A^^U(λ));

(iii) Ěáńĺ λ_0 > 0, âőčďă ďńï łăęďőčő λ > ω ĺ x ∈ E ŕàěďěń lim_{t→∞} e^{−λ0t}U(t)x = λ(λ/λ_0 − 1)P Û(λ)x àăćěŋ λ^{−1}_0 λ^2Û(λ)x, ěáńĺ Û(λ)x ∈ N(λ_0 − A), ĺ àăćěŋ ŋãńî, ěáńĺ Û(λ)x ∈ R(λ_0 − A).

Ďőłăğăâěńìáâćő. (i) Ĺğ λ0 < 0 áńěďãěâ, çâő A - őąàăâĺň ĺ ‖exp(tA)‖ → 0 ŕàĺ t → ∞. Ŕőíâőňã ć áĺńã (iv) ŕàěďńőęěŋĺï 2.4.1 ňë ĺňěěň U(t) = (exp(tA) − I)A^{−1}λ^2Û(λ) − (exp(tA) − I)λÛ(λ) → −λ(λ − A)A^{−1}Û(λ) ć őŕěàăâőàŋőľ ŋőàňě ŕàĺ t → ∞.

(ii) λ_0 = 0 ŕőďàăğãňěćăěâ exp(tA) → P áĺńìŋő ŕàĺ t → ∞. Ĺğ àăćěŋáâćă 1 t ∫ t 0 U(s)x ds = = 1 t ∫ t 0 ∫ s 0 exp(uA)λ^2Û(λ)x duds − 1 t ∫ t 0 exp(sA)λÛ(λ)x ds + λÛ(λ)x ňë ćĺďĺň, çâő áãéěáâćőćăŋĺě ŕàěďěńă áńěćă íłćĺćăńěŋâŋő áãéěáâćőćăŋĺî ŕàěďěńă ŕěàćőčő çńěŋă á ŕàăćőľ áâőàőŋë, çâő ć áćőî őçěàěďì íłćĺćăńěŋâŋő âőňã, çâő^^U(λ)x ∈ R(A). Łàőňě âőčő, lim_{t→∞} 1 t ∫ t 0 ∫ s 0 exp(uA)Û(λ)x du ds = −Ã^{−1}Û(λ)x (áň. ŋăŕàĺňěà [137], âěőàěňă 3.4), čďě^~A = A|_{(I−P )E}. Şâćěàęďěŋĺě ďőłăğăŋő.

(iii) Ďńï λ_0 > 0 ňőęŋő ğăŕĺáăâì e^{−λ0t}U(t)x =

80 ČŃĂĆĂ 7. ŘĂĆŊŐŇĚŘŊŐ ŐČŘĂŊĹŮĚŊŊŻĚ ŔŐŃŞČŘŞŔŔŻ = e^{−λ0t} ∫ t 0 e^{λ0s} ( e^{−λ0s}exp(sA) ) λ^2Û(λ)x ds − e^{−λ0t} ( exp(tA) − I ) λÛ(λ)x. Šőčďă, ŕàĺňěŋïï ńěňňã 7.3.1 ł f(t) = e^{−λ0t}exp(tA)λ^{2^}U(λ)x, ňë ŕőńãçăěň, çâő ŕàěďěń ěáâì^{P λ2Û(λ)x}_{λ0} .

Šěőàěňă 7.3.2 Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) ćëåőďĺâ ŋă ŕàěďěń á ŕőłăğăâěńěň àőáâă λ0 ∈ R. Śŕàăćěďńĺćë áńěďãîéĺě ãâćěàęďěŋĺï :

(i) Ěáńĺ λ0 < 0, âőčďă ‖V (t) −^^V (λ)λ(A − λ)A^{−1}‖ → 0 ďńï łăęďőčő λ > ω ŕàĺ t → ∞. Ć çăáâŋőáâĺ, V (t)x → −^^V (λ)A^{−1}λ(λ − A)x ďńï x ∈ D(A);

(ii) Ěáńĺ λ_0 = 0, âőčďă lim_{t→∞}^1_t ∫ t 0 V (s)x ds áãéěáâćãěâ ěáńĺ ĺ âőńìłő

ěáńĺ x ∈ R(A) ďńï ŋěłőâőàőčő ( ĺ áńěďőćăâěńìŋő ćáěå ) λ > ω. Ć íâőň áńãçăě, ŕàěďěń àăćěŋ −^^V (λ)λ(λ − A)^~A^{−1}x, ŕàĺçěň őŋ ŋě ğăćĺáĺâ őâ λ, ĺ ďńï x ∈ D(A) àăćěŋ −V̂ (λ)Ã^{−1}λ(λ − A)x. (iii) Ěáńĺ λ_0 > 0, âőčďă ďńï łăęďőčő λ > ω ĺ x ∈ E ŕàěďěń lim_{t→∞} e^{−λ0t}V (t)x = V̂ (λ)λ(λ/λ_0 − 1)P x, łőâőàëľ àăćěŋ V̂ (λ)λ^{−1}_0 λ(λ − A)x,

ěáńĺ x ∈ N(λ0 − A) ĺ àăćěŋ ŋãńî, ěáńĺ x ∈ R(λ0 − A).

Ŕàěďńőęěŋĺě 7.3.2 Ěáńĺ C0-ŕőńãčàãŕŕă exp(·A) ćëåőďĺâ ŋă ŕàěďěń á ŕőłăğăâěńěň àőáâă λ0 = 0 ŕő Č.Ćěąąã, âőčďă

(i) lim_{t→∞} U(t)x áãéěáâćãěâ ěáńĺ ĺ âőńìłő ěáńĺ ŋăľďěâáï âăłőě λ >

ω, çâő^^U(λ)x ∈ R(A). Ć íâőň áńãçăě, ŕàěďěń àăćěŋ −λ(λ − A)^~A^{−1^}U(λ)x, łőâőàëľ àăćěŋ âăłęě −^~A^{−1}λ(λ − A)^^U(λ)x ěáńĺ x ∈ D(^^U(λ));

(ii) u-lim_{t→∞}^1_t U(t) = λ^2Û(λ).

Ďőłăğăâěńìáâćő. Śőčńăáŋő ŋăèĺň ŕàěďŕőńőęěŋĺïň, łăł ŕőłăğăŋő ć [160], ňë ĺňěěň àăğńőęěŋĺě E = P E ⊕ (I − P )E, čďě exp(tA)P = P ďńï t ≥ 0 ĺ

‖exp(tA)(I − P )‖ ≤ C_2e^{γt} á Eω(A) < γ < 0 ďńï t ≥ 0. Ŕőíâőňã ĺğ äőàňãńë U(t) = ( I − exp(tA) ) λÛ(λ) + λ ( tP + Ã^{−1}(exp(tA) − I)(I − P ) ) λÛ(λ), čďě ‖^~A^{−1}exp(tA)(I −P )‖ ≤ C1e^{γt} ďńï ćáěå t ≥ 0 á Eω(A) < γ < 0, ňë ŕőńãçăěň àěğãńìâăâ.

Ŕàěďńőęěŋĺě 7.3.3 Ěáńĺ C0-ŕőńãčàãŕŕă exp(·A) ćëåőďĺâ ŋă ŕàěďěń á ŕőłăğăâěńěň àőáâă λ0 = 0 ŕő Č.Ćěąąã, âőčďă

(i) lim_{t→∞} V (t)x áãéěáâćãěâ ěáńĺ ĺ âőńìłő ěáńĺ x ∈ R(A). Ć íâőň

áńãçăě ŕàěďěń àăćěŋ −λ^^V (λ)(λ − A)^~A^{−1}x;

(ii) u-lim_{t→∞}^1_t V (t) = λ^2V̂ (λ)P .

7.3. ĂŚĹŇŔŠŐŠĹŁĂ ŚĚŇĚĽŚŠĆ U(·) Ĺ V (·) 81

Ďőłăğăâěńìáâćő âěőàěňë 7.3.2 ĺ ŕàěďńőęěŋĺï 7.3.3 ăŋăńőčĺçŋő áńãçăî ďńï áěňěľáâćă U(·).

Ğăňěçăŋĺě 7.3.3 Şáńőćĺě ćëåőďă ŋă ŕàěďěń ŕő Č.Ćěąąã ňőęŋő őáńăąĺâì, ĺáŕőńìğãï ŕàěďńőęěŋĺě 10.2.1. Ć áăňőň ďěńě, ďńï C0-ŕőńãčàãŕŕë á ćëåőďőň ŋă ŕàěďěń ŕàĺ λ0 = 0 ŕàőáâàăŋáâćő E àăáéěŕĺâáï ŋă Est ĺ Eap, čďě

exp(tA)x → 0 ŕàĺ t → ∞ ďńï ńîąőčő x ∈ E_{st}. Ŋă ŕőďŕàőáâàăŋáâćě E_{ap} C_0-ŕőńãčàãŕŕă exp(·A) ïćńïěâáï ŕőçâĺ ŕěàĺőďĺçěáłőľ C_0-čàãŕŕőľ.

Čńăćă 8

Ŕőğĺâĺćŋëě ŕőńãčàãŕŕë

Ŕőńőęĺâěńìŋőáâì – őďŋő ĺğ áăňëå ğăňěçăâěńìŋëå áćőľáâć ăŋăńĺğă. Ć âěőàĺĺ ŕőńãčàãŕŕ őŕěàăâőàőć ć ąăŋăåőćëå ŕàőáâàăŋáâćăå íâő áćőľáâćő ćëğćăńő őąèĺàŋëľ ŕőâőł ŕãąńĺłăæĺľ, ŋě ŕőďďăîéĺľáï ŋă áěčőďŋï ŋĺłăłőňã őąğőàã. Ňŋőčĺě ăąáâàăłâŋëě ãâćěàęďěŋĺï, ŕőńãçěŋŋëě ć íâőň ŋăŕàăćńěŋĺĺ, őłăğăńĺáì ŕőçâĺ őŕâĺňăńìŋëňĺ ďńï łőŋłàěâŋëå ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ.

8.1 Ąăŋăåőćë ŕàőáâàăŋáâćă á łőŋãáőň

Őŕàěďěńěŋĺě 8.1.1 Ŕőďňŋőęěáâćő E^+ ąăŋăåőćă ŕàőáâàăŋáâćă E ěáâì łőŋãá, ěáńĺ_{(i) E+}

ćëŕãłńő ;

(ii) ćňěáâě á ńîąëň íńěňěŋâőň x ∈ E^+ łőŋãá E^+ áőďěàęĺâ ĺ ńãç {tx : t ≥ 0}; (iii) E^+ ŋě áőďěàęĺâ ŕàőâĺćőŕőńőęŋëå íńěňěŋâőć, â.ě. ěáńĺ x ∈ E^+,

âő −x ∉ E^+ ;

(iv) E^+ ğăňłŋãâő.

Őŕàěďěńěŋĺě 8.1.2 Ďńï ďćãå íńěňěŋâőć x, y ∈ E áőőâŋőèěŋĺě x ⪯ y íłćĺćăńěŋâŋő ãáńőćĺî y − x ∈ E^+ .

Őŕàěďěńěŋĺě 8.1.3 Łőŋãá E^+ ŋăğëćăěâáï ćőáŕàőĺğćőďïéĺň, ěáńĺ E =

E^+ − E^+.

Ŕàěďńőęěŋĺě 8.1.1 Ďńï ńîąőčő ćőáŕàőĺğćőďïéěčő łőŋãáă ć ąăŋăåőćőň ŕàőáâàăŋáâćě E áãéěáâćãěâ âăłőě çĺáńő ζ > 0 , çâő ďńï łăęďőčő x ∈ E ĺňěěâáï ŕàěďáâăćńěŋĺě x = x1 −x2 , ć łőâőàőň ‖xj‖ ≤ ζ ·‖x‖ (xj ∈ E^+, j = 1, 2).

8.1. ĄĂŊĂŢŐĆŻ ŔŘŐŚŠŘĂŊŚŠĆĂ Ś ŁŐŊŞŚŐŇ 83

Ůăáâŋëň áńãçăěň ćőáŕàőĺğćőďïéěčő łőŋãáă ïćńïěâáï âěńěáŋëľ, â.ě. łőŋãá, áőďěàęăéĺľ ćŋãâàěŋŋĺě âőçłĺ.

Őŕàěďěńěŋĺě 8.1.4 Łőŋãá ŋăğëćăěâáï ŋőàňăńìŋëň, ěáńĺ ŕàĺ ŋěłőâőàőň çĺáńě ν ĺ ńîąëå 0 ⪯ x ⪯ y áńěďãěâ, çâő ‖x‖ ≤ ν · ‖y‖ . Ěáńĺ ν = 1, âő łőŋãá ŋăğëćăěâáï őáâàëň.

Őŕàěďěńěŋĺě 8.1.5 Ňŋőęěáâćő S ⊆ E ŕőàïďłőćő őčàăŋĺçěŋő, ěáńĺ áãéěáâćãěâ âăłőľ íńěňěŋâ x̃, çâő x ⪯ x̃ ďńï ćáěå x ∈ S. İńěňěŋâ x̃ ŕàĺ íâőň ŋăğëćăěâáï ćěàåŋěľ čàăŋìî ďńï ňŋőęěáâćă S.

Őŕàěďěńěŋĺě 8.1.6 Śãŕàěňãňőň ňŋőęěáâćă S ⊆ E (ŕĺèãâ sup S) ŋăğëćăîâ ŋăĺňěŋìèãî ĺğ ćáěå ćěàåŋĺå čàăŋěľ S (ěáńĺ őŋă áãéěáâćãěâ). Ăŋăńőčĺçŋő őŕàěďěńïěâáï ĺŋäĺňãň ňŋőęěáâćă .

Őŕàěďěńěŋĺě 8.1.7 Ąăŋăåőćă áâàãłâãàă (àěèěâłă) ěáâì ŕőńããŕőàïďőçěŋŋőě ąăŋăåőćő ŕàőáâàăŋáâćő (â.ě. ŕàőáâàăŋáâćő á ćőáŕàőĺğćőďïéĺň łőŋãáőň E^+ ), ďńï łőâőàőčő

(i) łőŋãá E^+ őáâàëľ;

(ii) ďńï łăęďőľ ŕăàë íńěňěŋâőć x, y ∈ E őŕàěďěńěŋ ĺå sup.

Őŕàěďěńěŋĺě 8.1.8 Ŕãáâì E — ąăŋăåőćă áâàãłâãàă. Ňőďãńěň íńěňěŋâă x ∈ E ŋăğőćěň ćěńĺçĺŋã |x| := x^+ +x^−, čďě x^+ = sup(x, 0) - ŕőńőęĺâěńìŋăï çăáâì íńěňěŋâă x, x^− = sup(−x, 0) - őâàĺæăâěńìŋăï çăáâì íńěňěŋâă x. Őŕàěďěńěŋĺě 8.1.9 Ŕőńããŕőàïďőçěŋŋőě ŕàőáâàăŋáâćő ŋăğëćăěâáï ŕőàïďłőćő ŕőńŋëň, ěáńĺ ćáïłőě ŕőàïďłőćő őčàăŋĺçěŋŋőě ňŋőęěáâćő ć ŋěň ĺňěěâ

sup. Őŋő ŋăğëćăěâáï σ -ŕőàïďłőćő ŕőńŋëň, ěáńĺ ćáïłőě áçěâŋőě ŕőàïď-

łőćő őčàăŋĺçěŋŋőě ňŋőęěáâćő ĺňěěâ sup.

Őŕàěďěńěŋĺě 8.1.10 Ďćă íńěňěŋâă x, y ąăŋăåőćőľ áâàãłâãàë E ŋăğëćăîâáï ďĺğêîŋłâŋëňĺ, ěáńĺ inf{|x|, |y|} = 0.

Őŕàěďěńěŋĺě 8.1.11 Ŕãáâì A, B ∈ B(E) . Čőćőàïâ, çâő A ⪯ B , ěáńĺ

Ax ⪯ Bx ďńï ćáěå x ∈ E^+ .

Őŕàěďěńěŋĺě 8.1.12 Ěáńĺ 0 ⪯ A ∈ L(E) , âő A ŋăğőćěň ŕőńőęĺâěńìŋëň.

Ŕàěďńőęěŋĺě 8.1.2 Łăęďëľ ŕőńőęĺâěńìŋëľ ńĺŋěľŋëľ őŕěàăâőà ć ąăŋăåőćőľ àěèěâłě E ïćńïěâáï őčàăŋĺçěŋŋëň.

84 ČŃĂĆĂ 8. ŔŐĞĹŠĹĆŊŻĚ ŔŐŃŞČŘŞŔŔŻ

8.2 Ŕőğĺâĺćŋëě C0-ŕőńãčàãŕŕë

Őŕàěďěńěŋĺě 8.2.1 C0-ŕőńãčàãŕŕă exp(·A), ďěľáâćãîéăï ć ŕőńããŕőàïďőçěŋŋőň ŕàőáâàăŋáâćě E , ŋăğëćăěâáï ŕőğĺâĺćŋőľ, ěáńĺ

exp(tA)E^+ ⊆ E^+ ŕàĺ ńîąőň t ≥ 0. (8.1)

Ŕàěďńőęěŋĺě 8.2.1 [122] Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) ŕőğĺâĺćŋă ĺ x ⪯ y. Šőčďă_{exp(tA)x ⪯ exp(tA)y} ŕàĺ ńîąőň t ≥ 0. (8.2)

Ŕàěďńőęěŋĺě 8.2.2 [27] Ŕőğĺâĺćŋőáâì C0-ŕőńãčàãŕŕë exp(·A) íłćĺćăńěŋâŋă ćëŕőńŋěŋĺî ńîąőčő ĺğ ãáńőćĺľ :

(i) àěğőńìćěŋâă ŕőńőęĺâěńìŋă ŕàĺ ćáěå λ > ω(A), â.ě. R(λ, A)E^+ ⊆ E^+; (ii) ĺğ x ⪯ y áńěďãěâ R(λ, A)x ⪯ R(λ, A)y ŕàĺ Reλ > ω(A). Őŕàěďěńěŋĺě 8.2.2 Ťãŋłæĺőŋăń y^∗ ∈ E^∗ ŋăğőćěň ŕőńőęĺâěńìŋëň, ěáńĺ

⟨x, y^∗⟩ ≥ 0 ďńï ćáěå x ∈ E^+. Śőćőłãŕŋőáâì ŕőńőęĺâěńìŋëå äãŋłæĺőŋăńőć

őąőğŋăçĺň E^{∗+}.

Ŕàěďńőęěŋĺě 8.2.3 Ěáńĺ łőŋãá E^+ ŋőàňăńěŋ, âő E^{∗+} - łőŋãá ć E^∗ .

Ŕàěďńőęěŋĺě 8.2.4 [46] Ěáńĺ C0-ŕőńãčàãŕŕă exp(·A) ŕőğĺâĺćŋă, âő D(A)^+

:= D(A) ∩ E^+ ŕńőâŋő ć E^+, â.ě. D(A)^+ = E^+, ĺ D(A^∗)^+ w^∗-ŕńőâŋő ć E^{∗+}.

Ŕàěďńőęěŋĺě 8.2.5 [105] Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) ŕőğĺâĺćŋă, a łőŋãá E^+ ïćńïěâáï ŋőàňăńìŋëň ĺ ćőáŕàőĺğćőďïéĺň. Šőčďă àăćěŋáâćő (2.3) áőåàăŋïěâáï ŕàĺ S(A) < Reμ ≤ ω(A), â.ě. R(μ, A)x = ∫ ∞ 0 e^{−μt}exp(tA)xdt, (8.3) čďě ĺŋâěčàăń áãéěáâćãěâ łăł ŋěáőąáâćěŋŋëľ ĺŋâěčàăń Řĺňăŋă.

Ŕàěďńőęěŋĺě 8.2.6 [27] Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A)x ŕőğĺâĺćŋă, ă E - ąăŋăåőćă áâàãłâãàă. Šőčďă |R(μ, A)x| ⪯ R(Reμ, A)|x| ďńï ćáěå x ∈ E ĺ Reμ > S(A). (8.4) Őŕàěďěńěŋĺě 8.2.3 Ńĺŋěľŋőě ŕőďňŋőęěáâćő J ⊂ E ć ąăŋăåőćőľ àěèěâłě ěáâì ĺďěăń, ěáńĺ ĺğ x ∈ E, y ∈ J ĺ |x| ⪯ |y| áńěďãěâ, çâő x ∈ J.

8.2. ŔŐĞĹŠĹĆŊŻĚ C0-ŔŐŃŞČŘŞŔŔŻ 85

Őŕàěďěńěŋĺě 8.2.4 Ŕőğĺâĺćŋăï ŕőńãčàãŕŕă exp(·A) ŋă ąăŋăåőćőľ àěèěâłě E ŋăğëćăěâáï ŋěŕàĺćőďĺňőľ, ěáńĺ ńĺèì {0} ĺ E ïćńïîâáï ĺďěăńăňĺ, ĺŋćăàĺăŋâŋëňĺ őâŋőáĺâěńìŋő áěňěľáâćă {exp(tA), t ≥ 0}.

Őŕàěďěńěŋĺě 8.2.5 Ěáńĺ x ⪰ 0 , âő ŋăĺňěŋìèĺľ ĺďěăń, áőďěàęăéĺľ x, ŋăğëćăěâáï čńăćŋëň ĺďěăńőň , őâćěçăîéĺň x, ĺ őąőğŋăçăěâáï J_x.

Őŕàěďěńěŋĺě 8.2.6 Ěáńĺ J_x ŕńőâŋő ć E, âő íńěňěŋâ x ŋăğëćăěâáï łćăğĺćŋãâàěŋŋĺň.

Őŕàěďěńěŋĺě 8.2.7 C0-ŕőńãčàãŕŕă exp(·A) ŋăğëćăěâáï áâàőčő ŋěŕàĺćőďĺňőľ , ěáńĺ ďńï ńîąëå x ⪰ 0, t > 0 ćáě íńěňěŋâë exp(tA)x — łćăğĺćŋãâàěŋŋĺě ďńï łőŋãáă E^+ .

Ğăňěâĺň, çâő ăŋăńőčĺçŋëň őąàăğőň ňőęŋő őŕàěďěńĺâì ŕőŋïâĺě ŋěŕàĺćőďĺňőáâĺ ĺ áâàőčőľ ŋěŕàĺćőďĺňőáâĺ ďńï ńîąőčő áěňěľáâćă őŕěàăâőàőć (ŋăŕàĺňěà, ďńï àěğőńìćěŋâë R(λ, A) ŕàĺ λ, ŕàĺŋăďńěęăéĺå ŋěłőâőàőňã ŕőďňŋőęěáâćã łőňŕńěłáŋőľ ŕńőáłőáâĺ).

Ŕàěďńőęěŋĺě 8.2.7 [105] Ěáńĺ E - ąăŋăåőćă áâàãłâãàă, âő áńěďãîéĺě ãâćěàęďěŋĺï íłćĺćăńěŋâŋë:

(i) C_0-ŕőńãčàãŕŕă exp(·A) ŋěŕàĺćőďĺňă; (ii) R(λ, A) áâàőčő ŋěŕàĺćőďĺňă ďńï ćáěå λ > S(A); (iii) R(λ, A) ŋěŕàĺćőďĺňă ďńï ćáěå λ > S(A);

(iv) ďńï ńîąëå x ≻ 0, y^∗ ≻ 0 ŋăľďěâáï âăłőě t ≥ 0, çâő ĺňěěâ ňěáâő ŋěàăćěŋáâćő ⟨exp(tA)x, y^∗⟩ > 0 . Ŕàěďńőęěŋĺě 8.2.8 [27] Ŋěŕàĺćőďĺňăï ŕőńőęĺâěńìŋăï ăŋăńĺâĺçěáłăï C0- ŕőńãčàãŕŕă ïćńïěâáï áâàőčő ŋěŕàĺćőďĺňőľ.

Ŕàěďńőęěŋĺě 8.2.9 [53], [27] Ŕãáâì ăŋăńĺâĺçěáłăï C0-ŕőńãčàãŕŕă

exp(·A) ŕőğĺâĺćŋă ŋă ąăŋăåőćőľ áâàãłâãàě E. Ěáńĺ 0 ⪯ x ∈ E ĺ 0 ⪯ x^∗ ∈ E^∗

âăłőćë, çâő ⟨exp(t0A)x, x^∗⟩ = 0 ŕàĺ ŋěłőâőàőň t0 > 0 , âő

⟨exp(tA)x, x^∗⟩ = 0 ŕàĺ ńîąőň t ∈ R_+. (8.5)

Őŕàěďěńěŋĺě 8.2.8 Ťãŋłæĺőŋăń p(x), őŕàěďěńěŋŋëľ ŋă ćěłâőàŋőň ŕàőáâàăŋáâćě E, ŋăğőćěň áãąńĺŋěľŋëň, ěáńĺ

(i) p(x + y) ≤ p(x) + p(y) ŕàĺ x, y ∈ E;

(ii) p(λx) = λp(x) ŕàĺ x ∈ E, λ ≥ 0 .

86 ČŃĂĆĂ 8. ŔŐĞĹŠĹĆŊŻĚ ŔŐŃŞČŘŞŔŔŻ

Őŕàěďěńěŋĺě 8.2.9 Ć ŕőńããŕőàïďőçěŋŋőň ąăŋăåőćőň ŕàőáâàăŋáâćě E łăŋőŋĺçěáłĺň äãŋłæĺőŋăńőň ŕő őâŋőèěŋĺî ł ğăďăŋŋőľ ŕőńããŕőàïďőçěŋŋőáâĺ ŋăğőćěň äãŋłæĺőŋăń

p^+(x) := inf{‖x + y‖ : y ∈ E^+}. (8.6)

Ŕàěďńőęěŋĺě 8.2.10 [27] Ŕãáâì E - ŕőńããŕőàïďőçěŋŋőě ąăŋăåőćő ŕàőáâàăŋáâćő. Šőčďă łăŋőŋĺçěáłĺľ äãŋłæĺőŋăń áãąńĺŋěěŋ ĺ p^+(x) + p^+(−x) > 0. Ěáńĺ E - ąăŋăåőćă áâàãłâãàă, âő p^+(x) = ‖x^+‖ .

Őŕàěďěńěŋĺě 8.2.10 Ŕãáâì ć ąăŋăåőćőň ŕàőáâàăŋáâćě E äãŋłæĺőŋăń p(·) áãąńĺŋěěŋ ĺ ŋěŕàěàëćěŋ. Őŕěàăâőà A ∈ L(E) ŋăğëćăěâáï p-ďĺááĺŕăâĺć-ŋëň, ěáńĺ p(x) ≤ p(x − tAx) ďńï ćáěå t ≥ 0 ĺ x ∈ D(A).

Őŕàěďěńěŋĺě 8.2.11 Ŕãáâì p -áãąńĺŋěľŋëľ äãŋłæĺőŋăń. Őâőąàăęěŋĺě T ∈

L(E) ŋăğëćăěâáï p-áęăâĺěň, ěáńĺ p(Tx) ⪯ p(x) ďńï ćáěå x ∈ E.

Ŕàěďńőęěŋĺě 8.2.11 [27] Ć ŕőńããŕőàïďőçěŋŋőň ąăŋăåőćőň ŕàőáâàăŋáâćě ćáïłőě p^+ - áęăâĺě ěáâì ŕőńőęĺâěńìŋëľ őŕěàăâőà, ĺ ćáïłĺľ ŕőńőęĺâěńìŋëľ áęĺňăîéĺľ őŕěàăâőà ěáâì p^+ - áęăâĺě.

Ŕàěďńőęěŋĺě 8.2.12 [27] Ć ŕőńããŕőàïďőçěŋŋőň ąăŋăåőćőň ŕàőáâàăŋáâćě ćáïłăï C0-ŕőńãčàãŕŕă exp(·A) ěáâì p^+ áęăâĺě ŕàĺ ćáěå t ≥ 0 âőčďă ĺ âőńìłő âőčďă, łőčďă ěě čěŋěàăâőà p^+ - ďĺááĺŕăâĺćěŋ.

Šěőàěňă 8.2.1 [27] Ŕãáâì łőŋãá E^+ ŋőàňăńěŋ. Ďńï âőčő çâőąë ńĺŋěľŋëľ őŕěàăâőà A ąëń čěŋěàăâőàőň p^+ - áęĺňăîéěľ C0-ŕőńãčàãŕŕë, ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë ćëŕőńŋïńĺáì áńěďãîéĺě ãáńőćĺï:

(i) őŕěàăâőà A ąëń ŕńőâŋő őŕàěďěńěŋ;

(ii) őŕěàăâőà A ąëń p^+ - ďĺááĺŕăâĺćěŋ;

(iii) őąńăáâì ğŋăçěŋĺľ R(λI − A) = E ďńï ŋěłőâőàőčő λ > 0.

Őŕàěďěńěŋĺě 8.2.12 Őŕěàăâőàŋăï ŋőàňă ć B(E) ŋăğëćăěâáï ŕőńőęĺâěńìŋő ďőáâĺęĺňőľ, ěáńĺ ‖B‖ = sup{‖Bx‖ : 0 ⪯ x ∈ E; ‖x‖ ≤ 1} (8.7) ďńï łăęďőčő ŕőńőęĺâěńìŋőčő őŕěàăâőàă B ∈ B(E).

8.2. ŔŐĞĹŠĹĆŊŻĚ C0-ŔŐŃŞČŘŞŔŔŻ 87

Šěőàěňă 8.2.2 [27] Ŕãáâì łőŋãá E^+ őáâàëľ ĺ ŋőàňă ć B(E) ŕőńőęĺâěńìŋő ďőáâĺęĺňă. Ďńï âőčő çâőąë A ąëń čěŋěàăâőàőň ŕőğĺâĺćŋőľ áęĺňăîéěľ ŕőńãčàãŕŕë, ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë

(i) őŕěàăâőà A ąëń ŕńőâŋő őŕàěďěńěŋ;

(ii) őŕěàăâőà A ąëń p^+ - ďĺááĺŕăâĺćěŋ;

(iii) őąńăáâì ğŋăçěŋĺľ R(λI − A) = E ŕàĺ ŋěłőâőàőň λ > 0 .

Ğăňěçăŋĺě. Şâćěàęďěŋĺï íâőľ âěőàěňë őáâăîâáï ć áĺńě ĺ ąěğ ŕàěďŕőńőęěŋĺï ŕőńőęĺâěńìŋőľ ďőáâĺęĺňőáâĺ ŋőàňë ć áńãçăě, łőčďă E - ąăŋăåőćă áâàãłâãàă.

Śŕàăćěďńĺć áńěďãîéĺľ ăŋăńőč âěőàěňë 2.1.1 ő ŕőàőęďěŋĺĺ C0-ŕőńãčàãŕ- ŕë. Ŕàěďńőęěŋĺě 8.2.13 [53], [27] Ŕãáâì łőŋãá E^+ őáâàëľ, ŋőàňă ć B(E) ŕőńőęĺâěńìŋő ďőáâĺęĺňă. Őŕěàăâőà A ŕőàőęďăěâ ŕőğĺâĺćŋãî C0-ŕőńãčàãŕŕã exp(·A) âőčďă ĺ âőńìłő âőčďă, łőčďă A ∈ C(E), (ω, ∞) ∈ ρ(A) ĺ

p^+ ( R(λ, A)^nx ) ≤ M (λ − ω)^n p^+(x), λ > ω, (8.8) ŕàĺ ćáěå x ∈ E, n ∈ N. Ŕàěďńőęěŋĺě 8.2.14 [53], [27] Ďńï ŕàőĺğćőńìŋőľ ąăŋăåőćőľ áâàãłâãàë ŕàěďńőęěŋĺě 8.2.13 őáâăěâáï áŕàăćěďńĺćő á ğăňěŋőľ (8.8) ŋă ‖ ( R(λ, A)^nx )+ ‖ ≤ M (λ − ω)^n ‖x^+‖ (8.9) ŕàĺ ćáěå x ∈ E, n ∈ N. Őŕàěďěńěŋĺě 8.2.13 Čőćőàïâ, çâő őŕěàăâőà A ∈ G(M, ω), őŕàěďěńěŋŋëľ ŋă ąăŋăåőćőľ áâàãłâãàě E, ãďőćńěâćőàïěâ ãáńőćĺî ŕőńőęĺâěńìŋőčő ňĺŋĺňãňă, ěáńĺ ďńï ćáěå x ∈ D(A)^+ ĺ φ ∈ E^{⊙+} := E^{∗+} ∩ E^⊙ àăćěŋáâćő

⟨x, φ⟩ = 0 ćńěçěâ ŋěàăćěŋáâćő ⟨Ax, φ⟩ ≥ 0.

Ŕàěďńőęěŋĺě 8.2.15 [27] [89] Čěŋěàăâőà ŕőğĺâĺćŋőľ C0-ŕőńãčàãŕŕë ãďőćńěâćőàïěâ ãáńőćĺî ŕőńőęĺâěńìŋőčő ňĺŋĺňãňă.

Ŕàěďńőęěŋĺě 8.2.16 [156] Ŕãáâì A ∈ G(M, ω) ĺ áãéěáâćãěâ âăłăï áěàďæěćĺŋă D0 őŕěàăâőàă A, çâő ĺğ ŕàĺŋăďńěęŋőáâĺ x ∈ D0 áńěďãěâ |x| ∈ D0. Šőčďă ĺğ ćëŕőńŋěŋĺï ãáńőćĺï ŕőńőęĺâěńìŋőčő ňĺŋĺňãňă ďńï A áńěďãěâ ŕőğĺâĺćŋőáâì C0-ŕőńãčàãŕŕë exp(·A).

88 ČŃĂĆĂ 8. ŔŐĞĹŠĹĆŊŻĚ ŔŐŃŞČŘŞŔŔŻ

Ŕàěďńőęěŋĺě 8.2.17 [42] Ŕãáâì Δ -őŕěàăâőà Ńăŕńăáă. Šőčďă ďńï ńîąőčő íńěňěŋâă f ∈ L^{loc}_1 (R^d) âăłőčő, çâő Δf ∈ L^{loc}_1 (R^d), ĺňěěâ ňěáâő őæěŋłă Re ( signf · Δf ) ≤ Δ|f|, (8.10) čďě signf — ğŋăł äãŋłæĺĺ f.

Őŕàěďěńěŋĺě 8.2.14 Ďńï łăęďőčő x ∈ E őŕàěďěńĺň ńĺŋěľŋëľ őŕěàăâőà

sign_x áćőľáâćăňĺ: (i) sign_xx = |x| ; (ii) |sign_xy| ⪯ |y| ďńï ćáěå y ∈ E; (iii) sign_xy = 0 , ěáńĺ inf{|x|, |y|} = 0.

Ŕàěďńőęěŋĺě 8.2.18 [122], [27] Ć σ-ŕőàïďłőćő ŕőńŋőľ ąăŋăåőćőľ áâàãłâãàě ŕő ńîąőňã x ∈ E őŕěàăâőà signx őŕàěďěńïěâáï őďŋőğŋăçŋő.

Ŕàěďńőęěŋĺě 8.2.19 [42], [134] Ŕãáâì A ∈ G(M, 0). Šőčďă áńěďãîéĺě ãáńőćĺï íłćĺćăńěŋâŋë:

(i) C_0-ŕőńãčàãŕŕă exp(·A) ŕőğĺâĺćŋă;

(ii) ďńï ćáěå x ∈ D(A) ĺ ćáěå 0 ⪯ φ ∈ D(A^⊙) ĺňěěň ⟨sign_x∗∗ (Ax)^{∗∗}, φ⟩ ≤ ⟨|x|, A^⊙φ⟩ ĺ ŕàĺ łăęďőň λ > 0 áãéěáâćãěâ ňŋőęěáâćő Kλ ⊂ D(A^⊙)^+ âăłőě, çâő

(λI − A^⊙)K_λ őâďěńïěâ E^+ \ {0} őâ 0, â.ě. ďńï łăęďőčő 0 ≺ x ∈ E áãéě-

áâćãěâ 0 ⪯ φ ∈ D(A^⊙) âăłőľ, çâő ⟨x, (λI − A^⊙)φ⟩ > 0. Ŕàěďńőęěŋĺě 8.2.20 [134] Ŕãáâì ć ãáńőćĺïå ŕàěďńőęěŋĺï 8.2.19 ďőŕőńŋĺâěńìŋő E – ďěďěłĺŋďőćő ŕőńŋő (â.ě. ńîąőě ňăęőàĺàãěňőě ŕőďňŋőęěáâćő

S ⊂ E ĺňěěâ sup S ∈ E). Šőčďă áńěďãîéĺě ãáńőćĺï íłćĺćăńěŋâŋë:

(i) C_0-ŕőńãčàãŕŕă exp(·A) ŕőğĺâĺćŋă;

(ii) ďńï łăęďőčő x ∈ D(A) ĺ 0 ⪯ φ ∈ D(A)^∗ ĺňěěň ⟨sign_x(Ax), φ⟩ ≤ ⟨|x|, A^∗φ⟩, ĺ ďńï łăęďőčő λ > 0 áãéěáâćãěâ ňŋőęěáâćő Kλ ∈ D(A^∗)^+ âăłőě, çâő

(λI − A^∗)K_λ őâďěńïěâ E^+ \ {0} őâ 0.

8.2. ŔŐĞĹŠĹĆŊŻĚ C0-ŔŐŃŞČŘŞŔŔŻ 89

Őŕàěďěńěŋĺě 8.2.15 Ńĺŋěľŋëľ őŕěàăâőà A ć σ - ŕőàïďłőćő ŕőńŋőľ ąăŋăåőćőľ áâàãłâãàě ãďőćńěâćőàïěâ ŋěàăćěŋáâćã Łăâő, ěáńĺ ⟨sign_x(Ax), φ⟩ ≤ ⟨|x|, A^∗φ⟩ (8.11) ďńï ćáěå x ∈ D(A) ĺ 0 ⪯ φ ∈ D(A^∗).

Ŕàěďńőęěŋĺě 8.2.21 [41], [42] Čěŋěàăâőà ŕőğĺâĺćŋőľ C0-ŕőńãčàãŕŕë ć σ -ŕőàïďłőćő ŕőńŋőľ ąăŋăåőćőľ áâàãłâãàě ãďőćńěâćőàïěâ ŋěàăćěŋáâćã Łăâő

(8.11).

Ďńï äőàňãńĺàőćłĺ ďőáâăâőçŋëå ãáńőćĺľ ććőďïâáï ďőŕőńŋĺâěńìŋëě łőŋáâàãłæĺĺ.

Őŕàěďěńěŋĺě 8.2.16 Ňŋőęěáâćő S ⊂ E^{⊙+} ŋăğëćăěâáï áâàőčő ŕőńőęĺâěńìŋëň, ěáńĺ ďńï ńîąőčő x ∈ E^+ ĺğ àăćěŋáâć ⟨x, φ⟩ = 0 ŕàĺ ńîąőň φ ∈ S áńěďãěâ, çâő x = 0.

Őŕàěďěńěŋĺě 8.2.17 Ťãŋłæĺőŋăń φ ŋăğëćăěâáï áâàőčő ŕőńőęĺâěńìŋëň, ěáńĺ ňŋőęěáâćő {αφ : α ∈ R+} áâàőčő ŕőńőęĺâěńìŋő.

Őŕàěďěńěŋĺě 8.2.18 İńěňěŋâ x ∈ E ŋăğëćăěâáï ŕőńőęĺâěńìŋëň áãąćěłâőàőň őŕěàăâőàă A ∈ L(E), ěáńĺ 0 ⪯ x ∈ D(A) ĺ Ax ⪯ λx ŕàĺ ŋěłőâőàőň λ ∈ R.

Ŕàěďńőęěŋĺě 8.2.22 [27] Ěáńĺ exp(·A) — ŕőğĺâĺćŋăï C0-ŕőńãčàãŕŕă ć ąăŋăåőćőľ áâàãłâãàě E , âő áãéěáâćãěâ áâàőčő ŕőńőęĺâěńìŋőě ŕőďňŋőęěáâćő K ⊂ E, áőáâőïéěě ĺğ ŕőńőęĺâěńìŋëå áãąćěłâőàőć A.

Ŕàěďńőęěŋĺě 8.2.23 [27] Ŕãáâì exp(·A) — C0-ŕőńãčàãŕŕă ć σ - ŕőàïďłőćő ŕőńŋőľ ąăŋăåőćőľ áâàãłâãàě. Šőčďă áńěďãîéĺě ãáńőćĺï íłćĺćăńěŋâŋë:

(i) C_0-ŕőńãčàãŕŕă exp(·A) ŕőğĺâĺćŋă;

(ii) őŕěàăâőà A ãďőćńěâćőàïěâ ŋěàăćěŋáâćã Łăâő, ĺ A^∗ ĺňěěâ áâàőčő

ŕőńőęĺâěńìŋőě ňŋőęěáâćő ŕőńőęĺâěńìŋëå áãąćěłâőàőć.

Ŕàěďńőęěŋĺě 8.2.24 [27] Ěáńĺ ć ãáńőćĺïå 8.2.23 ŋă E őŕàěďěńěŋ áâàőčő ŕőńőęĺâěńìŋëľ äãŋłæĺőŋăń, âő ŕőğĺâĺćŋőáâì C0-ŕőńãčàãŕŕë exp(·A) íłćĺćăńěŋâŋă áãéěáâćőćăŋĺî âăłőčő ŕőńőęĺâěńìŋőčő áãąćěłâőàă φ őŕěàăâőàă A^∗, ďńï łőâőàőčő ćëŕőńŋïěâáï ŋěàăćěŋáâćő (8.11).

90 ČŃĂĆĂ 8. ŔŐĞĹŠĹĆŊŻĚ ŔŐŃŞČŘŞŔŔŻ

Őŕàěďěńěŋĺě 8.2.19 Ńĺŋěľŋëľ őŕěàăâőà A őąńăďăěâ ŕőńőęĺâěńìŋëň ćŋěďĺăčőŋăńìŋëň áćőľáâćőň, ěáńĺ ĺğ àăćěŋáâćă ⟨x, φ⟩ = 0 ŕàĺ 0 ⪯ x ∈

D(A), 0 ⪯ φ ∈ E^∗ áńěďãěâ, çâő ⟨Ax, φ⟩ ≥ 0. (Śà. á őŕàěďěńěŋĺěň 8.2.13).

Ŕàěďńőęěŋĺě 8.2.25 [46], [53] Ŕãáâì łőŋãá E^+ âěńěáěŋ. C0-ŕőńãčàãŕŕă

exp(·A) ŕőğĺâĺćŋă âőčďă ĺ âőńìłő âőčďă, łőčďă A őąńăďăěâ ŕőńőęĺâěńì-

ŋëň ćŋěďĺăčőŋăńìŋëň áćőľáâćőň ĺ R(λ, A) ≥ 0 ďńï ďőáâăâőçŋő ąőńìèĺå ćěéěáâćěŋŋëå λ.

Ŕàěďńőęěŋĺě 8.2.26 [46], [53] Ďńï ŕàőáâàăŋáâćă E á ŋőàňăńìŋëň âěńěáŋëň łőŋãáőň ĺ őŕěàăâőàă A ∈ G(M, ω) íłćĺćăńěŋâŋë ãáńőćĺï:

(i) őŕěàăâőà A - čěŋěàăâőà ŕőğĺâĺćŋőľ C0-ŕőńãčàãŕŕë;

(ii) őŕěàăâőà A őąńăďăěâ ŕőńőęĺâěńìŋëň ćŋěďĺăčőŋăńìŋëň áćőľáâćőň

ĺ R(λI − A) = E ŕàĺ ďőáâăâőçŋő ąőńìèĺå λ ∈ R;

(iii) R(λ, A) ≥ 0 ŕàĺ ďőáâăâőçŋő ąőńìèĺå λ ∈ R .

Ŕàěďńőęěŋĺě 8.2.27 [46], [53] Şáńőćĺï (i)-(iii) ŕàěďńőęěŋĺï 8.2.26 ćńěłãâ àăćěŋáâćă_{S(A) = ω(A) =} = inf{λ ∈ R : Ax ⪯ λx ďńï ŋěłőâőàőčő x ∈ D(A) ∩ intE^+}, čďě S(A) - áŕěłâàăńìŋăï čàăŋì C0-ŕőńãčàãŕŕë.

Ŕàěďńőęěŋĺě 8.2.28 [27] Ěáńĺ C0-ŕőńãčàãŕŕă exp(·A) ŕőğĺâĺćŋă ć ąăŋăåőćőľ áâàãłâãàě L^1(Ω, μ) ĺńĺ L^2(Ω, μ), âő S(A) = ω(A) .

Ŕàěďńőęěŋĺě 8.2.29 [104], [105] Ŕãáâì exp(·A) – ŕőğĺâĺćŋăï C0-ŕőńãčàãŕŕă ć ąăŋăåőćőľ áâàãłâãàě E . Šőčďă:

(i) ěáńĺ σ(A) ≠ ∅ , âő S(A) ěáâì âőçłă áŕěłâàă;

(ii) ěáńĺ S(A) - ŕőńîá àěğőńìćěŋâë R(λ, A) ŕőàïďłă m ĺ λ̃ - ďàãčőľ ŕőńîá

á Re^~λ = S(A), âő ěčő ŕőàïďőł ŋě ŕàěćëèăěâ m;

(iii) ćáě çĺáńă S(A) + ik · Imλ̃, (k ∈ Z) ćåőďïâ ć σ(A) ; (iv) ěáńĺ exp(·A) áâăŋőćĺâáï łőňŕăłâŋőľ, âő áãéěáâćãěâ âăłőě ε > 0,

çâő ć ŕőńőáě S(A) − ε < Rěλ < S(A) ŋěâ âőçěł áŕěłâàă őŕěàăâőàă A;

(v) ěáńĺ C0-ŕőńãčàãŕŕă exp(·A) ŋěŕàĺćőďĺňă ĺ S(A) - ŕőńîá àěğőńìćěŋâë, âő S(A) - áőąáâćěŋŋőě çĺáńő ăńčěąàăĺçěáłőľ łàăâŋőáâĺ ěďĺŋĺæă ĺ őâćěçăîéĺľ ěňã áőąáâćěŋŋëľ ćěłâőà ïćńïěâáï łćăğĺćŋãâàěŋŋĺň íńěňěŋâőň;

(vi) čàăŋĺçŋëľ áŕěłâà Bσ(A) (â.ě. çăáâì áŕěłâàă σ(A), ńěęăéăï ŋă

ŕàïňőľ S(A) + iξ , čďě ξ ∈ R) áőáâőĺâ ĺğ áőąáâćěŋŋëå ğŋăçěŋĺľ ăńčěąàăĺçěáłőľ łàăâŋőáâĺ ěďĺŋĺæă ćĺďă S(A) + iνk á k ∈ Z ĺ äĺłáĺàőćăŋŋëň ν ≥ 0.

8.2. ŔŐĞĹŠĹĆŊŻĚ C0-ŔŐŃŞČŘŞŔŔŻ 91

Ŕàěďńőęěŋĺě 8.2.30 [27] Ěáńĺ ć ãáńőćĺïå ŕàěďńőęěŋĺï 8.2.29 S(A) < 0, âő áãéěáâćãěâ âăłőě ω > 0, çâő ďńï ńîąőčő x0 ∈ D(A) ćëŕőńŋïěâáï ŋěàăćěŋáâćő_{‖exp(tA)x} 0‖ ≤ M_0e^{−ωt}, t ≥ 0, čďě M0 ňőęěâ ğăćĺáěâì őâ x0 .

Ŕàěďńőęěŋĺě 8.2.31 [27] Ěáńĺ C0-ŕőńãčàãŕŕă exp(·A) ŕőńőęĺâěńìŋă ć ąăŋăåőćőľ áâàãłâãàě E, âő S(A) = ω1(A).

Őŕàěďěńěŋĺě 8.2.20 Ŕőğĺâĺćŋăï C0-ŕőńãčàãŕŕă exp(·A) ňăęőàĺàãěâ C0- ŕőńãčàãŕŕã exp(·G), ěáńĺ |exp(tG)x| ⪯ exp(tA)|x| ŕàĺ ćáěå x ∈ E, t ≥ 0. Ŕàěďńőęěŋĺě 8.2.32 [122] C0-ŕőńãčàãŕŕă exp(·G) ňăęőàĺàãěâáï C0-ŕőńãčàãŕŕőľ exp(·A) âőčďă ĺ âőńìłő âőčďă, łőčďă |R(λ, G)x| ⪯ R(λ, A)|x| ďńï ćáěå

x ∈ E ĺ ąőńìèĺå ćěéěáâćěŋŋëå λ .

Ŕàěďńőęěŋĺě 8.2.33 [122] C0-ŕőńãčàãŕŕă exp(·G) ňăęőàĺàãěâáï C0-ŕőńãčàãŕŕőľ exp(·A) âőčďă ĺ âőńìłő âőčďă, łőčďă ćëŕőńŋïěâáï őąőąéěŋŋőě ŋěàăćěŋáâćő Łăâő: Re⟨sign_x(Gx), φ⟩ ≤ ⟨|x|, A^⊙φ⟩ ďńï ćáěå x ∈ D(G), (8.12) čďě φ ∈ D(A^⊙)^+ ĺ ŕàĺ łăęďőň λ > 0 áãéěáâćãěâ ňŋőęěáâćő Kλ ⊂ D(A^⊙)^+ âăłőě, çâő ⟨x, (λI − A^⊙)φ⟩ ≥ 0 ŕàĺ ćáěå φ ∈ Kλ ĺ x ⪰ 0.

Ŕàěďńőęěŋĺě 8.2.34 [122] Ć áńãçăě ďěďěłĺŋďőćőľ ŕőńŋőâë ŕàőáâàăŋáâćă E ŕàěďńőęěŋĺě 8.2.33 ĺğňěŋïěâáï ăŋăńőčĺçŋő ĺğňěŋěŋĺî 8.2.19 ŋă ŕàěďńőęěŋĺě 8.2.20.

Ŕàěďńőęěŋĺě 8.2.35 [42] Ŕãáâì exp(·A) — ŕőğĺâĺćŋăï C0-ŕőńãčàãŕŕă, G - ŕńőâŋő őŕàěďěńěŋŋëľ ńĺŋěľŋëľ őŕěàăâőà ĺ ćëŕőńŋěŋő (8.12). Šőčďă G ďőŕãáłăěâ ğăňëłăŋĺě G. Ěáńĺ (λI − G)D(G) ŕńőâŋő ć E ďńï ŋěłőâőàőčő

λ > max{0, S(A)}, âő G ŕőàőęďăěâ C_0-ŕőńãčàãŕŕã exp(·G), łőâőàăï ňăęő-

àĺàãěâáï C0-ŕőńãčàãŕŕőľ exp(·A).

Ŕàěďńőęěŋĺě 8.2.36 [122] Ŕãáâì C0-ŕőńãčàãŕŕë exp(·A) ĺ exp(·G) ŕőğĺâĺćŋë. Šőčďă ãáńőćĺï: (i) exp(tG) ⪯ exp(tA) ŕàĺ t ≥ 0; (ii) ⟨Gx, φ⟩ ≤ ⟨x, A^⊙φ⟩ ďńï ćáěå x ∈ D(G)^+, φ ∈ D(A^⊙)^+ ; íłćĺćăńěŋâŋë ĺ ćńěłãâ ğă áőąőľ ćëŕőńŋěŋĺě áőőâŋőèěŋĺï (iii) Gx ⪯ Ax ŕàĺ 0 ⪯ x ∈ D(A) ∩ D(G).

92 ČŃĂĆĂ 8. ŔŐĞĹŠĹĆŊŻĚ ŔŐŃŞČŘŞŔŔŻ

Ŕàěďńőęěŋĺě 8.2.37 [122] Ěáńĺ ć ãáńőćĺïå ŕàěďńőęěŋĺï 8.2.36 D(A) ⊆

D(G) ĺńĺ D(G) ⊆ D(A) , âő ĺğ (iii) áńěďãěâ (i).

Ŕàěďńőęěŋĺě 8.2.38 [27] Ŕãáâì E - ąăŋăåőćă áâàãłâãàă á ŕőàïďłőćő ŋěŕàěàëćŋőľ ŋőàňőľ, ă exp(·A)— ŕőğĺâĺćŋăï C0-ŕőńãčàãŕŕă ŋă E . Ŕãáâì ğăďăŋă ŕőńãčàãŕŕă^~T(·) âăłăï, çâő äãŋłæĺï^~T(·)x ĺğňěàĺňă ŕàĺ łăęďőň x ∈ E ĺ exp(tA) ⪯^~T(t), t ≥ 0, ŕàĺçěň sup_{t≥0} ‖^~T(t)‖ < ∞. Šőčďă^~T(·) ïćńïěâáï ŕőğĺâĺćŋőľ C0-ŕőńãčàãŕŕőľ.

Őŕàěďěńěŋĺě 8.2.21 Ňőďãńěň C0-ŕőńãčàãŕŕë exp(·A), łőâőàëľ őąőğŋăçăěâáï |exp(·A)|, ŋăğëćăîâ ňĺŋĺňăńìŋãî ŕőğĺâĺćŋãî C0-ŕőńãčàãŕŕã, łőâőàăï ňăęőàĺàãěâ C0-ŕőńãčàãŕŕã exp(·A).

Ŕàěďńőęěŋĺě 8.2.39 [122] Ĺňěîâáï ŕàĺňěàë C0-ŕőńãčàãŕŕ, ďńï łőâőàëå ŋě áãéěáâćãěâ ňőďãńï.

Ŕàěďńőęěŋĺě 8.2.40 [54] Ŕãáâì A - őčàăŋĺçěŋŋëľ őŕěàăâőà ć ŕőàïďłőćő ŕőńŋőľ łőňŕńěłáŋőľ ąăŋăåőćőľ áâàãłâãàě, ŕàěďáâăćĺňëľ ć ćĺďě àăğŋőáâĺ ďćãå ŕőńőęĺâěńìŋëå őŕěàăâőàőć. Šőčďă ďńï ŕőńãčàãŕŕë exp(·A) áãéěáâćãěâ ňőďãńì ŕőńãčàãŕŕë.

Ŕàěďńőęěŋĺě 8.2.41 [54] Ěáńĺ ďńï ŋěłőâőàőľ C0-ŕőńãčàãŕŕë exp(·A) ć ŕőàïďłőćő ŕőńŋőľ ąăŋăåőćőľ áâàãłâãàě áãéěáâćãěâ ňăęőàĺàãîéăï C0-ŕőńãčàãŕŕă, âő áãéěáâćãěâ ĺ |exp(·A)|.

Ŕàěďńőęěŋĺě 8.2.42 [54] Ŕãáâì exp(·A) - ŋěłőâőàăï C0-ŕőńãčàãŕŕă ć ŕőàïďłőćő ŕőńŋőľ ąăŋăåőćőľ áâàãłâãàě, Q ∈ B(E) âăłőć, çâő Q ⪯ γI ŕàĺ ŋěłőâőàőň γ > 0. Šőčďă ďńï C0-ŕőńãčàãŕŕ exp(·A) ĺ exp(·(A + Q)) ňőďãńĺ áãéěáâćãîâ ĺńĺ ŋě áãéěáâćãîâ őďŋőćàěňěŋŋő ĺ čěŋěàăâőàë ňőďãńěľ (ěáńĺ őŋĺ áãéěáâćãîâ) A_{|•|} ĺ (A + Q)_{|•|} áćïğăŋë áőőâŋőèěŋĺěň (A + Q)_{|•|} = A_{|•|} + Re Q. Őŕàěďěńěŋĺě 8.2.22 Ńĺŋěľŋëľ őŕěàăâőà A, ďěľáâćãîéĺľ ć ŕőńããŕőàïďőçěŋŋőň ŕàőáâàăŋáâćě E á ŋőàňăńìŋëň ćőáŕàőĺğćőďïéĺň łőŋãáőň E^+, ŋăğëćăěâáï àěğőńìćěŋâŋő ŕőğĺâĺćŋëň, ěáńĺ

(i) (ζ_0, ∞) ⊂ ρ(A) ŕàĺ ŋěłőâőàőň ζ_0 ∈ R; (ii) R(λ, A) ⪰ 0 ŕàĺ ćáěå λ > ζ_0 .

Őŕàěďěńěŋĺě 8.2.23 Ĺŋäĺŋĺňãň ζ0 , ãďőćńěâćőàïîéĺå őŕàěďěńěŋĺî 8.2.22, őąőğŋăçĺň S+(A).

8.3. ŔŐŃŐĘĹŠĚŃĲŊŐŚŠĲ ŚĚŇĚĽŚŠĆ U(·) Ĺ V (·) 93

Ŕàěďńőęěŋĺě 8.2.43 [43] Ďńï àěğőńìćěŋâŋő ŕőğĺâĺćŋëå őŕěàăâőàőć ŕàĺ

S_+(A) < λ < μ ĺňěěâ ňěáâő ŋěàăćěŋáâćő 0 ⪯ R(μ, A) ⪯ R(λ, A).

Ŕàěďńőęěŋĺě 8.2.44 [43] Ĺňěîâáï ŕàĺňěàë àěğőńìćěŋâŋő ŕőğĺâĺćŋëå őŕěàăâőàőć, ŋě ïćńïîéĺåáï čěŋěàăâőàăňĺ C0-ŕőńãčàãŕŕ.

Ŕàěďńőęěŋĺě 8.2.45 [43] Ěáńĺ exp(·A) - ŕőğĺâĺćŋăï C0-ŕőńãčàãŕŕă,âő

S_+(A) = S(A).

Őŕàěďěńěŋĺě 8.2.24 Ňŋőęěáâćő Q ⊂ E^+ ŋăğëćăěâáï łőäĺŋăńìŋëň ć

E^+, ěáńĺ ďńï łăęďőčő x ∈ E^+ áãéěáâćãěâ ňăęőàăŋâă x ⪯ y ∈ Q.

Ŕàěďńőęěŋĺě 8.2.46 [43] Ěáńĺ A — ŕńőâŋő őŕàěďěńěŋŋëľ àěğőńìćěŋâŋő ŕőğĺâĺćŋëľ őŕěàăâőà, D(A)^+ łőäĺŋăńìŋő ć E^+ ĺńĺ D(A^⊙)^+ łőäĺŋăńìŋő ć E^{⊙+}, âő A ïćńïěâáï čěŋěàăâőàőň ŕőğĺâĺćŋőľ C0-ŕőńãčàãŕŕë, ŕàĺçěň S(A) = ω(A). Ŕàěďńőęěŋĺě 8.2.47 [43] Ŕãáâì A ŕńőâŋő őŕàěďěńěŋ ĺ àěğőńìćěŋâŋő ŕőğĺâĺćěŋ. Šőčďă, ěáńĺ ‖R(λ0, A)x‖ ≥ c‖x‖, x ∈ E^+, ŕàĺ ŋěłőâőàëå λ0 > S(A) ĺ c > 0, âő A ŕőàőęďăěâ ŕőğĺâĺćŋãî C0-ŕőńãčàãŕŕã ĺ S(A) = ω(A).

Ŕàěďńőęěŋĺě 8.2.48 [43] Ŕãáâì ŋőàňă ŕàőáâàăŋáâćă E ăďďĺâĺćŋă ŋă łőŋãáě E^+ ĺ D(A) = E. Šőčďă áńěďãîéĺě ãâćěàęďěŋĺï íłćĺćăńěŋâŋë:

(i) A ŕőàőęďăěâ ŕőğĺâĺćŋãî C_0-čàãŕŕã őŕěàăâőàőć;

(ii) őŕěàăâőàë A ĺ −A àěğőńìćěŋâŋő ŕőğĺâĺćŋë, ĺ áãéěáâćãîâ âăłĺě λ > max{S(A), S(−A)} ĺ c > 0, çâő ‖R(λ, ±A)x‖ ≥ c‖x‖ ŕàĺ ćáěå x ∈ E^+.

8.3 Ŕőńőęĺâěńìŋőáâì áěňěľáâć U (�) ĺ V (�)

Ć ŋăáâőïéěň àăğďěńě ňë ŕàěďŕőńăčăěň, çâő E ïćńïěâáï ąăŋăåőćőľ àěèěâłőľ á ŕőńőęĺâěńìŋëň łőŋãáőň E^+.

Őŕàěďěńěŋĺě 8.3.1 Čőćőàïâ, çâő C0-áěňěľáâćő ňãńìâĺŕńĺłăâĺćŋëå ćőğňãéěŋĺľ U(·) ŋă E ŕőńőęĺâěńìŋő , ěáńĺ ďńï łăęďőčő t ≥ 0 őŕěàăâőà

U(t) ŕőńőęĺâěńěŋ ( ŕĺèěň, U(t) ⪰ 0 ), â.ě. U(t)E^+ ⊆ E^+. Ć áńãçăě, łőčďă

E ïćńïěâáï čĺńìąěàâőćëň ŕàőáâàăŋáâćőň H áő áłăńïàŋëň ŕàőĺğćěďěŋĺěň

(·, ·), ňë čőćőàĺň, çâő U(·) ŕőńőęĺâěńìŋő ( ŕĺèěň U(·) ≥ 0 ), ěáńĺ ďńï łă-

ęďőčő t ≥ 0 őŕěàăâőà U(t) ŕőńőęĺâěńěŋ ć âőň áňëáńě, çâő (U(t)x, x) ≥ 0 ďńï ćáěå x ∈ E.

94 ČŃĂĆĂ 8. ŔŐĞĹŠĹĆŊŻĚ ŔŐŃŞČŘŞŔŔŻ

Ĺğćěáâŋő (áň. [122], ŕàěďńőęěŋĺě 4.8 ĺ Ńěňňă 4.18), çâő C0-ŕőńãčàãŕŕă

exp(·A) ďőňĺŋĺàãěâ I, âő ěáâì exp(tA) − I ⪰ 0 ŕőńőęĺâěńěŋ ŕàĺ t ≥ 0, ć

áňëáńě ąăŋăåőćőľ àěèěâłĺ ěáńĺ ĺ âőńìłő ěáńĺ čěŋěàăâőà A őčàăŋĺçěŋ ĺ ŕőńőęĺâěńěŋ. Ăŋăńőčĺçŋő ňë ĺňěěň, çâő

Ŕàěďńőęěŋĺě 8.3.1 C0-ŕőńãčàãŕŕă exp(·A) ďőňĺŋĺàãěâ I ŋă čĺńìąěàâőćőň ŕàőáâàăŋáâćě E ěáńĺ ĺ âőńìłő ěáńĺ čěŋěàăâőà A őčàăŋĺçěŋ ĺ ŕőńőęĺâěńěŋ.

Ďőłăğăâěńìáâćő. Ŕàěďŕőńőęĺň, çâő őŕěàăâőàë exp(tA) − I ŕőńőęĺâěńìŋë ďńï ćáěå t ≥ 0. Ďńï x ∈ D(A) őŕàěďěńĺň y = (λ − A)x, čďě λ - ŋěłőâőàőě ŕőńőęĺâěńìŋőě çĺáńő, ąőńìèěě çěň ω(A). Šőčďă (Ax, (λ − A)x) = ((λ − A)^{−1}y, y) = ((λ(λ − A)^{−1} − I)y, y) = = λ ∫ ∞ 0 e^{−λt}((exp(tA) − I)y, y)dt ≥ 0, âăł çâő λ(Ax, x) ≥ ‖Ax‖^2 ďńï ćáěå x ∈ D(A). Śńěďőćăâěńìŋő, A ŕőńőęĺâěńěŋ ĺ ‖A‖ ≤ λ. Őąàăâŋőě ãâćěàęďěŋĺě őçěćĺďŋő.

Śńěďãîéĺě ŕàěďńőęěŋĺï åăàăłâěàĺğãîâ ŕőńőęĺâěńìŋőáâì áěňěľáâć U(·) ĺ V (·).

Ŕàěďńőęěŋĺě 8.3.2 Łăęďőě C0-áěňěľáâćő ňãńìâĺŕńĺłăâĺćŋëå ćőğňãéěŋĺľ UB,μ(·) ďńï C0-ŕőńãčàãŕŕë exp(·A), őŕàěďěńěŋŋőě ć (2.19) á μ ≤ 0 ĺ B ⪰ 0, ŕőńőęĺâěńìŋő, ěáńĺ ĺ âőńìłő ěáńĺ čěŋěàăâőà A ŕőńőęĺâěńěŋ. Šő ęě áăňőě áŕàăćěďńĺćő ďńï C0-áěňěľáâćă ăďďĺâĺćŋëå ćőğňãéěŋĺľ.

Ŕàěďńőęěŋĺě 8.3.3 Łăęďőě C0-áěňěľáâćő ňãńìâĺŕńĺłăâĺćŋëå ćőğňãéěŋĺľ UB,μ(·) ďńï C0-ŕőńãčàãŕŕë exp(·A) ŋă čĺńìąěàâőćőň ŕàőáâàăŋáâćě H, őŕàěďěńěŋŋőě ć (2.19) á μ ≤ 0 ĺ B ≥ 0 ĺ łőňňãâĺàãîéěě á exp(·A), ŕőńőęĺâěńìŋő, ěáńĺ ĺ âőńìłő ěáńĺ čěŋěàăâőà A ŕőńőęĺâěńěŋ. Šő ęě áăňőě áŕàăćěďńĺćő ďńï C0-áěňěľáâćă ăďďĺâĺćŋëå ćőğňãéěŋĺľ.

Čńăćă 9

Ŕőńãčàãŕŕë ŋěŕàěàëćŋëě ŕő ŋőàňě

C_0-ŕőńãčàãŕŕë á őčàăŋĺçěŋŋëň ŕàőĺğćőďïéĺň őŕěàăâőàőň ňăńő ĺŋâěàěáŋë

ďńï ŕàĺńőęěŋĺľ. Őďŋăłő őçěŋì ćăęŋő ĺňěâì ŋăĺąőńěě ŕőńŋëľ ŋăąőà ãáńőćĺľ ŋă ŕőńãčàãŕŕã, łőâőàëě ćńěłãâ őčàăŋĺçěŋŋőáâì čěŋěàăâőàă. İâő ŕőğćőńïěâ ć âěőàěâĺçěáłĺå ĺááńěďőćăŋĺïå ĺáłńîçĺâì ŕőŕëâłĺ ”ďőłăğăâì ĺŋâěàěáŋëě áćőľáâćă” ć ”őąéĺå” áńãçăïå, łőâőàëě ć áĺńã ŋăńăčăěňëå ãáńőćĺľ ŋă áăňőň ďěńě ïćńïîâáï âàĺćĺăńìŋëňĺ.

9.1 Śâăŋőćïéĺěáï ŋěŕàěàëćŋëňĺ ŕő ŋőàňě ŕőńãčàãŕŕë

Őŕàěďěńěŋĺě 9.1.1 C0-ŕőńãčàãŕŕă exp(·A) ŋăğëćăěâáï ŋěŕàěàëćŋőľ ć àăćŋőňěàŋőľ őŕěàăâőàŋőľ âőŕőńőčĺĺ (ŋěŕàěàëćŋőľ ŕő ŋőàňě), ŋăçĺŋăï á t0 (ĺŋőčďă ąãďěň čőćőàĺâì ”áâăŋőćĺâáï ŋěŕàěàëćŋőľ ŕő ŋőàňě”), ěáńĺ áãéěáâćãěâ t0 > 0 âăłőě, çâő äãŋłæĺï t → exp(tA) ĺğ

[t_0, ∞) ć B(E) ŋěŕàěàëćŋă ć àăćŋőňěàŋőľ őŕěàăâőàŋőľ âőŕőńőčĺĺ. C_0-ŕőńã-

čàãŕŕă ŋăğëćăěâáï ŋěŕàěàëćŋőľ ŕő ŋőàňě, ěáńĺ t0 = 0.

Ŕàěďńőęěŋĺě 9.1.1 [37] Ěáńĺ^~Et_0 ⊆ D(A) ŕàĺ ŋěłőâőàőň t0 , âő Aexp(tA) ∈

B(E) ŕàĺ t ≥ t_0 ĺ C_0-ŕőńãčàãŕŕă exp(tA) ŋěŕàěàëćŋă ŕő ŋőàňě ŕàĺ t > t_0.

Ŕàěďńőęěŋĺě 9.1.2 [127] Ěáńĺ^~Eα ⊆ D(A) ŕàĺ ćáěå α > 0, âő ŕőńãčàãŕŕă

exp(·A) ąěáłőŋěçŋő ďĺääěàěŋæĺàãěňă ŕàĺ t ≥ 0 .

Ŕàěďńőęěŋĺě 9.1.3 [98] Ěáńĺ C0-ŕőńãčàãŕŕă exp(·A) ŋěŕàěàëćŋă ŕő ŋőàňě, ŋăçĺŋăï á ŋěłőâőàőčő t0, ĺ ŕőńãäàěďčőńìňőćă, âő A ∈ B(E) .

96 ČŃĂĆĂ 9. ŔŐŃŞČŘŞŔŔŻ ŊĚŔŘĚŘŻĆŊŻĚ ŔŐ ŊŐŘŇĚ

Ŕàěďńőęěŋĺě 9.1.4 [37] Ŕãáâì ŕőńãčàãŕŕă T(t) áĺńìŋő ŋěŕàěàëćŋă ŕàĺ t > 0 ĺ T(t0) ∈ B0(E) ŕàĺ ŋěłőâőàőň t0 > 0. Šőčďă őŕěàăâőàë T(t) łőňŕăłâŋë ŕàĺ ćáěå t ≥ t0 ĺ ŕőńãčàãŕŕă T(t) ŋěŕàěàëćŋă ŕő ŋőàňě ŕàĺ t > t0 . Őâňěâĺň, çâő ğďěáì ŋě ŕàěďŕőńăčăěâáï, çâő ŕőńãčàãŕŕă T(·) ïćńïěâáï C0 - ŕőńãčàãŕŕőľ.

9.2 Ŕőńãčàãŕŕë á őčàăŋĺçěŋŋëň čěŋěàăâő- àőň Ŕàěďńőęěŋĺě 9.2.1 Ďńï ńîąőčő őčàăŋĺçěŋŋőčő őŕěàăâőàă B ∈ B(E) àïď ∑∞ k=0(tB)^k/k! àăćŋőňěàŋő áåőďĺâáï ĺ őŕěàăâőà-äãŋłæĺï exp(tB) = ∞∑ k=0 (tB)^k/k! , t ≥ 0, (9.1) ïćńïěâáï ŋěŕàěàëćŋőľ ŕő ŋőàňě C0-ŕőńãčàãŕŕőľ á ŕàőĺğćőďïéĺň őŕěàăâőàőň B. Ŕàĺ íâőň ŕőńãčàãŕŕă exp(·B) ďőŕãáłăěâ őæěŋłã ‖exp(tB)‖ ≤ e^{‖B‖ t}, t ≥ 0. Šěőàěňă 9.2.1 [14] C0-ŕőńãčàãŕŕă exp(·A) ŋěŕàěàëćŋă ŕő ŋőàňě âőčďă ĺ âőńìłő âőčďă, łőčďă A ∈ B(E).

Ŕàěďńőęěŋĺě 9.2.2 [15] Ěáńĺ A ∈ G(M, ω) ĺ D(A) - ňŋőęěáâćő ćâőàőľ łăâěčőàĺĺ ć E, âő limτ→0+ ‖exp(τA) − I‖ = 0 ĺ A ∈ B(E).

Ŕàěďńőęěŋĺě 9.2.3 [122] Ěáńĺ exp(·A) — C0-čàãŕŕă őŕěàăâőàőć ĺ

lim_{τ→0}‖exp(τA) − I‖ < 2, âő ŕàőĺğćőďïéĺľ őŕěàăâőà A ∈ B(E).

Ŕàěďńőęěŋĺě 9.2.4 [127] Ěáńĺ^~Eα ⊆ D(A) ŕàĺ ćáěå α > 0 ĺ lim_{t→0} t ‖Aexp(tA)‖ ≤ 1/e, âő A ∈ B(E). (9.2) Ŕàěďńőęěŋĺě 9.2.5 [2] Ďńï C^∗_0 -ŋěŕàěàëćŋőľ ŕőńãčàãŕŕë exp(·A) áńěďãîéĺě ãáńőćĺï íłćĺćăńěŋâŋë (íâő ęě áŕàăćěďńĺćő ďńï w-ŋěŕàěàëćŋëå ŕőńãčàãŕŕ):

(i) áãéěáâćãîâ âăłĺě ε > 0 ĺ δ > 0, çâő ‖exp(tA) − I‖ ≤ 1 − ε ŕàĺ 0 ≤ t < δ; (9.3) (ii) lim_{t→0+} ‖exp(tA) − I‖ = 0.

9.2. ŔŐŃŞČŘŞŔŔŻ Ś ŐČŘĂŊĹŮĚŊŊŻŇ ČĚŊĚŘĂŠŐŘŐŇ 97

Ŕàěďńőęěŋĺě 9.2.6 [100] Ěáńĺ A ∈ H(θ, ω) ĺ −A ∈ G(M, ω), âő A ∈ B(E).

Ŕàěďńőęěŋĺě 9.2.7 [37] Ěáńĺ ğăďăŋă C0-ŕőńãčàãŕŕă exp(·A) ĺ áãéěáâćãěâ ŋěőčàăŋĺçěŋŋőě őâłàëâőě áćïğŋőě ňŋőęěáâćő Ω , áőďěàęăéěě ŋãńì ĺ âăłĺě çĺáńă 0 ≤ α < β, çâő σ(exp(tA)) ∩ Ω = ∅ ŕàĺ t ∈ [α, β], âő A ∈ B(E). Ŕàěďńőęěŋĺě 9.2.8 [123] Ŕãáâì C0-čàãŕŕă exp(·A) âăłőćă, çâő 0 ∈ ρ∞(exp(t0A)) ŕàĺ ŋěłőâőàőň t0 ≠ 0, čďě ρ∞(Q) – ŋěőčàăŋĺçěŋŋăï áćïğŋăï łőňŕőŋěŋâă

ρ(Q). Őŕěàăâőà A őčàăŋĺçěŋ âőčďă ĺ âőńìłő âőčďă, łőčďă σ(A) őčàăŋĺçěŋ.

Ŕàěďńőęěŋĺě 9.2.9 [123] Ŕãáâì C0-čàãŕŕă exp(·A) âăłőćă, çâő σ(A) =

{0}. Ěáńĺ 0 ∈ ρ_∞(exp(t_0A)) ŕàĺ ŋěłőâőàőň t_0 ≠ 0, âő A őčàăŋĺçěŋ ĺ σ(exp(tA)) = {1} ŕàĺ ćáěå t ∈ R. Ŕàěďńőęěŋĺě 9.2.10 [123] Ŕãáâì C0-čàãŕŕă exp(·A) ŋěłćăğĺăŋăńĺâĺçŋă, â.ě. âăłőćă, çâő_{∫ ∞} −∞ ln(1 + ‖exp(tA)‖) 1 + t^2 dt < ∞. Šőčďă őŕěàăâőà A őčàăŋĺçěŋ âőčďă ĺ âőńìłő âőčďă, łőčďă áŕěłâà σ(A) őčàăŋĺçěŋ.

Őŕàěďěńěŋĺě 9.2.1 Ąăŋăåőćő ŕàőáâàăŋáâćő E ŋăğëćăěâáï ŕàőáâàăŋáâćőň Čàőâěŋďĺłă, ěáńĺ ńîąăï ŕőáńěďőćăâěńìŋőáâì {x^∗_n}, x^∗_n ∈ E^∗, áåőďïéăïáï ć w^∗-âőŕőńőčĺĺ ł ŋãńî, áåőďĺâáï ł ŋãńî ĺ ć áńăąőľ âőŕőńőčĺĺ.

Őŕàěďěńěŋĺě 9.2.2 Ąãďěň čőćőàĺâì, çâő ŕàőáâàăŋáâćő E őąńăďăěâ áćőľáâćőň Ďăŋäőàďă - Ŕěââĺáă, ěáńĺ ďńï ńîąőčő ďàãčőčő ąăŋăåőćă ŕàőáâàăŋáâćă X łăęďëľ áńăąő łőňŕăłâŋëľ őŕěàăâőà N : E → X őâőąàăęăěâ áńăąő áåőďïéĺěáï ŕőáńěďőćăâěńìŋőáâĺ ć ŕőáńěďőćăâěńìŋőáâĺ, áåőďïéĺěáï áĺńìŋő.

Ŕàěďńőęěŋĺě 9.2.11 [114] Ŕàĺňěàőň ŕàőáâàăŋáâćă Čàőâěŋďĺłă áő áćőľáâćőň Ďăŋäőàďă-Ŕěââĺáă ïćńïěâáï L^∞ .

Ŕàěďńőęěŋĺě 9.2.12 [114] Ńîąăï C0-ŕőńãčàãŕŕă exp(·A), ğăďăŋŋăï ŋă ŕàőáâàăŋáâćě Čàőâěŋďĺłă áő áćőľáâćőň Ďăŋäőàďă-Ŕěââĺáă ïćńïěâáï ŋěŕàěàëćŋőľ ŕő ŋőàňě, â.ě. A ∈ B(E).

Ŕàěďńőęěŋĺě 9.2.13 [114] Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) ğăďăŋă ć ŕàőáâàăŋáâćě E áő áćőľáâćőň Ďăŋäőàďă-Ŕěââĺáă. Ěáńĺ áěňěľáâćő őŕěàăâőàőć

exp(·A)^{∗∗} ïćńïěâáï C_0-ŕőńãčàãŕŕőľ ŋă E^{∗∗} , âő C_0-ŕőńãčàãŕŕă exp(·A) ŋě-

ŕàěàëćŋă ŕő ŋőàňě.

98 ČŃĂĆĂ 9. ŔŐŃŞČŘŞŔŔŻ ŊĚŔŘĚŘŻĆŊŻĚ ŔŐ ŊŐŘŇĚ

Ŕàěďńőęěŋĺě 9.2.14 [134] Ŕãáâì A ∈ B(E) , čďě E — ąăŋăåőćă áâàãłâãàă. Śńěďãîéĺě ãáńőćĺï íłćĺćăńěŋâŋë:

(i) C_0-ŕőńãčàãŕŕă exp(·A) ŕőğĺâĺćŋă ; (ii)⟨φ, sign_x∗∗ (Ax)^{∗∗}⟩ ≤ ⟨A|x|, φ⟩ ŕàĺ ćáěå x ∈ E ĺ 0 ⪯ φ ∈ E^∗ ; (iii) ěáńĺ 0 ⪯ x ∈ E, 0 ⪯ φ ∈ E^∗ âăłĺě, çâő ⟨x, φ⟩ = 0 , âő ⟨Ax, φ⟩ ≥ 0; (iv) őŕěàăâőà A + ‖A‖ · I ⪰ 0 .

Ŕàěďńőęěŋĺě 9.2.15 [134] Ěáńĺ A, B ∈ B(E), čďě E - ąăŋăåőćă áâàãłâãàă, âő áńěďãîéĺě ãáńőćĺï àăćŋőáĺńìŋë: (i) |exp(tB)x| ⪯ exp(tA)|x| ďńï ńîąëå x ∈ E ; (ii) ⟨A|x|, φ⟩ ≥ ⟨sign_x∗∗ (Bx)^{∗∗}, φ⟩ ďńï ćáěå x ∈ E ĺ 0 ⪯ φ ∈ E^∗ ; (iii) A ⪰ B ĺ A + B ⪰ −‖A + B‖ · I. Ŕàěďńőęěŋĺě 9.2.16 [58] Ěáńĺ A, B ∈ B(H) ĺ őŕěàăâőàë C ĺ D őąàăâĺňë ć B(H), ŕàĺçěň sup_{t≥0} ‖I − Cexp(−tA)Dexp(tB)‖ ≤ 1, âő őŕěàăâőàë A ĺ B ŕőďőąŋë.

Čńăćă 10

Ŕőçâĺ ŕěàĺőďĺçěáłĺě ŕőńãčàãŕŕë

Śćőľáâćő ŕőçâĺ ŕěàĺőďĺçŋőáâĺ àěèěŋĺï ğăďăçĺ Łőèĺ ŋăłńăďëćăěâ ďőáâăâőçŋő ęěáâłĺě őčàăŋĺçěŋĺï ŋă áŕěłâà σ(A) ĺ áĺáâěňã áőąáâćěŋŋëå ćěłâőàőć őŕěàăâőàă A. Ňë ćőáŕőńìğãěňáï íâĺňĺ ãáńőćĺïňĺ ŕàĺ ĺááńěďőćăŋĺĺ ãáâőľçĺćőáâĺ àăğŋőáâŋëå áåěň.

10.1 Ŕàěďćăàĺâěńìŋëě áćěďěŋĺï

Ŕãáâì ğăďăŋă äãŋłæĺï f(·) : R → E. Ůĺáńő τ ∈ R ŋăğëćăěâáï ε -ŕěàĺőďőň äãŋłæĺĺ f(·) , ěáńĺ ‖f(t + τ) − f(t)‖ ≤ ε, t ∈ R. Őąőğŋăçĺň ňŋőęěáâćő ćáěå ε-ŕěàĺőďőć äãŋłæĺĺ f(·) çěàěğ J(f, ε).

Őŕàěďěńěŋĺě 10.1.1 Čőćőàïâ, çâő äãŋłæĺï f(·) ŕőçâĺ ŕěàĺőďĺçŋă (ŕĺèěň ŕ.ŕ.), ěáńĺ ďńï ńîąőčő ε > 0 ňŋőęěáâćő J(f, ε) őâŋőáĺâěńìŋő ŕńőâŋő ć R . Ŕőáńěďŋěě őğŋăçăěâ, çâő ďńï łăęďőčő ε > 0 áãéěáâćãěâ çĺáńő lε > 0 áő áćőľáâćőň: ńîąőľ ŕőďĺŋâěàćăń ĺğ R ďńĺŋë lε ŕěàěáěłăěâáï á J(f, ε) ,â.ě. [a, a + l_ε] ∩ J(f, ε) ≠ ∅ ďńï ćáěå a ∈ R. Ŕàěďńőęěŋĺě 10.1.1 [40] Ďńï ńîąőľ ŕ.ŕ. äãŋłæĺĺ f(·) ĺ ńîąőčő ε > 0 ňŋőęěáâćő ε-ŕěàĺőďőć {τε} ğăňłŋãâő.

Ŕőŋïâŋő, çâő łăęďăï ŕěàĺőďĺçěáłăï äãŋłæĺï ïćńïěâáï ĺ ŕőçâĺ ŕěàĺőďĺçěáłőľ.

100 ČŃĂĆĂ 10. ŔŐŮŠĹ ŔĚŘĹŐĎĹŮĚŚŁĹĚ ŔŐŃŞČŘŞŔŔŻ

Ŕàěďńőęěŋĺě 10.1.2 [40] Ŕãáâì ŕ.ŕ. äãŋłæĺï f(·) : R → E ŋěŕàěàëćŋă. Šőčďă äãŋłæĺï f(·) àăćŋőňěàŋő ŋěŕàěàëćŋă ŋă R .

Ŕàěďńőęěŋĺě 10.1.3 [40] Ěáńĺ f(·) : R → E – ŕ.ŕ. äãŋłæĺï, âő ňŋőęěáâćő ğŋăçěŋĺľ R_{f(·)} := {x ∈ E : x = f(t), t ∈ R} őâŋőáĺâěńìŋő łőňŕăłâŋő ć E.

Ŕàěďńőęěŋĺě 10.1.4 [40] Ěáńĺ f(·) : R → E ŕ.ŕ. äãŋłæĺï, ã łőâőàőľ áãéěáâćãěâ àăćŋőňěàŋő ŋěŕàěàëćŋăï ŕàőĺğćőďŋăï f^′(·) ŋă R, âő f^′(·) ïćńïěâáï ŕ.ŕ. äãŋłæĺěľ.

Šěőàěňă 10.1.1 Ŕãáâì f ∈ C(R; E). Ďńï âőčő çâőąë f(·) ąëńă ŕ.ŕ. äãŋłæĺěľ, ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë áěňěľáâćő äãŋłæĺľ {f(·+h)}−∞<h<∞, ąëńő łőňŕăłâŋëň ć C(R; E) .

Ŕàěďńőęěŋĺě 10.1.5 [24] Śãňňă f(·)+g(·) ďćãå ŕ.ŕ. äãŋłæĺľ ěáâì äãŋłæĺï ŕ.ŕ. Ŕàőĺğćěďěŋĺě ŕ.ŕ. äãŋłæĺĺ f ĺ çĺáńőćőľ ŕ.ŕ. äãŋłæĺĺ φ(t) ěáâì ŕ.ŕ. äãŋłæĺï φ(·)f(·) : R → E.

Ŕàěďńőęěŋĺě 10.1.6 [40] Ďńï łăęďőľ ŕ.ŕ. äãŋłæĺĺ f(·) ŕàěďěń a(λ, f) := lim_{T →∞} 1 2Š T∫ −T f(t)e^{−iλt} dt áãéěáâćãěâ ŕàĺ ńîąőň λ ∈ R.

Ŕàěďńőęěŋĺě 10.1.7 [40] Ć ãáńőćĺïå ŕàěďńőęěŋĺï 10.1.6 ŕàěďěń

a(0, f) := lim_{T →∞} 1 2Š c+T∫ c−T f(t) dt áãéěáâćãěâ àăćŋőňěàŋő ŕő c ∈ R.

Őŕàěďěńěŋĺě 10.1.2 Ťãŋłæĺï a(·, f) ŋăğëćăěâáï ŕàěőąàăğőćăŋĺěň Ąőàă äãŋłæĺĺ f(·). Šě çĺáńă λ , ďńï łőâőàëå a(λ, f) ≠ ∅, ąãďěň ŋăğëćăâì áŕěłâàőň Ťãàìě äãŋłæĺĺ f(·) ĺ őąőğŋăçăâì SP (f) .

Ŕàěďńőęěŋĺě 10.1.8 [40] Śŕěłâà Ťãàìě ńîąőľ ŕ.ŕ. äãŋłæĺĺ ŋě ąőńěě, çěň áçěâěŋ.

Őŕàěďěńěŋĺě 10.1.3 Ŕőďňŋőęěáâćő Œ ⊂ R ŋăğëćăěâáï čăàňőŋĺçěáłĺň, ěáńĺ ďńï ńîąőčő ε > 0 ňŋőęěáâćő ∩λ∈Œ{τ : |e^{iλτ} − 1| ≤ ϵ} őâŋőáĺâěńìŋő ŕńőâŋő ć R.

10.2. ŔŐŮŠĹ ŔĚŘĹŐĎĹŮĚŚŁĹĚ C0-ŔŐŃŞČŘŞŔŔŻ 101

Őŕàěďěńěŋĺě 10.1.4 Śěňěľáâćő äãŋłæĺľ F = {f}, őâőąàăęăîéĺå R ć E, ŋăğëćăěâáï àăćŋőňěàŋő ŕőçâĺ ŕěàĺőďĺçěáłĺň, ěáńĺ ňŋőęěáâćő

∩_{f∈F} J(f, ε) őâŋőáĺâěńìŋő ŕńőâŋő ć R ďńï łăęďőčő ε > 0 .

Ŕàěďńőęěŋĺě 10.1.9 [52] Ěáńĺ ňŋőęěáâćő Œ čăàňőŋĺçěáłőě, âő ŋăľďěâáï âăłőě çĺáńő δ > 0, çâő àăááâőïŋĺě ňěęďã ŕàőĺğćőńìŋëňĺ âőçłăňĺ ĺğ Œ ąőńìèě δ .

Őŕàěďěńěŋĺě 10.1.5 Ťãŋłæĺï f(·) : R → E ŋăğëćăěâáï áńăąő ŕ.ŕ., ěáńĺ äãŋłæĺï ⟨f(·), y^∗⟩ ŕ.ŕ. ŕàĺ łăęďőň y^∗ ∈ E^∗. Ăŋăńőčĺçŋő őŕàěďěńïěâáï áńăąăï ŕěàĺőďĺçŋőáâì.

10.2 Ŕőçâĺ ŕěàĺőďĺçěáłĺě ĺ ŕěàĺőďĺçěáłĺě

C_0-ŕőńãčàãŕŕë

Őŕàěďěńěŋĺě 10.2.1 C0-ŕőńãčàãŕŕă exp(·A) ŋăğëćăěâáï ŕőçâĺ ŕěàĺőďĺçěáłőľ ŕőńãčàãŕŕőľ (ŕĺèěň ŕ.ŕ. C0-ŕőńãčàãŕŕă), ěáńĺ ďńï łăęďőčő x ∈ E äãŋłæĺï exp(·A)x : R → E ïćńïěâáï ŕ.ŕ. äãŋłæĺěľ.

Őŕàěďěńěŋĺě 10.2.2 Ąãďěň čőćőàĺâì, çâő C0-ŕőńãčàãŕŕă exp(·A) ăáĺňŕâőâĺçěáłĺ ŕőçâĺ ŕěàĺőďĺçŋă, ěáńĺ Rexp(·A)x őâŋőáĺâěńìŋő łőňŕăłâŋő ďńï łăęďőčő x ∈ E.

Őŕàěďěńěŋĺě 10.2.3 C0-ŕőńãčàãŕŕă exp(·A) ŋăğëćăěâáï àăćŋőňěàŋő ŕőçâĺ ŕěàĺőďĺçěáłőľ, ěáńĺ áěňěľáâćő äãŋłæĺľ {exp(tA)x : x ∈ E, ‖x‖ =

1, t ≥ 0} àăćŋőňěàŋő ŕőçâĺ ŕěàĺőďĺçŋő.

Śńăąăï ŕ.ŕ. C0-ŕőńãčàãŕŕă őŕàěďěńïěâáï ăŋăńőčĺçŋő çěàěğ ŕ.ŕ äãŋłæĺľ ćĺďă ⟨exp(·A)x, x^∗⟩ ŕàĺ ńîąëå x ∈ E, x^∗ ∈ E^∗. Ŕàěďńőęěŋĺě 10.2.1 [6] Ďńï ăáĺňŕâőâĺçěáłĺ ŕ.ŕ. C0-ŕőńãčàãŕŕë exp(·A) ŕàőáâàăŋáâćő E àăáéěŕńïěâáï ć ŕàïňãî áãňňã E = Est ⊕ Eap (őŕà. áň. ŋă áâà. 73).

Ŕàěďńőęěŋĺě 10.2.2 [52] Ŕ.ŕ. C0-ŕőńãčàãŕŕă exp(·A) ćáěčďă ćłńăďëćăěâáï ć ŕ.ŕ. C0-čàãŕŕã T(·) ŕãâěň T(·) = { exp(tA), t ≥ 0, exp(−tA)^{−1}, t < 0.

102 ČŃĂĆĂ 10. ŔŐŮŠĹ ŔĚŘĹŐĎĹŮĚŚŁĹĚ ŔŐŃŞČŘŞŔŔŻ

Ğă C0-čàãŕŕőľ T(·) áőåàăŋĺň őąőğŋăçěŋĺě exp(·A).

Šěőàěňă 10.2.1 [52] C0-čàãŕŕă őŕěàăâőàőć exp(·A) ïćńïěâáï ŕ.ŕ. âőčďă ĺ âőńìłő âőčďă, łőčďă ćëŕőńŋěŋë áńěďãîéĺě âàĺ ãáńőćĺï:

(i) C_0-čàãŕŕă exp(·A) àăćŋőňěàŋő őčàăŋĺçěŋă;

(ii) áŕěłâà σ(A) ⊆ iR ;

(iii) ňŋőęěáâćő ńĺŋěľŋëå łőňąĺŋăæĺľ áőąáâćěŋŋëå ćěłâőàőć ŕàőĺğćő-

ďïéěčő őŕěàăâőàă A ŕńőâŋő ć ŕàőáâàăŋáâćě E.

Ŕàěďńőęěŋĺě 10.2.3 [52] Ŕãáâì E áěłćěŋæĺăńìŋő ŕőńŋő (ŋăŕàĺňěà, E - àěäńěłáĺćŋő). Ć íâőň áńãçăě C0-čàãŕŕă exp(·A) ïćńïěâáï ŕ.ŕ. C0-čàãŕŕőľ âőčďă ĺ âőńìłő âőčďă, łőčďă őŋă áńăąő ŕ.ŕ.

Ŕàěďńőęěŋĺě 10.2.4 [52] Ŕãáâì exp(·A)- àăćŋőňěàŋő őčàăŋĺçěŋŋăï C0-čàãŕŕă ć àěäńěłáĺćŋőň ŕàőáâàăŋáâćě E. Ěáńĺ äãŋłæĺĺ exp(·A)x ŕàĺ ćáěå x ∈

R(A) ŕőçâĺ ŕěàĺőďĺçŋë, âő exp(·A) ïćńïěâáï ŕ.ŕ. C_0-čàãŕŕőľ.

Ŕàěďńőęěŋĺě 10.2.5 [52] Ŕãáâì C0-čàãŕŕă exp(·A) ŕőçâĺ ŕěàĺőďĺçŋă. Ŕãáâì iη (η ∈ R)- ĺğőńĺàőćăŋŋăï âőçłă áŕěłâàă σ(A). Šőčďă iη - ŕàőáâőľ ŕőńîá àěğőńìćěŋâë R(λ, A), iη ∈ P σ(A) ĺ áőőâćěâáâćãîéĺľ ŕàőěłâőà Řĺááă ďăěâáï äőàňãńőľ P (iη)x = lim_{t→∞} t^{−1} t∫ 0 e^{−iηs}exp(sA)x ds. Ŕàěďńőęěŋĺě 10.2.6 [6] Ŕãáâì A ∈ G(M, 0) ĺ σ(A) ∩ iR ŋě ąőńěě, çěň áçěâŋő, ĺ ďńï łăęďőčő áőąáâćěŋŋőčő ğŋăçěŋĺï iμ ∈ σ(A) (μ ∈ R), őŕěàăâőàă A ĺ łăęďőčő äãŋłæĺőŋăńă y^∗ ∈ N(iμI^∗ − A^∗), y^∗ ≠ 0, ŋăľďěâáï âăłőľ íńěňěŋâ x ∈ N(iμI − A), çâő ⟨x, y^∗⟩ ≠ 0. Šőčďă C0-ŕőńãčàãŕŕă exp(·A) ïćńïěâáï ăáĺňŕâőâĺçěáłĺ ŕ.ŕ.

Ŕàěďńőęěŋĺě 10.2.7 [6] Ŕãáâì A ∈ G(M, 0) ĺ ŕàőáâàăŋáâćő E àěäńěłáĺćŋő. Ěáńĺ σ(A) ∩ iR ŋě ąőńěě, çěň áçěâŋő, âő C0-ŕőńãčàãŕŕă exp(·A) ăáĺňŕâőâĺçěáłĺ ŕ.ŕ.

Ŕàěďńőęěŋĺě 10.2.8 [6] Ěáńĺ C0-ŕőńãčàãŕŕă exp(·A) ïćńïěâáï ăáĺňŕâő- âĺçěáłĺ ŕ.ŕ., âő_{nul (iμI − A) = nul (iμI∗ − A∗)} ŕàĺ ćáěå μ ∈ R . Ć çăáâŋőáâĺ, N(iμI − A) = {0} âőńìłő âőčďă, łőčďă N(iμI^∗ − A^∗) = {0}.

10.2. ŔŐŮŠĹ ŔĚŘĹŐĎĹŮĚŚŁĹĚ C0-ŔŐŃŞČŘŞŔŔŻ 103

Ŕàěďńőęěŋĺě 10.2.9 [52] Ěáńĺ C0-čàãŕŕă exp(·A) ŕőçâĺ ŕěàĺőďĺçŋă ĺ

P σ(A) őčàăŋĺçěŋ, âő ŕàőĺğćőďïéĺľ őŕěàăâőà A ∈ B(E) .

Ŕàěďńőęěŋĺě 10.2.10 [52] Řăćŋőňěàŋő ŕ.ŕ. C0-ŕőńãčàãŕŕă (áà. á ŕàěďńőęěŋĺěň 10.2.2) ćłńăďëćăěâáï ć àăćŋőňěàŋő ŕ.ŕ. C0-čàãŕŕã őŕěàăâőàőć. Ŕàěďńőęěŋĺě 10.2.11 [52] C0-čàãŕŕă exp(·A) ïćńïěâáï àăćŋőňěàŋő ŕőçâĺ ŕěàĺőďĺçěáłőľ âőńìłő âőčďă, łőčďă ćëŕőńŋěŋë áńěďãîéĺě âàĺ ãáńőćĺï:

(i) C_0-čàãŕŕă exp(·A) àăćŋőňěàŋő őčàăŋĺçěŋă;

(ii) ňŋőęěáâćő^{σ(A)}_i ïćńïěâáï čăàňőŋĺçěáłĺň ŕőďňŋőęěáâćőň R; (iii) ňŋőęěáâćő ńĺŋěľŋëå łőňąĺŋăæĺľ áőąáâćěŋŋëå ćěłâőàőć ŕàőĺğćő-

ďïéěčő őŕěàăâőàă A ŕńőâŋő ć ŕàőáâàăŋáâćě E.

Ŕàěďńőęěŋĺě 10.2.12 [52] Ěáńĺ exp(·A) àăćŋőňěàŋő ŕőçâĺ ŕěàĺőďĺçŋă, âő

σ(A) áőáâőĺâ ĺğ ŕàőáâëå ŕőńîáőć àěğőńìćěŋâë R(λ, A) ĺ σ(A) = P σ(A) .

Ŕàěďńőęěŋĺě 10.2.13 [52] Ŕãáâì A ∈ B(E). Ć íâőň áńãçăě C0-čàãŕŕă

exp(·A) ïćńïěâáï àăćŋőňěàŋő ŕ.ŕ. čàãŕŕőľ âőčďă ĺ âőńìłő âőčďă, łőčďă őŋă

àăćŋőňěàŋő őčàăŋĺçěŋă ĺ E ŕàěďáâăćĺňő ć ćĺďě ŕàïňőľ áãňňë łőŋěçŋőčő çĺáńă áőąáâćěŋŋëå ŕőďŕàőáâàăŋáâć őŕěàăâőàă A.

Ŕàěďńőęěŋĺě 10.2.14 [51] C0-ŕőńãčàãŕŕă exp(·A) ïćńïěâáï ŕěàĺőďĺçěáłőľ á ŕěàĺőďőň T âőčďă ĺ âőńìłő âőčďă, łőčďă ćëŕőńŋěŋë áńěďãîéĺě ďćă ãáńőćĺï:_{(i)}

ňŋőęěáâćő^T_{2πi} σ(A) ⊆ Z, čďě Z — ňŋőęěáâćő æěńëå çĺáěń;

(ii) ňŋőęěáâćő ńĺŋěľŋëå łőňąĺŋăæĺľ áőąáâćěŋŋëå ćěłâőàőć ŕàőĺğćőďï-

éěčő őŕěàăâőàă A ŕńőâŋő ć ŕàőáâàăŋáâćě E.

Ŕàěďńőęěŋĺě 10.2.15 [51] Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) ŕěàĺőďĺçŋă á ŕěàĺőďőň T . Šőčďă

(i) àěğőńìćěŋâă R(λ, A) -ňěàőňőàäŋăï äãŋłæĺï, ĺňěîéăï ńĺèì ŕőńîáë ŕěàćőčő ŕőàïďłă ;

(ii) R(λ, A) = (1 − e^{−λT} )^{−1} ∫ T 0 e^{−λs}exp(sA) ds; (iii) őàâőčőŋăńìŋëě áŕěłâàăńìŋëě ŕàőěłâőàë, áőőâćěâáâćãîéĺě ŕőńî-

áăň λk , ĺňěîâ ćĺď

P (λ_k) = 1 T T∫ 0 e^{−λks}exp(sA) ds;

104 ČŃĂĆĂ 10. ŔŐŮŠĹ ŔĚŘĹŐĎĹŮĚŚŁĹĚ ŔŐŃŞČŘŞŔŔŻ

(iv) ďńï ńîąőčő x ∈ E AP (λ_k)x = λ_kP (λ_k)x ĺ exp(tA)P (λ_k)x = e^{λkt}P (λ_k)x. Ŕàěďńőęěŋĺě 10.2.16 [51] Śńěďãîéĺě ãâćěàęďěŋĺï íłćĺćăńěŋâŋë:

(i) C_0-ŕőńãčàãŕŕă exp(·A) ŕěàĺőďĺçŋă; (ii) C_0-ŕőńãčàãŕŕă exp(·A) áńăąő ŕěàĺőďĺçŋă;

(iii) C_0-ŕőńãčàãŕŕă exp(·A) ŕěàĺőďĺçŋă łăł őŕěàăâőà-äãŋłæĺï.

Ŕàěďńőęěŋĺě 10.2.17 [51] Ŕãáâì äãŋłæĺï exp(·A)x : R → E ŕěàĺőďĺçŋă ďńï łăęďőčő x ∈ D(A). Šőčďă C0-ŕőńãčàãŕŕă exp(·A) ŕěàĺőďĺçŋă.

Ŕàěďńőęěŋĺě 10.2.18 [51] Ŕãáâì E = H ĺ C0-ŕőńãčàãŕŕă exp(·A) ŕěàĺőďĺçŋă. Šőčďă áńěďãîéĺě ãáńőćĺï íłćĺćăńěŋâŋë:

(i) C_0-ŕőńãčàãŕŕă exp(·A) ïćńïěâáï áęĺňăîéěľ; (ii) C_0-ŕőńãčàãŕŕă exp(·A) ïćńïěâáï ãŋĺâăàŋőľ; (iii) C_0-ŕőńãčàãŕŕă exp(·A) ïćńïěâáï ŋőàňăńìŋőľ.

Ěáńĺ C0-ŕőńãčàãŕŕă exp(·A) ïćńïěâáï ěéě ĺ áăňőáőŕàïęěŋŋőľ, âő exp(tA) ≡ I ŕàĺ ćáěå t ≥ 0. Ŕàěďńőęěŋĺě 10.2.19 [51] Ŕãáâì A ∈ G(M, ω), P - ŕàőěłâőà. Šőčďă

exp(2πA) = P âőčďă ĺ âőńìłő âőčďă, łőčďă ćëŕőńŋěŋë áńěďãîéĺě ãáńőćĺï:

(i) áŕěłâà σ(A) ⊆ iZ ;

(ii) áŕěłâà σ(A) áőáâőĺâ ĺğ ŕàőáâëå ŕőńîáőć àěğőńìćěŋâë; (iii) áãéěáâćãěâ łőŋáâăŋâă M ≥ 0 âăłăï, çâő ‖(I − P )R(λ, A)‖ ≤ M max{1, e^{−2πReλ}}, Reλ ≠ 0; (iv) ňŋőęěáâćő ńĺŋěľŋëå łőňąĺŋăæĺľ áőąáâćěŋŋëå ćěłâőàőć ŕàőĺğćő-

ďïéěčő őŕěàăâőàă A ŕńőâŋő ć ŕàőáâàăŋáâćě E.

Őŕàěďěńěŋĺě 10.2.4 Ťãŋłæĺï f(·) : R → E ŋăğëćăěâáï ŕőçâĺ ăćâőňőàäŋőľ, ěáńĺ ďńï ńîąőľ ŕőáńěďőćăâěńìŋőáâĺ {α^′_n} áãéěáâćãěâ ŕőďŕőáńěďőćăâěńìŋőáâì {αn} ⊆ {α^′_n} âăłăï, çâő

lim_{n→∞} f(t + α_n) = g(t) ŕàĺ ńîąőň t ∈ R

ĺ_{lim} n→∞ g(t − α_n) = f(t) ŕàĺ ńîąőň t ∈ R.

10.3. ŔŐŮŠĹ ŔĚŘĹŐĎĹŮĚŚŁĹĚ ŚĚŇĚĽŚŠĆĂ U(·) Ĺ V (·) 105

Ŕàěďńőęěŋĺě 10.2.20 [168] Ŕãáâì B ∈ B(E) ĺ u(·) - ŕőçâĺ-ăćâőňőàäŋőě àěèěŋĺě ãàăćŋěŋĺï u^′(t) = Bu(t), t ∈ R. Šőčďă ńĺąő inf_{t∈R} ‖u(t)‖ > 0, ńĺąő

u(t) ≡ 0 ŕàĺ t ∈ R.

Ŕàěďńőęěŋĺě 10.2.21 [169] Ŕàěďńőęěŋĺě 10.2.20 őáâăěâáï ć áĺńě, ěáńĺ

A ∈ G(M, ω), ă u(·) ïćńïěâáï ŕőçâĺ ŕěàĺőďĺçěáłĺň àěèěŋĺěň ãàăćŋěŋĺï ĺğ

ŕàěďńőęěŋĺï 10.2.20.

Ŕàěďńőęěŋĺě 10.2.22 [167] Ŕàěďńőęěŋĺě 10.2.21 őáâăěâáï ć áĺńě, ěáńĺ ãáńőćĺě ŕőçâĺ ŕěàĺőďĺçŋőáâĺ ğăňěŋĺâì ŋă ãáńőćĺě áńăąőľ ŕőçâĺ ŕěàĺőďĺçŋőáâĺ àěèěŋĺï u(·) : R → D(A) ãàăćŋěŋĺï ĺğ ŕàěďńőęěŋĺï 10.2.20.

10.3 Ŕőçâĺ ŕěàĺőďĺçěáłĺě ĺ ŕěàĺőďĺçěáłĺě

áěňěľáâćă U (�) ĺ V (�)

Łăł őâňěçăńőáì, ěáńĺ ŕőńãčàãŕŕă exp(·A) ŕőçâĺ ŕěàĺőďĺçěáłăï, âő exp(tA) - ąĺěłæĺï ďńï łăęďőčő t ≥ 0, ĺ őŋă ŕàőďőńęăěâáï ć C0-čàãŕŕã exp(tA) =

exp(−tA)^{−1} ďńï t < 0. Šăłĺň őąàăğőň, ŕőńãçăěň, çâő exp(·A) ïćńïěâáï ŕőçâĺ

ŕěàĺőďĺçěáłĺľ C0-čàãŕŕőľ. Ć íâőň áńãçăě ňőęŋő ŕàőďőńęĺâì C0-áěňěľáâćő

U(·) ( áőőâćěâáâćěŋŋő C_0-áěňěľáâćő V (·)) á [0, ∞) ŋă ćáî őáì R âăł, çâő ďńï λ > ω ĺ t ∈ R U(t) = (λ − A) ∫ t 0 exp(sA)dsλÛ(λ) ĺ V (t) = λV̂ (λ)(λ − A) ∫ t 0 exp(sA)ds. Śńěďãîéăï âěőàěňă ďăěâ ŋěőąåőďĺňőě ĺ ďőáâăâőçŋőě ãáńőćĺě ŕőçâĺ ŕěàĺőďĺçŋőáâĺ C0-áěňěľáâć ňãńìâĺŕńĺłăâĺćŋőčő ĺ ăďďĺâĺćŋőčő ćőğňãéěŋĺï.

Šěőàěňă 10.3.1 Łăęďőě C0-áěňěľáâćő ňãńìâĺŕńĺłăâĺćŋëå ćőğňãéěŋĺľ

U(·) ďńï exp(·A) ïćńïěâáï ŕőçâĺ ŕěàĺőďĺçěáłĺň, ěáńĺ ĺ âőńìłő ěáńĺ exp(·A)

ŕőçâĺ ŕěàĺőďĺçěáłăï ĺ 0 ∈ ρ(A). Šő ęě áăňőě ãâćěàęďěŋĺě áŕàăćěďńĺćő ďńï

C_0-áěňěľáâćă ăďďĺâĺćŋőčő ćőğňãéěŋĺï V (·).

Ďőłăğăâěńìáâćő. Ŕãáâì exp(·A) ïćńïěâáï ŕőçâĺ ŕěàĺőďĺçěáłőľ. Šőčďă ĺğ ãáńőćĺï 0 ∈ ρ(A) ćëâěłăěâ, çâő őŕěàăâőà-äãŋłæĺï ∫ t 0 exp(sA)ds = ∫ t 0 exp(sA)AA^{−1}ds = (exp(tA) − I)A^{−1}, t ∈ R, ïćńïěâáï âăłęě ŕőçâĺ ŕěàĺőďĺçěáłőľ, ĺ ĺğ ŕàěďńőęěŋĺï 2.4.1 (iv) áńěďãěâ ŕőçâĺ ŕěàĺőďĺçŋőáâì U(·).

106 ČŃĂĆĂ 10. ŔŐŮŠĹ ŔĚŘĹŐĎĹŮĚŚŁĹĚ ŔŐŃŞČŘŞŔŔŻ

Ŋăőąőàőâ, ěáńĺ łăęďőě C0-áěňěľáâćő ňãńìâĺŕńĺłăâĺćŋëå ćőğňãéěŋĺľ

U(·) ďńï exp(·A) ŕőçâĺ ŕěàĺőďĺçěáłőě, âőčďă ďćă çăáâŋëå C_0-áěňěľáâćă ňãńì- âĺŕńĺłăâĺćŋëå ćőğňãéěŋĺľ {exp(tA) − I, t ≥ 0} ĺ {^{∫ t}_0 exp(sA) ds, t ≥ 0} ïćńïîâáï ŕőçâĺ ŕěàĺőďĺçěáłĺňĺ. Ěáńĺ x ∈ N(A), âőčďă x = exp(sA)x − ∫ s 0 exp(ζA)Axdζ = exp(sA)x ďńï ćáěå s ≥ 0 ĺ x = t^{−1} ∫ t 0 exp(sA)x ds → 0 ŕàĺ t → ∞, ŕőâőňã çâő ńîąăï ŕőçâĺ ŕěàĺőďĺçěáłăï äãŋłæĺï őčàăŋĺçěŋă. Śńě-

ďőćăâěńìŋő, A - ĺŋêěłâĺćěŋ. Ŕőáłőńìłã ŕőçâĺ ŕěàĺőďĺçěáłăï äãŋłæĺï íàčőďĺçŋă (áň. ŋăŕàĺňěà [40], á.21), âő ŕàěďěń^1_t^{∫ t}_0^{∫ s}_0 exp(τA)x dτ ds áãéěáâćãěâ ŕàĺ t → ∞ ďńï łăęďőčő x ∈ X. Šăł łăł exp(·A) àăćŋőňěàŋő őčàăŋĺçěŋă, âő ĺğ ŕàěďńőęěŋĺï 7.2.40 áńěďãěâ, çâő R(A) = X. Ŕőíâőňã 0 ∈ ρ(A).

Ĺğ ŕàěďëďãéěľ âěőàěňë ňőęŋő ńěčłő ćëćěáâĺ áńěďãîéãî âěőàěňã.

Šěőàěňă 10.3.2 Łăęďőě C0-áěňěľáâćő ňãńìâĺŕńĺłăâĺćŋëå ćőğňãéěŋĺľ

U(·) ďńï C_0-ŕőńãčàãŕŕë exp(·A) ïćńïěâáï ŕěàĺőďĺçěáłĺň, ěáńĺ ĺ âőńìłő ěáńĺ exp(·A) ŕěàĺőďĺçěáłăï ĺ 0 ∈ ρ(A). Ć íâőň áńãçăě U(·) ĺ exp(·A) ĺňěîâ őďĺŋ

ĺ âőâ ęě ŕěàĺőď. Šő ęě áăňőě ãâćěàęďěŋĺě áŕàăćěďńĺćő ďńï C0-áěňěľáâćă V (·).

Čńăćă 11

Łőňŕăłâŋëě ŕőńãčàãŕŕë

Ňŋőęěáâćő łőňŕăłâŋëå őŕěàăâőàőć, ďěľáâćãîéĺå ć E, ąãďěň őąőğŋăçăâì

B_0(E) (ĺńĺ B_0(E, F ) ć áńãçăě àăğŋëå ŕàőáâàăŋáâć).

Śćőľáâćő łőňŕăłâŋőáâĺ ŕőğćőńïěâ ć ąěáłőŋěçŋőňěàŋőň áńãçăě őŕĺàăâìáï ŋă łőŋěçŋőňěàŋãî ĺŋâãĺæĺî. Ł áçăáâìî, ŋă ŕàăłâĺłě łőňŕăłâŋëě őŕěàăâőàë ć ąěáłőŋěçŋőňěàŋëå ŕàőáâàăŋáâćăå ćěáìňă àăáŕàőáâàăŋěŋë ĺ íâő ŕőŋïâĺě őłăğëćăěâáï çàěğćëçăľŋő áőďěàęăâěńìŋëň.

Śćőľáâćő łőňŕăłâŋőáâĺ ŕőńãčàãŕŕë ĺčàăěâ áãéěáâćěŋŋãî àőńì, ć çăáâŋőáâĺ, ć âěőàĺĺ ãŕàăćńěŋĺï, ă âăłęě ŕàĺ ăŕŕàőłáĺňăæĺĺ ŕőńãńĺŋěľŋëå ğăďăç. Ňë ćěàŋěňáï ł íâĺň ćőŕàőáăň ć áńěďãîéĺå âőňăå.

11.1 Łőňŕăłâŋőáâì C_0-ŕőńãčàãŕŕ

Őŕàěďěńěŋĺě 11.1.1 Ŕőńãčàãŕŕă exp(·A) ŋăğëćăěâáï łőňŕăłâŋőľ, ŋăçĺŋăï á ŋěłőâőàőčő t0 (ĺńĺ áâăŋőćïéěľáï łőňŕăłâŋőľ), ěáńĺ ŕàĺ

t > t_0 őŕěàăâőàë exp(tA) łőňŕăłâŋë. Ěáńĺ t_0 = 0, âő C_0-ŕőńãčàãŕŕă

exp(·A) ŋăğëćăěâáï łőňŕăłâŋőľ.

Ŕàěďńőęěŋĺě 11.1.1 [122] Ŕãáâì ŕőńãčàãŕŕă exp(·A) áâăŋőćĺâáï łőňŕăłâŋőľ. Šőčďă ďńï ńîąőčő çĺáńă α > 0 ŋăľďěâáï âăłőě àăğńőęěŋĺě ŕàőáâàăŋáâćă E = Ef ⊕ Ed, çâő Ef , Ed ĺŋćăàĺăŋâŋë őâŋőáĺâěńìŋő C0-ŕőńãčàãŕŕë

exp(·A), ŕőďŕàőáâàăŋáâćő E_f łőŋěçŋőňěàŋő, ă C_0-ŕőńãčàãŕŕă exp(·A)|_{Ed} ãďő-

ćńěâćőàïěâ ãáńőćĺî lim_{t→∞} e^{αt}exp(tA|_{Ed} ) = 0. (11.1)

108 ČŃĂĆĂ 11. ŁŐŇŔĂŁŠŊŻĚ ŔŐŃŞČŘŞŔŔŻ

Ŕàěďńőęěŋĺě 11.1.2 [122] Ěáńĺ ŕàőĺğćőďïéĺľ őŕěàăâőà A C0-ŕőńãčàãŕŕë

exp(·A) ĺňěěâ łőňŕăłâŋãî àěğőńìćěŋâã, ă áăňă C_0-ŕőńãčàãŕŕă exp(·A) ŋě-

ŕàěàëćŋă ŕő ŋőàňě ć âőçłě t0 , âő C0-ŕőńãčàãŕŕă exp(·A) łőňŕăłâŋă, ŋăçĺŋăï á t0.

Šěőàěňă 11.1.1 [45] C0-ŕőńãčàãŕŕă exp(·A) ïćńïěâáï łőňŕăłâŋőľ âőčďă ĺ âőńìłő âőčďă, łőčďă őŋă ŋěŕàěàëćŋă ŕő ŋőàňě ŕàĺ ńîąőň t > 0 ĺ ŕàőĺğćőďïéĺľ őŕěàăâőà A ĺňěěâ łőňŕăłâŋãî àěğőńìćěŋâã.

Ŕàěďńőęěŋĺě 11.1.3 [45] Ěáńĺ C0-ŕőńãčàãŕŕă exp(·A) łőňŕăłâŋă, âő ŕěàěáěçěŋĺě σ(A) ∩ {z ∈ C : a < Rez < b} ŕàĺ ńîąëå , ŋő äĺłáĺàőćăŋŋëå

a, b ∈ R, áőďěàęĺâ łőŋěçŋőě çĺáńő áőąáâćěŋŋëå ğŋăçěŋĺľ őŕěàăâőàă A.

Ŕàěďńőęěŋĺě 11.1.4 [122] Ěáńĺ C0-ŕőńãčàãŕŕă exp(·A) łőňŕăłâŋă, âő σ(A) = P σ(A). Őŕàěďěńĺň ňŋőęěáâćő_{Com(A) := {t > 0 : exp(tA) − I} łőňŕăłâŋëľ őŕěàăâőà}.

Ŕàěďńőęěŋĺě 11.1.5 [101] Ěáńĺ Com(A) ≠ ∅, âő C0-ŕőńãčàãŕŕă exp(tA) őąàăâĺňă ŕàĺ ńîąőň t ≥ 0.

Šěőàěňă 11.1.2 [101] Ďńï C0-ŕőńãčàãŕŕë exp(·A) áńěďãîéĺě ãáńőćĺï íłćĺćăńěŋâŋë:

(i) Com(A) = R_+ ;

(ii) ŕàőĺğćőďïéĺľ őŕěàăâőà A łőňŕăłâěŋ;

(iii) őŕěàăâőà λR(λ, A) − I łőňŕăłâěŋ ŕàĺ ńîąőň λ > ω(A).

Ŕàěďńőęěŋĺě 11.1.6 [101] Ěáńĺ Com(A) — ŕńőâŋőě ŕőďňŋőęěáâćő R+ ąěğ ćŋãâàěŋŋĺå âőçěł, âő őŕěàăâőà A ŋě őčàăŋĺçěŋ.

Ŕàěďńőęěŋĺě 11.1.7 [101] Ěáńĺ ŕàőĺğćőďïéĺľ őŕěàăâőà A ŋě őčàăŋĺçěŋ ĺ Com(A) ≠ ∅, âő lim_{τ→0+}‖exp(τA) − I‖ ≥ 2. Őŕàěďěńěŋĺě 11.1.2 C0-ŕőńãčàãŕŕă exp(·A) ŋăğëćăěâáï łćăğĺłőňŕăłâŋőľ, ěáńĺ lim_{t→∞} inf{‖exp(tA) − K‖ : K ∈ B_0(E)} = 0. (11.2)

11.2. ŁŐŇŔĂŁŠŊŐŚŠĲ ŚĚŇĚĽŚŠĆ U(·), V (·) 109

Ŕàěďńőęěŋĺě 11.1.8 [122] Ďńï C0-ŕőńãčàãŕŕë exp(·A) áńěďãîéĺě ãáńőćĺï àăćŋőáĺńìŋë:

(i) C_0-ŕőńãčàãŕŕă exp(·A) łćăğĺłőňŕăłâŋă;

(ii) Eω(A) < 0;

(iii) áãéěáâćãîâ âăłĺě t_0 > 0 ĺ K ∈ B_0(E), çâő ‖exp(t_0A) − K‖ < 1. Ŕàěďńőęěŋĺě 11.1.9 [122] Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) łćăğĺłőňŕăłâŋă. Šőčďă ňŋőęěáâćő {λ ∈ σ(A) : Reλ ≥ 0} łőŋěçŋő (ćőğňőęŋő, ŕãáâő) ĺ áőďěàęĺâ âőńìłő ŕőńîáë łőŋěçŋőľ ăńčěąàăĺçěáłőľ łàăâŋőáâĺ. Őąőğŋăçĺć çěàěğ λ1, ..., λm íâĺ ŕőńîáë, çěàěğ k(1), ..., k(m) – ĺå ŕőàïďłĺ, ă áőőâćěâáâćãîéĺě ŕàőěłâőàë — P (λk), ĺňěěň

exp(tA) = Š_1(t) + ... + Š_m(t) + R_m(t), t ≥ 0, (11.3) čďě Tl(t) = e^{λlt ∑k(l)−1}_{j=0} t^j(A − λlI)P (λl)/j! , t ≥ 0, ĺ ‖Rm(t)‖ ≤ ce^{−εt} ŕàĺ ŋěłőâőàëå łőŋáâăŋâăå c ĺ ε > 0 .

Ŕàěďńőęěŋĺě 11.1.10 [122] Ŕãáâì ŕőńãčàãŕŕă exp(·A) áâăŋőćĺâáï łőňŕăłâŋőľ. Šőčďă áŕěłâà σ(A) — áçěâŋőě ňŋőęěáâćő {λ1, λ2, ...} ( ćőğňőęŋő, łőŋěçŋőě ĺńĺ ŕãáâőě) ĺ áőďěàęĺâ ŕőńîáë âőńìłő łőŋěçŋőľ ăńčěąàăĺçěáłőľ łàăâŋőáâĺ. Ąőńěě âőčő, ňŋőęěáâćő {μ ∈ σ(A) : Reμ ≥ r} łőŋěçŋő ďńï ńîąőčő r ∈ R. Ěáńĺ łàăâŋőáâĺ ŕőńîáőć — k(l) , ă áőőâćěâáâćãîéĺě ŕàőěłâőàë — P (λk) , âő ďńï łăęďőčő m ĺňěěň àăğńőęěŋĺě (11.3), čďě

‖R_m(t)‖ ≤ c · e^{(ε+Reλm)t}, Reλ_{p+1} ≤ Reλ_p, ŕàĺ ŋěłőâőàëå łőŋáâăŋâăå ε > 0 ĺ c = c(m, ε). 11.2 Łőňŕăłâŋőáâì áěňěľáâć U (�), V (�)

Śěňěľáâćő U(·) ( áőőâćěâáâćěŋŋő áěňěľáâćő V (·)) ŋăğëćăěâáï łőňŕăłâŋëň, ěáńĺ őŕěàăâőà U(t) ( áőőâćěâáâćěŋŋő V (t)) łőňŕăłâěŋ ďńï łăęďőčő

t ≥ 0. Ć íâőľ áěłæĺĺ ňë őąáãęďăěň ãáńőćĺï łőňŕăłâŋőáâĺ U(·) ĺ V (·).

Ŕàěďńőęěŋĺě 11.2.1 Ěáńĺ C0-ŕőńãčàãŕŕă exp(·A) łőňŕăłâŋă ĺ ěáńĺ áěňěľáâćő ňãńìâĺŕńĺłăâĺćŋőčő ćőğňãéěŋĺï U(·) ŕő ŋőàňě ŋěŕàěàëćŋő ć ŋãńě, âőčďă U(·) łőňŕăłâŋő.

110 ČŃĂĆĂ 11. ŁŐŇŔĂŁŠŊŻĚ ŔŐŃŞČŘŞŔŔŻ

Ďőłăğăâěńìáâćő. Ĺğ (2.16) áńěďãěâ, çâő U(t + h) − U(t) łőňŕăłâěŋ ďńï łăęďőčő t > 0, h ≥ 0. Ĺáŕőńìğãï ãáńőćĺě U(0) = 0 ĺ àăćŋőňěàŋãî ŋěŕàěàëćŋőáâì U(·), ŕőńãçăěň, çâő U(h) łőňŕăłâěŋ ďńï łăęďőčő h ≥ 0.

Ŕàěďńőęěŋĺě 11.2.2 Ěáńĺ exp(·A) - łőňŕăłâŋăï C0-ŕőńãčàãŕŕă, âőčďă ćáě

C_0-áěňěľáâćă ňãńìâĺŕńĺłăâĺćŋőčő ćőğňãéěŋĺï ĺ C_0-áěňěľáâćă ăďďĺâĺć-

ŋőčő ćőğňãéěŋĺï ďńï exp(·A) ŋěŕàěàëćŋë ŕő ŋőàňě ŋă (0, ∞).

Ďőłăğăâěńìáâćő. Ŕőáłőńìłã ŕő âěőàěňě 11.1.1 exp(·A) ŋěŕàěàëćŋă ŕő ŋőàňě ŋă (0, ∞) âő ãâćěàęďěŋĺě ŋěňěďńěŋŋő áńěďãěâ ĺğ äőàňãń (iv) ĺ (v) ć ŕàěďńőęěŋĺĺ 2.4.1.

Ŕàěďńőęěŋĺě 11.2.3 Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) âăłőćă, çâő łăęďőě

C_0-áěňěľáâćő ňãńìâĺŕńĺłăâĺćŋőčő ćőğňãéěŋĺï U(·) ( ĺńĺ C_0-áěňěľáâćă

ăďďĺâĺćŋőčő ćőğňãéěŋĺï V (·)) ďńï exp(·A) łőňŕăłâŋő. Šőčďă E ďőńęŋő ąëâì łőŋěçŋőňěàŋő.

Ďőłăğăâěńìáâćő. Ć áőőâćěâáâćĺĺ c ŕàěďŕőńőęěŋĺěň, ŕő łàăľŋěľ ňěàě ďćă çăáâŋëå C0-áěňěľáâćă ňãńìâĺŕńĺłăâĺćŋőčő ćőğňãéěŋĺï { U_1(t) = exp(tA) − I, t ≥ 0 } ĺ^{U2(t) =^{∫ t}_0 exp(sA) ds, t ≥ 0^} łőňŕăłâŋë. Šőčďă, á őďŋőľ áâőàőŋë, ŕő âěőàěňě 11.1.2, exp(tA) − I łőňŕăłâěŋ ďńï ćáěå t > 0, ěáńĺ ĺ âőńìłő ěáńĺ čěŋěàăâőà A łőňŕăłâěŋ. Ś ďàãčőľ áâőàőŋë, ŕőáłőńìłã exp(·A) ŋěŕàěàëćŋă ŕő ŋőàňě ŋă (0, ∞), âő exp(·A) ěáâì ŕàěďěń ŕő ŋőàňě łőňŕăłâŋëå őŕěàăâőàőć h^{−1(}U2(t + h) − U2(t)^) ŕàĺ h → 0 ĺ, áńěďőćăâěńìŋő, àěğőńìćěŋâă őŕěàăâőàă A łőňŕăłâŋă. Ğŋăçĺâ, őŕěàăâőà I âőęě łőňŕăłâěŋ. İâő ňőęěâ áńãçĺâìáï âőčďă ĺ âőńìłő âőčďă, łőčďă E łőŋěçŋőňěàŋő.

Čńăćă 12

Śőŕàïęěŋŋëě ŕőńãčàãŕŕë

Ŕěàěåőď ł áőŕàïęěŋŋëň ŕàőáâàăŋáâćăň ć âěőàĺĺ ŕőńãčàãŕŕ őłăğëćăěâáï ğŋăçĺâěńìŋő áńőęŋěě, çěň ňőęěâ ŕőłăğăâìáï ŋă ŕěàćëľ ćğčńïď. Ŕőŋïâĺě áőŕàïęěŋŋőľ ŕőńãčàãŕŕë, ććěďěŋŋőě Ťĺńńĺŕáőň, ŋăåőďĺâ èĺàőłőě ŕàĺňěŋěŋĺě ć ŕàĺńőęěŋĺïå. Ć çăáâŋőáâĺ, íâĺ ŕőŋïâĺï èĺàőłő ĺáŕőńìğãîâáï ć âěőàĺĺ ćőğňãéěŋĺľ.

12.1 Śőŕàïęěŋŋëě ŕàőáâàăŋáâćă

Ŕãáâì E^∗ - ŕàőáâàăŋáâćő, áőŕàïęěŋŋőě ąăŋăåőćã ŕàőáâàăŋáâćã E.

Őŕàěďěńěŋĺě 12.1.1 Ďńï łăęďőčő íńěňěŋâă x ∈ E äőàňãńă ⟨x, y^∗⟩ őŕàěďěńïěâ ŋă ŕàőáâàăŋáâćě E^∗ äãŋłæĺőŋăń x^{∗∗} ŕãâěň ⟨y^∗, x^{∗∗}⟩ := ⟨x, y^∗⟩. Őâőąàăęěŋĺě π : x → x^{∗∗} ŋăğëćăîâ ěáâěáâćěŋŋëň őâőąàăęěŋĺěň ŕàőáâàăŋáâćă E ć E^{∗∗}.

Ŕàěďńőęěŋĺě 12.1.1 Ěáâěáâćěŋŋőě őâőąàăęěŋĺě π ĺğőňěâàĺçŋő, â.ě. ‖x‖ = ‖x^{∗∗}‖ ŕàĺ ńîąőň x ∈ E. 12.2 Śőŕàïęěŋŋëě ŕő Ťĺńńĺŕáã ŕőńãčàãŕŕë

Ŕãáâì őŕěàăâőàë exp(·A)^∗ := {exp(tA)^∗, t ≥ 0} — áěňěľáâćő áőŕàïęěŋŋëå őŕěàăâőàőć ł C0-ŕőńãčàãŕŕě exp(·A). Śěňěľáâćő exp(·A)^∗ ãďőćńěâćőàïěâ ãáńőćĺïň (i)-(ii) őŕàěďěńěŋĺï 1.2.1, â.ě. őąńăďăěâ ŕőńãčàãŕŕőćëň áćőľáâćőň ĺ őąàăéăěâáï ć ěďĺŋĺçŋëľ őŕěàăâőà ŕàĺ t = 0, ĺ ďńï ŋěčő áŕàăćěďńĺćă őæěŋłă

‖exp(tA)^∗‖ ≤ Me^{ωt}, őďŋăłő őŋő, ćőőąéě čőćőàï, ŋě őąïğăŋő ãďőćńěâćőàïâì

112 ČŃĂĆĂ 12. ŚŐŔŘ§ĘĚŊŊŻĚ ŔŐŃŞČŘŞŔŔŻ

ãáńőćĺî (iii), â.ě. ąëâì áĺńìŋő ŋěŕàěàëćŋëň ć ŋãńě ŕàĺ ćáěå x^∗ ∈ E^∗ (ŋěŕàěàëćŋőáâì ŕőŋĺňăěâáï ć áňëáńě áĺńìŋőľ âőŕőńőčĺĺ ć E^∗).

Ŕàěďńőęěŋĺě 12.2.1 Ć áńãçăě àěäńěłáĺćŋőčő ŕàőáâàăŋáâćă E ĺğ ŕàěďŕőńőęěŋĺï A ∈ G(M, ω) áńěďãěâ, çâő D(A^∗) ŕńőâŋő ć E^∗ ć áĺńìŋőľ âőŕőńőčĺĺ. Ć őąéěň áńãçăě íâő ŋě âăł.

Ŕàěďńőęěŋĺě 12.2.2 [37] Ŕãáâì A ∈ C(E). Šőčďă ĺňěěâ ňěáâő àăćěŋáâćő R(λ, A^∗) = R(λ, A)^∗. Őŕàěďěńěŋĺě 12.2.1 Őąőğŋăçĺň çěàěğ E^⊙ ŕőďŕàőáâàăŋáâćő (ğăňłŋãâőě) ŕàőáâàăŋáâćă E^∗ , ŋă łőâőàőň áěňěľáâćő exp(·A)^∗ áĺńìŋő ŋěŕàěàëćŋő ŕő t ć ŋãńě, ĺ őŕàěďěńĺň ŕőńãčàãŕŕã exp(·A)^⊙ łăł áãęěŋĺě exp(·A)^∗|E⊙ .

Ŕàěďńőęěŋĺě 12.2.3 Ňŋőęěáâćő E^⊙ ïćńïěâáï w^∗-ŕńőâŋëň ć E^∗.

Ŕàěďńőęěŋĺě 12.2.4 [166] Ďńï C0-ŕőńãčàãŕŕë exp(·A) ĺňěěň (i) őâőąàăęěŋĺě t → exp(tA)^∗x^∗ ïćńïěâáï w^∗-ŋěŕàěàëćŋëň ŕő t ∈ R+ ŕàĺ ńîąőň x^∗ ∈ E^∗;

(ii) őâőąàăęěŋĺě ć (i) ïćńïěâáï w^∗-ďĺääěàěŋæĺàãěňëň áŕàăćă ć ŋãńě

âőčďă ĺ âőńìłő âőčďă, łőčďă íńěňěŋâ x^∗ ∈ D(A^∗);

(iii) ěáńĺ x^∗ ∈ D(A^∗), âő ŕàĺ t > 0 ĺňěěň exp(tA)^∗x^∗ ∈ D(A^∗) ĺ äãŋłæĺï

ć (i) w^∗-ďĺääěàěŋæĺàãěňă, ŕàĺçěň d dt ⟨x, exp(tA)^∗x^∗⟩ = ⟨x, A^∗exp(tA)^∗x^∗⟩ = ⟨x, exp(tA)^∗A^∗x^∗⟩ (12.1) ŕàĺ ćáěå x ∈ E ĺ t ≥ 0 ;

(iv) őąńăáâì őŕàěďěńěŋĺï D(A^⊙) w^∗-ŕńőâŋă ć E^∗, čďě A^⊙ - ŕàőĺğćő-

ďïéĺľ őŕěàăâőà ŕőńãčàãŕŕë exp(·A)^⊙ , őŕàěďěńěŋŋőľ ŋă E^⊙. Ďăńěě ćáîďã ćňěáâő exp(·A)^∗|_E⊙ ąãďěň ŕĺáăâì exp(·A^⊙);

(v) ďěľáâćĺě áěňěľáâćă exp(·A)^∗ ćőááâăŋăćńĺćăěâáï ŕő äőàňãńě exp(tA)^∗ = (λI − A^∗)exp(tA)^⊙(λI − A^∗)^{−1}. Šěőàěňă 12.2.1 [166] Ďńï A ∈ G(M, ω) ĺňěěň

(i) ŕőďŕàőáâàăŋáâćő E^⊙ áőćŕăďăěâ á D(A^∗), čďě ğăňëłăŋĺě ąěàěâáï ć áĺńìŋőľ âőŕőńőčĺĺ E^∗ ;

(ii) ŕőďŕàőáâàăŋáâćő E^⊙ ĺŋćăàĺăŋâŋő őâŋőáĺâěńìŋő áěňěľáâćă exp(·A)^∗,

ĺ őŕàěďěńěŋŋőě ćëèě áěňěľáâćő exp(·A)^⊙ ïćńïěâáï C0-ŕőńãčàãŕŕőľ őŕěàăâőàőć ŋă E^⊙;

(iii) őŕěàăâőà A^⊙ ěáâì çăáâì őŕěàăâőàă A^∗ ć E^⊙; (iv) ěáńĺ ŕàőáâàăŋáâćő E àěäńěłáĺćŋő, âő E^⊙ = E^∗ ĺ A^⊙ = A^∗ .

12.2. ŚŐŔŘ§ĘĚŊŊŻĚ ŔŐ ŤĹŃŃĹŔŚŞ ŔŐŃŞČŘŞŔŔŻ 113

Ŕàěďńőęěŋĺě 12.2.5 [114] Ŕãáâì E - ŕàőáâàăŋáâćő Čàőâěŋďĺłă. Šőčďă áěňěľáâćă exp(·A)^∗, exp(·A)^{∗∗}, ŋěŕàěàëćŋë ć áĺńìŋëå âőŕőńőčĺïå ć E^∗ ĺ

E^{∗∗} áőőâćěâáâćěŋŋő, â.ě. E^∗ = E^⊙ ĺ E^{∗∗} = E^{⊙⊙}.

Ŕàěďńőęěŋĺě 12.2.6 [59] Ŕãáâì A ∈ H(θ, ω). Šőčďă őŕěàăâőà-äãŋłæĺï

exp(·A)^∗ ďőŕãáłăěâ čőńőňőàäŋőě ŕàőďőńęěŋĺě ć áěłâőà Σ(θ), ŕàĺçěň (i) exp(ζ_1A)^∗exp(ζ_2A)^∗ = exp((ζ_1 + ζ_2)A)^∗ ŕàĺ ńîąëå ζ_1, ζ_2 ∈ Σ(θ), (ii) w^∗-lim_{ζ→0} exp(ζA)^∗x^∗ = x^∗ ŕàĺ ćáěå x^∗ ∈ E^∗ ĺ |argζ| ≤ α < θ.

Řăááňăâàĺćăï C0-ŕőńãčàãŕŕã exp(·A^⊙) ŋă E^⊙ á áőŕàïęěŋŋëň ŕàőáâàăŋáâćőň E^{⊙∗} ĺ ŕőćâőàïï àăááãęďěŋĺï, ăŋăńőčĺçŋëě âěň, łőâőàëě ŕàĺćěńĺ ŋăá őâ E ł E^⊙, ŕőńãçĺň ŕàőáâàăŋáâćă E^{⊙∗}, ĺ E^{⊙⊙} á C0-ŕőńãčàãŕŕőľ exp(·A^{⊙⊙}).

Őŕàěďěńěŋĺě 12.2.2 Ąăŋăåőćő ŕàőáâàăŋáâćő E ŋăğëćăěâáï ⊙- àěäńěłáĺćŋëň čőćőàïâ ( áőńŋëèłő-àěäńěłáĺćŋëň) áőčńăáŋő őŕěàăâőàã

A ∈ G(M, ω) (ĺńĺ őâŋőáĺâěńìŋő ŕőńãčàãŕŕë exp(·A)), ěáńĺ E = E^{⊙⊙}.

Őŕàěďěńěŋĺě 12.2.3 Šőŕőńőčĺî ć E, ŕőàőęďěŋŋãî áĺáâěňőľ őłàěáâŋő- áâěľ ŋãńï_{{x ∈ E : |⟨x, x⊙} i ⟩| < ε, i = 1, 2, ..., n}, čďě x^⊙_1 , ..., x^⊙_n ∈ E^⊙ ĺ ε > 0, ŋăğőćěň σ(E, E^⊙)-âőŕőńőčĺěľ.

Ŕàěďńőęěŋĺě 12.2.7 [158] Śŕàăćěďńĺćë áńěďãîéĺě ãâćěàęďěŋĺï:

(i) σ(E, E^⊙)-âőŕőńőčĺï ńőłăńìŋő ćëŕãłńă ĺ áńăąěě w-âőŕőńőčĺĺ ć E; (ii) łăęďőě ćëŕãłńőě ğăňłŋãâőě {exp(tA) : t ≥ 0}-ĺŋćăàĺăŋâŋőě ňŋőęě-

áâćő ïćńïěâáï σ(E, E^⊙)-ğăňłŋãâëň;

(iii) őčàăŋĺçěŋŋőě ňŋőęěáâćő Ω ⊂ E ïćńïěâáï σ(E, E^⊙)- łőňŕăłâŋëň

âőčďă ĺ âőńìłő âőčďă, łőčďă ňŋőęěáâćő R(λ, A)Ω ïćńïěâáï σ(E, E^⊙)- łőňŕăłâŋëň;

(iv) ěáńĺ ŕőáńěďőćăâěńìŋőáâì őŕěàăâőàőć T_n áåőďĺâáï ł őŕěàăâőàã T

àăćŋőňěàŋő (ŕő ŋőàňě) ĺ ćáě őŕěàăâőàë Tn ïćńïîâáï σ(E, E^⊙)− łőňŕăłâŋëňĺ, âő ĺ ĺå ŕàěďěń T âăłęě σ(E, E^⊙)-łőňŕăłâěŋ.

Ŕàěďńőęěŋĺě 12.2.8 [66], [37], [79] Śńěďãîéĺě ãáńőćĺï íłćĺćăńěŋâŋë:

(i) Ŕàőáâàăŋáâćő E ïćńïěâáï ⊙-àěäńěłáĺćŋëň áőčńăáŋő őŕěàăâőàã A ∈ G(M, ω); (ii) àěğőńìćěŋâă R(λ, A) ïćńïěâáï σ(E, E^⊙)-áńăąő łőňŕăłâŋőľ ŕàĺ ńî-

ąőň λ ∈ ρ(A);

(iii) ŕàőáâàăŋáâćő E^⊙ ïćńïěâáï ⊙-àěäńěłáĺćŋëň áőčńăáŋő őŕěàă-

âőàã A^⊙;

(iv) àěğőńìćěŋâă R(λ, A) ïćńïěâáï w-łőňŕăłâŋőľ;

(v) àěğőńìćěŋâă R(λ, A) ïćńïěâáï σ(E, E^⊙)-łőňŕăłâŋőľ.

114 ČŃĂĆĂ 12. ŚŐŔŘ§ĘĚŊŊŻĚ ŔŐŃŞČŘŞŔŔŻ

Őŕàěďěńěŋĺě 12.2.4 Ŕőńãčàãŕŕã ŋă E^∗, ŋěŕàěàëćŋãî ć ŋãńě ć w^∗-âőŕőńőčĺĺ, ąãďěň ŋăğëćăâì C^∗_0 -ŕőńãčàãŕŕőľ.

Ŕàěďńőęěŋĺě 12.2.9 [2] Ďńï C^∗_0 -ŕőńãčàãŕŕë exp(·A) áãéěáâćãîâ âăłĺě łőŋáâăŋâë Ň ≥ 1 ĺ β ≥ inft>0(t^{−1} ln ‖exp(tA)‖), çâő ‖exp(tA)‖ ≤ Me^{βt}, t ≥ 0. (12.2) Ŕàěďńőęěŋĺě 12.2.10 [2] Ŕãáâì ďńï C^∗_0 -ŕőńãčàãŕŕë exp(·A) ďăŋő ňŋőęěáâćő D ⊆ D(A), łőâőàőě w^∗- ŕńőâŋő ć E ĺ ĺŋćăàĺăŋâŋő őâŋőáĺâěńìŋő

exp(·A) . Šőčďă D- áěàďæěćĺŋă őŕěàăâőàă A , â.ě. w^∗ − w^∗ ğăňëłăŋĺě áã-

ęěŋĺï A|D áőćŕăďăěâ á A .

Őŕàěďěńěŋĺě 12.2.5 İńěňěŋâ x ∈ E ŋăğőćěň čőńőňőàäŋëň ďńï őŕěàăâőàă A, ěáńĺ x ∈ D(A^∞) ĺ äãŋłæĺï z → ∞∑ k=0 z^k‖A^kx‖/k! , z ∈ C, (12.3) ïćńïěâáï ăŋăńĺâĺçěáłőľ äãŋłæĺěľ.

Ŕàěďńőęěŋĺě 12.2.11 [2] Őŕěàăâőà A ∈ C(E^∗) ïćńïěâáï ŕàőĺğćőďïéĺň őŕěàăâőàőň C^∗_0 - čàãŕŕë âőńìłő âőčďă, łőčďă őŋ w^∗ -ŕńőâŋő őŕàěďěńěŋ,

w^∗ − w^∗ ğăňłŋãâ ĺ ãďőćńěâćőàïěâ áńěďãîéĺň ãáńőćĺïň:

(i) áãéěáâćãîâ âăłĺě M ≥ 1, β ≥ 0, çâő

‖(I − αA)^kx‖ ≥ M^{−1}(1 − αβ)^k‖x‖ ŕàĺ ćáěå x ∈ D(A^k), (12.4) ćáěå α á |α|β < 1 ĺ k = 1, 2, ...; (ii) ńĺąő R(I −αA) ŕàĺ ćáěå α c 0 < αβ < 1 áőćŕăďăěâ áő ćáěň ŕàőáâàăŋ-

áâćőň E^∗, ńĺąő A ĺňěěâ w^∗-ŕńőâŋőě ňŋőęěáâćő čőńőňőàäŋëå íńěňěŋâőć ĺ ńîąőľ íńěňěŋâ ŕàőáâàăŋáâćă ňőęŋő ăŕŕàőłáĺňĺàőćăâì àăćŋőňěàŋő őčàăŋĺçěŋŋőľ áěâìî čőńőňőàäŋëå íńěňěŋâőć.

Ŕàěďńőęěŋĺě 12.2.12 [2] Ďńï C^∗_0 - ŕőńãčàãŕŕë exp(·A) áńěďãîéĺě ãáńőćĺï íłćĺćăńěŋâŋë:

(i) íńěňěŋâ x ∈ D(A);

(ii) sup { ‖(exp(tA)−I)x‖ t : t ∈ (0, 1] } < ∞ . Ďńï C0-ŕőńãčàãŕŕ íâő ãâćěàęďěŋĺě, ćőőąéě čőćőàï, ŋěćěàŋő.

12.2. ŚŐŔŘ§ĘĚŊŊŻĚ ŔŐ ŤĹŃŃĹŔŚŞ ŔŐŃŞČŘŞŔŔŻ 115

Ŕàěďńőęěŋĺě 12.2.13 [2] Ďńï C0- ĺńĺ C^∗_0 -čàãŕŕë exp(·A) áńěďãîéĺě ãáńőćĺï íłćĺćăńěŋâŋë:

(i) ŋăľďãâáï âăłĺě ε > 0 ĺ δ > 0 , çâő

‖exp(tA) − I‖ ≤ 1 − ε ŕàĺ ćáěå t ∈ [0, δ); (12.5)

(ii) lim_{t→0} ‖exp(tA) − I‖ = 0.

Ŕàěďńőęěŋĺě 12.2.14 [2] Ŕãáâì ğăďăŋë ďćě C^∗_0 -ŕőńãčàãŕŕë exp(·A), exp(·G). Śńěďãîéĺě ãáńőćĺï àăćŋőáĺńìŋë: (i) ‖exp(tA) − exp(tG)‖ = O(t) ŕàĺ t → 0; (ii) D(A) = D(G) ĺ őŕěàăâőà A − G - őčàăŋĺçěŋŋëľ őŕěàăâőà ĺğ D(G) ć E^∗. Ŕàěďńőęěŋĺě 12.2.15 [136] Ŕãáâì ŕőńãčàãŕŕă exp(·A) ğăďăŋă ŋă ŕàőáâàăŋáâćě Čàőâěŋďĺłă E ĺ ă) limt→∞^{‖CH(t,1)‖}_t < ∞; b) s-lim_{t→∞}(u/t)exp(tA)CH(u, 1)x = 0 ŕàĺ ćáěå x ∈ E, u > 0. Šőčďă_{(i)}

őŕěàăâőà P := s-(C, 1) limt→∞ exp(tA) ïćńïěâáï ŕàőěłâőàőň ć E, ŕàĺçěň_{R(P ) = ∩} t>0N(exp(tA) − I), N(P ) = span(∪_{t≥0}R(exp(tA) − I)) ĺ D(P ) = {x ∈ E : ∃t_n → ∞, w-lim_{n→∞} t^{−1}_n CH(t_n, 1)x áãéěáâćãěâ };

(ii) őŕěàăâőà Qx^∗ = w^∗ − lim_{t→∞} CH(t, 1)^∗x^∗ ïćńïěâáï ŕàőěłâőàőň ć E^∗, ŕàĺçěň R(Q) = ∩t>0N(exp(tA)^∗ − I), N(Q) = span{∪t>0R(exp(tA)^∗ − I^∗)} ĺ D(Q) = {x^∗ ∈ E^∗ : ∃t_n → ∞, w^∗-lim CH(t_n, 1)x^∗ áãéěáâćãěâ }.

Łàőňě âőčő, N(A) = R(P ), N(A^∗) = R(Q), R(A) = N(P ), R(A^∗) = N(Q).

Ŕàěďńőęěŋĺě 12.2.16 [136] Ŕãáâì E - ŕàőáâàăŋáâćő Čàőâěŋďĺłă. C0 - ŕőńãčàãŕŕă exp(·A) áĺńìŋő (C, 1) íàčőďĺçŋă âőčďă ĺ âőńìłő âőčďă, łőčďă ćëŕőńŋïîâáï ãáńőćĺï ă) ĺ b) ĺğ ŕàěďńőęěŋĺï 12.2.15 ĺ ďőŕőńŋĺâěńìŋő w^∗-

cl(R(A^∗)) = R(A^∗).

Čńăćă 13

Ćőğňãéěŋĺï ŕőńãčàãŕŕ

Šěőàĺï ćőğňãéěŋĺľ, ŕő-ćĺďĺňőňã, — őďŋő ĺğ ŋěňŋőčĺå áàěďáâć, łőâőàëě ŕőğćőńïîâ ĺáŕőńìğőćăâì ăąáâàăłâŋëě àěğãńìâăâë ŋă ŕàăłâĺłě. Ŋăň åőàőèő ĺğćěáâŋë áćőľáâćă ňőďěńìŋëå, ŕàőáâěľèĺå őŕěàăâőàőć, ă ć ŕàĺńőęěŋĺïå őąêěłâë, łăł ŕàăćĺńő, őâńĺçăîâáï őâ ňőďěńìŋëå. Ůâőąë ĺáŕőńìğőćăâì ăąáâàăłâŋëě âěőàěňë ŋă ŕàăłâĺłě, ŋăďő ğŋăâì, çâő őâńĺçĺě őâ ňőďěńìŋőčő őŕěàăâőàă ŋě ćëćőďĺâ ĺğ łńăááă őŕěàăâőàőć, ł łőâőàëň ŕàĺňěŋĺň ăąáâàăłâŋëľ àěğãńìâăâ.

13.1 Őąéĺě ňãńìâĺŕńĺłăâĺćŋëě âěőàěňë

Őďŋőľ ĺğ ŕěàćëå ŕőŕëâőł ĺááńěďőćăâì ňãńìâĺŕńĺłăâĺćŋëě ćőğňãéěŋĺï ąëńă àăąőâă [106]. Ňë ŕàĺćőďĺň ğďěáì ĺŋőľ ŕőďåőď (áň. [131]) ĺ ĺğńăčăěň őąéĺě ňãńìâĺŕńĺłăâĺćŋëě âěőàěňë ő ćőğňãéěŋĺïå ĺ ŋěłőâőàëě áńěďáâćĺï ĺğ ŋĺå.

Őŕàěďěńěŋĺě 13.1.1 Čőćőàïâ, çâő őŕěàăâőà C ∈ B(E) ŕàĺŋăďńěęĺâ łńăááã Mul(A) ňãńìâĺŕńĺłăâĺćŋëå ćőğňãéěŋĺľ ŕàőĺğćőďïéěčő őŕěàăâőàă C0-ŕőńãčàãŕŕë exp(·A), ěáńĺ őŕěàăâőà B = C − I ãďőćńěâćőàïěâ ãáńőćĺî (M):

Ďńï ńîąőľ ŋěŕàěàëćŋőľ äãŋłæĺĺ f ∈ C([0, t]; E)

(M_a) ∫ t 0 exp((t − s)A)B f(s) ds ∈ D(A), (M_b) ‖A ∫ t 0 exp((t − s)A)Bf(s) ds‖ ≤ γ_B(t) · ‖f‖_{C([0,t];E)}, čďě γB : [0, ∞) → [0, ∞) - ŋěłőâőàăï ŋěŕàěàëćŋăï ŋěãąëćăîéăï äãŋłæĺï á

γ_B(0) = 0, ĺ ‖f‖_{C([0,t];E)} = sup_{0≤s≤t} ‖f(s)‖.

Ğăňěçăŋĺě 13.1.1 Ěáńĺ (Ma) ĺ (Mb) ćëŕőńŋïîâáï ďńï ćáěå äãŋłæĺľ ć ŕńőâŋőň ŕőďňŋőęěáâćě ŕàőáâàăŋáâćă C([0, t]; E), âőčďă ĺğ ğăňłŋãâőáâĺ A, ĺ

13.1. ŐĄŹĹĚ ŇŞŃĲŠĹŔŃĹŁĂŠĹĆŊŻĚ ŠĚŐŘĚŇŻ 117

íâő ňőęŋő ńěčłő ćĺďěâì, áńěďãěâ, çâő ãáńőćĺï (Ma) ĺ (Mb) ćëŕőńŋïîâáï ďńï ćáěå f ć C([0, t]; E). Śńěďőćăâěńìŋő, âăł łăł (Ma) ćëŕőńŋïěâáï ďńï ćáěå f ĺğ ňŋőęěáâćă C^1([0, t]; E), łőâőàőě ïćńïěâáï ŕńőâŋëň ć C([0, t]; E), ãáńőćĺě (M) ňőęŋő ğăňěŋĺâì íłćĺćăńěŋâŋëň ãáńőćĺěň: (M^′) ‖A ∫ t 0 exp((t−s)A)Bf(s)ds‖ ≤ γ_B(t)‖f‖_{C([0,t];E)} ďńï ćáěå f ∈ C^1([0, t]; E). Šăłĺň őąàăğőň, ŕàăłâĺçěáłĺ, ňë ďőńęŋë ŕàőćěàïâì âőńìłő ãáńőćĺě (M^′).

Šěőàěňă 13.1.1 Ěáńĺ őŕěàăâőà C ŕàĺŋăďńěęĺâ Mul(A), âőčďă ĺ AC ĺ

CA - ŕàőĺğćőďïéĺě őŕěàăâőàë C_0-ŕőńãčàãŕŕ. Łàőňě âőčő, ‖exp(tA) − exp(tAC)‖ = O(γ_B(t)) ŕàĺ t → 0 + . Ďőłăğăâěńìáâćő. Ďőłăğăâěńìáâćő âěőàěňë 13.1.1 áńěďãěâ ďőłăğăâěńìáâćã âěőàěňë 5 ć [82]. Ŕàěďŕőńőęĺň, çâő ‖exp(tA)‖ ≤ M e^{ωt} ďńï ćáěå t ≥ 0. Ŕãáâì B = C − I. Śŋăçăńă ŕàőćěàĺň, çâő ďńï ąőńìèĺå λ őŕěàăâőàë

λ − A(I + B) ĺ λ − (I + B)A ïćńïîâáï őąàăâĺňëňĺ. Ćőğìňěň τ ŋăáâőńìłő

ňăńëň, çâő MγB(τ) <^1_4 . Šőčďă ŕő ãáńőćĺî (M) ďńï ćáěå x ∈ E ĺňěěň ‖A(λ − A)^{−1}Bx‖ = ‖A ∫ ∞ 0 e^{−λt}exp(tA)Bx dt‖ =

= ‖ ∞∑ j=0 A ∫ (j+1)τ jτ e^{−λt}exp(tA)Bx dt‖ =

= ‖ ∞∑ j=0 e^{−λjτ} exp(jτA)A ∫ τ 0 e^{−λt}exp(tA)Bx dt‖ ≤

≤ ∞∑ j=0 Me^{−(λ−ω)jτ} ‖A ∫ τ 0 exp((τ − s)A)B(e^{λ(s−τ)}x) ds‖ ≤

≤ ∞∑ j=0 Me^{−(λ−ω)jτ} γ_B(τ)‖x‖ = M[1 − e^{−(λ−ω)τ} ]^{−1}γ_B(τ)‖x‖. Ćőğìňěň λ ďőáâăâőçŋő ąőńìèĺň âăł, çâő e^{−(λ−ω)τ} <^1_2 . Šőčďă

‖A(λ − A)^{−1}B‖ <^1_2 . Ŕãáâì

J(λ) := ∞∑ j=0 (A(λ − A)^{−1}B)^j(λ − A)^{−1} ĺ K(λ) := (λ − A)^{−1} + (λ − A)^{−1}B ∞∑ j=0 (A(λ − A)^{−1}B)^jA(λ − A)^{−1}.

118 ČŃĂĆĂ 13. ĆŐĞŇŞŹĚŊĹ§ ŔŐŃŞČŘŞŔŔ Šőčďă âě ęě áăňëě ćëłńăďłĺ, łăł ĺ ŋă áâàăŋĺæě 132 [81], ŕőłăğëćăîâ, çâő

J(λ) = (λ − A(I + B))^{−1} ĺ K(λ) = (λ − (I + B)A)^{−1}.

Ůâőąë ŕőłăğăâì, çâő A(I + B) – ŕàőĺğćőďïéĺľ őŕěàăâőà, àăááňőâàĺň ĺŋâěčàăńìŋőě ãàăćŋěŋĺě: v(t) = exp(tA)x + A ∫ t 0 exp((t − s)A)Bv(s) ds, 0 ≤ t ≤ τ. (13.1) Śŋăçăńă ŕàőćěàĺň, çâő ŕàĺ ćëŕőńŋěŋĺĺ ãáńőćĺï (M) äãŋłæĺï g(t) := A ∫ t 0 exp ( (t − s)A ) Bf(s) ds ïćńïěâáï ŋěŕàěàëćŋőľ ďńï ńîąőľ f ∈ C([0, τ]; E). Őŕàěďěńĺň ďńï ćáěå 0 ≤ h ≤ t ≤ τ äãŋłæĺî f_h(s) = { f(s − h) ďńï h ≤ s ≤ t + h, 0 ĺŋăçě.

Šőčďă ďńï ćáěå t ∈ [0, τ − h] ‖g(t + h) − g(t)‖ = ‖A ∫ t+h 0 exp((t + h − s)A)B ( f(s) − f_h(s) ) ds‖ ≤

≤ ‖A ∫ t+h h exp((t + h − s)A)B(f(s) − f_h(s)) ds‖+ +‖A ∫ h 0 exp((t + h − s)A)B(f(s) − f_h(s)) ds‖ ≤ ≤ ‖A ∫ t 0 exp((t − s)A)B(f(s + h) − f(s)) ds‖+ +‖exp(tA)A ∫ h 0 exp((h − s)A)Bf(s) ds‖ ≤ ≤ γ_B(t) · ‖f(s + h) − f(s)‖_{C([0,t];E)} + Me^{ωt}γ_B(h) · ‖f‖_{C([0,h];E)} áåőďĺâáï ł 0 ŕàĺ h → 0. Śńěďőćăâěńìŋő, ńĺŋěľŋëľ őŕěàăâőà F : f → A ∫ t 0 exp((t − s)A)Bf(s) ds őâőąàăęăěâ C([0, τ]; E) ć áěąï . Łàőňě âőčő, ‖(F f)(t)‖ = ‖A ∫ t 0 exp((t − s)A)Bf(s) ds‖ ≤ γ_B(t) · ‖f‖_{C([0,t];E)} < 1 2 ‖f‖_{C([0,τ];E)}.

13.1. ŐĄŹĹĚ ŇŞŃĲŠĹŔŃĹŁĂŠĹĆŊŻĚ ŠĚŐŘĚŇŻ 119

Śńěďőćăâěńìŋő, őŕěàăâőà I − F - őąàăâĺň. İâő őğŋăçăěâ, çâő (13.1) ĺňěěâ ěďĺŋáâćěŋŋőě àěèěŋĺě vx ∈ C([0, τ]; E) ďńï łăęďőčő x ∈ E.

Ďńï 0 ≤ t ≤ τ, ŕőńőęĺň S(t)x = vx(t). Šőčďă ć áĺńã (13.1) ŕàĺ t ∈ [0, τ] S(t)x = exp(tA)x + A ∫ t 0 exp((t − s)A)BS(s)x ds. (13.2) Ďńï τ ≤ t ≤ 2τ ŕőńőęĺň S(t)x := v_{S(τ)x}(t − τ), ĺ ďăńěě, S(t)x := v_{S(nτ)x}(t − nτ) ďńï nτ ≤ t ≤ (n + 1)τ. Šăłĺň őąàăğőň, ňë őŕàěďěńĺńĺ äãŋłæĺî S(·) ŋă

[0, ∞).

Ůâőąë ŕőłăğăâì, çâő (13.2) ćëŕőńŋïěâáï ďńï ćáěå t ≥ 0, ŕàĺňěŋĺň ĺŋďãłæĺî. Ŕãáâì (13.2) ćëŕőńŋïěâáï ďńï 0 ≤ t ≤ nτ. Šőčďă ďńï nτ ≤ t ≤ (n + 1)τ ĺňěěň_{S(t)x = v} S(nτ)x(t − nτ) = = exp((t − nτ)A)S(nτ)x + A ∫ t−nτ 0 exp((t − nτ − s)A)Bv_{S(nτ)x}(s ) ds = = exp((t − nτ)A) [ exp((nτ)A)x + A ∫ nτ 0 exp((nτ − s)A)BS(s)x ds ] + +A ∫ t nτ exp((t − s)A)Bv_{S(nτ)x}(s − nτ) ds = = exp(tA)x + A ∫ nτ 0 exp((t − s)A)BS(s)x ds + A ∫ t nτ exp((t − s)A)BS(s)x ds = = exp(tA)x + A ∫ t 0 exp((t − s)A)BS(s)x ds. §áŋő, çâő äãŋłæĺï S(·), őŕàěďěńěŋŋăï ćëèě, áĺńìŋő ŋěŕàěàëćŋă ĺ S(0)x =

exp(0A)x = x ďńï ćáěå x ∈ E. Šăł łăł ŕő őŕàěďěńěŋĺî S(·) ãďőćńěâćőàïěâ S(t)x = v_{S(nτ)x}(t − nτ)x = S(t − nτ)S(nτ)x = S(t − nτ)(S(τ))^nx ďńï x ∈ E ĺ nτ ≤ t ≤ (n + 1)τ, âő ńěčłő ćĺďěâì, çâő ‖S(t)‖ ≤ M1e^{ω1t}, t ≥ 0, á M1 =

sup{‖S(s)‖; 0 ≤ s ≤ τ} ĺ ω_1 = τ^{−1} ln M_1.

Šěŕěàì ňőęŋő ćğïâì ŕàěőąàăğőćăŋĺě Ńăŕńăáă ć (13.2) ĺ ďńï ćáěå ąőńìèĺå λ ŕőńãçăěň

Ŝ(λ) = (λ − A)^{−1} + (λ − A)^{−1}BŜ(λ) = (λ − A)^{−1} + [λ(λ − A)^{−1} − I]BŜ(λ),

(I + B)Ŝ(λ) = (λ − A)^{−1} + λ(λ − A)^{−1}BŜ(λ),

â.ě. R((I +B)^^S(λ)) ⊆ D(A) ĺ (λ−A)(I +B)^^S(λ) = I +λB^^S(λ). Śńěďőćăâěńìŋő,

[λ − A(I + B)]Ŝ(λ) = I. Ŕőáłőńìłã, łăł ňë ŕőłăğăńĺ, őŕěàăâőà λ − A(I + B)

- őąàăâĺň ďńï ćáěå ąőńìèĺå λ, âő^^S(λ) = [λ − A(I + B)]^{−1}. Ć áĺńã âěőàěňë

2.1.2, S(·) ěáâì C_0-ŕőńãčàãŕŕă á ŕàőĺğćőďïéĺň őŕěàăâőàőň A(I + B) = AC.

120 ČŃĂĆĂ 13. ĆŐĞŇŞŹĚŊĹ§ ŔŐŃŞČŘŞŔŔ

Ŋăłőŋěæ, ŕő âěőàěňě Desch ĺ Schappacher ([82], âěőàěňă 1 (b)) ŕőńãçăěň, çâő ěáńĺ őčàăŋĺçěŋŋëľ ńĺŋěľŋëľ őŕěàăâőà C ŋă E âăłőć, çâő AC ŕőàőęďăěâ

C_0-ŕőńãčàãŕŕã ĺ őŕěàăâőà λI − CA őąàăâĺň ďńï ŋěłőâőàőčő λ, âőčďă CA

âăłęě ŕőàőęďăěâ C0-ŕőńãčàãŕŕã. Őæěŋłă ‖S(t) − exp(tA)‖ ≤ γB(t)M1e^{ω1t} áńěďãěâ ĺğ (13.2) ĺ ãáńőćĺï (Mb). Ďőłăğăâěńìáâćő ğăćěàèěŋő.

Őŕàěďěńěŋĺě 13.1.2 Čőćőàïâ, çâő ąăŋăåőćő ŕàőáâàăŋáâćő (E, |·|) ãďőćńěâćőàïěâ ãáńőćĺî (E) őâŋőáĺâěńìŋő A, ěáńĺ

(E_a) E ŋěŕàěàëćŋő ćńőęěŋő ć E, (E_b) ďńï ńîąőľ ŋěŕàěàëćŋőľ äãŋłæĺĺ ϕ ∈ C([0, t]; E) ∫ t 0 exp((t − s)A)ϕ(s) ds ∈ D(A), (E_c) ‖A ∫ t 0 exp((t − s)A)ϕ(s) ds‖ ≤ γ(t) sup_{0≤s≤t} |ϕ(s)|E, čďě γ : [0, ∞) → [0, ∞) - ŋěŕàěàëćŋăï ŋěãąëćăîéăï äãŋłæĺï á γ(0) = 0.

Ŕàőáâàăŋáâćő E ãďőćńěâćőàïěâ ãáńőćĺî (E), ěáńĺ, ŋăŕàĺňěà, E ěáâì D(A) =

(D(A), ‖ · ‖_A) ĺńĺ łńăáá Ťăćăàă (F_{exp(·A)}, | · |_{Fexp(·A)} ) (áň. [84] ć áćïğĺ á íâĺňĺ ĺ

ďàãčĺňĺ ŕàĺňěàăňĺ ). Ğďěáì Fexp(·A) = {x ∈ E : sup t^{−1}‖(exp(tA) − I)x‖ < ∞} . Ńěčłő ŕàőćěàĺâì (áň. âăłęě [84]), çâő łńăáá Mul(A) áőďěàęĺâ łńăáá I +

B(E, E). Šăłĺň őąàăğőň, ĺğ âěőàěňë 13.1.1 ćëâěłăěâ áńěďãîéăï âěőàěňă ĺğ [82], âěőàěňă 5.

Śńěďáâćĺě 13.1.1 Ěáńĺ E - ąăŋăåőćő ŕàőáâàăŋáâćő, łőâőàőě ãďőćńěâćőàïěâ ãáńőćĺî (E) őâŋőáĺâěńìŋő A, âőčďă I + B(E, E) ⊆ Mul(A), âăł çâő ďńï łăęďőčő B ∈ B(E, E) őąă őŕěàăâőàă (I +B)A ĺ A(I +B) - ŕàőĺğćőďïéĺě őŕěàăâőàë C0-ŕőńãčàãŕŕ.

Ůâőąë őåăàăłâěàĺğőćăâì łńăáá Mul(A), ňë ďăďĺň áńěďãîéěě őŕàěďěńěŋĺě.

Őŕàěďěńěŋĺě 13.1.3 Őŕěàăâőàŋő-ğŋăçŋăï äãŋłæĺï U(·) ïćńïěâáï äãŋłæĺěľ á ńőłăńìŋő őčàăŋĺçěŋŋőľ ŕőńãćăàĺăæĺěľ , ěáńĺ ďńï ŋěłőâőàőčő t > 0

SV (U(·), t) := sup { ‖ n∑ j=1 [U(t_j) − U(t_{j−1})]x_j‖ : x_j ∈ E, ‖x_j‖ ≤ 1 } < ∞, čďě supremum ąěàěâáï ŕő ćáěň àăğąĺěŋĺïň őâàěğłă [0, t]. Őŕěàăâőàŋőğŋăçŋăï äãŋłæĺï U(·) ïćńïěâáï äãŋłæĺěľ á ńőłăńìŋő őčàăŋĺçěŋŋőľ áĺńìŋőľ ćăàĺăæĺěľ, ěáńĺ ďńï ŋěłőâőàőčő t > 0 ĺ ćáěå x ∈ E V ar(U(·)x, t) :=

13.1. ŐĄŹĹĚ ŇŞŃĲŠĹŔŃĹŁĂŠĹĆŊŻĚ ŠĚŐŘĚŇŻ 121

= sup { n∑ j=1 ‖(U(t_j) − U(t_{j−1}))x‖ : 0 = t_0 < t_1 < · · · < t_n = t, n ≥ 1} < ∞. Ŋăłőŋěæ, őŕěàăâőàŋőğŋăçŋăï äãŋłæĺï U(·) ïćńïěâáï äãŋłæĺěľ á ńőłăńìŋő őčàăŋĺçěŋŋőľ àăćŋőňěàŋőľ ćăàĺăæĺěľ, ěáńĺ ďńï ŋěłőâőàőčő t > 0 V ar(U(·), t) := = sup { n∑ j=1 ‖(U(t_j) − U(t_{j−1}))‖ : 0 = t_0 < t_1 < · · · < t_n = t, n ≥ 1 } < ∞. Ďńï ńîąëå äĺłáĺàőćăŋŋőčő λ ĺ őŕěàăâőàă B ∈ B(E) őŕàěďěńĺň äãŋłæĺî

U_{B,λ}(·) äőàňãńőľ U_{B,λ}(t)x := (A − λ) ∫ t 0 exp(sA)Bx ds. (13.3) Śńěďãîéăï âěőàěňă åăàăłâěàĺğãěâ Mul(A) ć âěàňĺŋăå ńőłăńìŋő őčàăŋĺçěŋŋőľ ŕőńãćăàĺăæĺĺ äãŋłæĺĺ UB,λ(·).

Šěőàěňă 13.1.2 Őŕěàăâőà C ∈ B(E) ŕàĺŋăďńěęĺâ Mul(A), âő ěáâì B = C−I ãďőćńěâćőàïěâ ãáńőćĺî (M) âőčďă ĺ âőńìłő âőčďă, łőčďă SV (UB,λ(·), t)

= o(1) (t → 0+) ďńï ŋěłőâőàőčő ( ĺ, ğŋăçĺâ, ćáěå ) λ > ω.

Łàőňě âőčő, SV (UB,λ(·), t) ĺ äãŋłæĺï γB(t) ć ãáńőćĺĺ (Mb) ĺňěîâ őďĺŋ ĺ âőâ ęě ŕőàïďőł áåőďĺňőáâĺ ć ŋãńě.

Ďőłăğăâěńìáâćő. Ďőáâăâőçŋőáâì. Ŕàěďŕőńőęĺň, çâő

SV (U_{B,λ}(·), t) = o(1) (t → 0+) ďńï ŋěłőâőàőčő λ > ω. Ěáńĺ x^∗ ∈ D(A^∗), âőčďă

ĺğ (13.3) ďńï ćáěå t > 0 ŕőńãçăěň U^∗_{B,λ}(t)x^∗ = − w^∗- ∫ t 0 B^∗exp(sA)^∗(λ − A^∗)x^∗ds ĺ_{w∗- d} dtU^∗_{B,λ}(t)x^∗ = −B^∗exp(tA)^∗(λ − A^∗)x^∗. Śńěďőćăâěńìŋő, (áň. [57], Ŕàĺńőęěŋĺě) V ar(U^∗_{B,λ}(·)x^∗, t) = ∫ t 0 ‖B^∗exp(sA)^∗(λ − A^∗)x^∗‖ds. Šăł łăł V ar(U^∗_{B,λ}(·)x^∗, t) ≤ SV (UB,λ(·), t) ‖x^∗‖ ([85], ńěňňă 2.3), ňë ŕőńãçăěň őæěŋłã:_∫ t 0 ‖B^∗exp((t − s)A)^∗(λ − A^∗)x^∗‖ds ≤ SV (U_{B,λ}(·), t)‖x^∗‖, x^∗ ∈ D(A^∗).

122 ČŃĂĆĂ 13. ĆŐĞŇŞŹĚŊĹ§ ŔŐŃŞČŘŞŔŔ

Ďńï f ∈ C^1([0, t], E), íńěňěŋâ^{∫ t}_0 exp^((t − s)A^)Bf(s)ds ŕàĺŋăďńěęĺâ D(A), ĺ ŋăľďěâáï x^∗_0 ∈ E^∗ âăłőľ, çâő ‖x^∗_0‖ = 1 ĺ ⟨(λ − A) ∫ t 0 exp((t − s)A)Bf(s) ds, x^∗_0⟩ = ‖(λ − A) ∫ t 0 exp((t − s)A)Bf(s) ds‖. Ŕãáâì x^∗_n = n^{∫ 1n}_0 exp(sA)^∗x^∗_0ds. Šőčďă x^∗_n ∈ D(A^∗), lim_{n→∞}‖x^∗_n‖ ≤ M, ĺ w^∗-

lim_{n→∞} x^∗_n = x^∗_0. Ŕőíâőňã ňë ŕőńãçăěň ‖(λ − A) ∫ t 0 exp((t − s)A)Bf(s)ds‖ = = lim_{n→∞}⟨(λ − A) ∫ t 0 exp((t − s)A)Bf(s)ds, x^∗_n⟩ = = lim_{n→∞} ∫ t 0 ⟨f(s), B^∗exp((t − s)A)^∗(λ − A^∗)x^∗_n⟩ds ≤ ≤ lim_{n→∞}‖f‖_{C([0,t];E)} ∫ t 0 ‖B^∗exp((t − s)A)^∗(λ − A^∗)x^∗_n‖ds ≤ ≤ ‖f‖_{C([0,t];E)} SV (U_{B,λ}(·), t)M. Ĺâăł, ‖A ∫ t 0 exp((t − s)A)Bf(s)ds‖ ≤ ≤ M [ λω^{−1} e^{ωt} t‖B‖ + SV (U_{B,λ}(·), t) ] · ‖f‖_{C([0,t];E)}. İâő őğŋăçăěâ, çâő B ãďőćńěâćőàïěâ ãáńőćĺî (M^′), łőâőàőě, łăł ąëńő őâňěçěŋő ŕőáńě őŕàěďěńěŋĺï 13.1.1, íłćĺćăńěŋâŋő ãáńőćĺî (M).

Ŋěőąåőďĺňőáâì. Ŕàěďŕőńőęĺň, çâő B ãďőćńěâćőàïěâ ãáńőćĺî (M). Ŕãáâì 0 = t0 < t1 < . . . < tn = t ĺ ŕãáâì ε – ŕőńőęĺâěńìŋőě çĺáńő ňěŋìèěě, çěň min{tj − tj−1}. Łăł ć [148] , ďńï łăęďőčő äĺłáĺàőćăŋŋőčő, ŋő ŕàőĺğćőńìŋőčő ŋăąőàă xj ∈ E, ‖xj‖ ≤ 1, j = 1, 2, · · · , n + 1, őŕàěďěńĺň ŋěŕàěàëćŋãî äãŋłæĺî fε : [0, t] → E

f_ε(τ) = { x_j, ěáńĺ t_{j−1} ≤ τ ≤ t_j − ε, x_{j+1} + (x_{j+1} − x_j)(τ − t_j)/ε, ěáńĺ t_j − ε ≤ τ ≤ t_j.

Ĺáŕőńìğãï ŕàĺ 0 ≤ a, b ≤ t àăćěŋáâćő A ∫ b a s exp((t − s)A)x ds = ∫ b a exp((t − s)A)x ds − b exp((t − b)A)x + b(t − a)x, ŕőńãçăěň A ∫ t 0 exp ( (t − s)A ) Bf_ε(s) ds =

13.1. ŐĄŹĹĚ ŇŞŃĲŠĹŔŃĹŁĂŠĹĆŊŻĚ ŠĚŐŘĚŇŻ 123

= A n∑ j=1 ∫ t_j −ε t_{j−}1 exp ( (t − s)A ) Bf_ε(s) ds + ∫ t_j t_j −ε exp ( (t − s)A ) Bf_ε(s) ds =

= A [ n ∑ j=1 ∫ t_j −ε t_{j−}1 exp((t − s)A)Bx_j ds+

+ ∫ t_j t_j −ε exp ( (t − s)A ) B ( x_{j+1} + (x_{j+1} − x_j)(s − t_j)/ε ) ds ] = = n∑ j=1 [ exp ( (t − t_{j−1})A ) − exp ( (t − t_j + ε)A )] Bx_j+

+ n∑ j=1 [ exp ( (t − t_j + ε)A ) − exp ( (t − t_j)A )] Bx_{j+1} +

+ n∑ j=1 1 ε ∫ t_j t_j −ε exp ( (t−s)A ) B(x_{j+1} −x_j) ds− n∑ j=1 exp ( (t−t_j +ε)A ) B(x_{j+1} −x_j ) =

= − n∑ j=1 [exp ( (t − t_j)A ) − exp ( (t − t_{j−1})A ) ]Bx_j +

+ n∑ j=1 1 ε ∫ t_j t_j −ε exp ( (t − s)A ) B(x_{j+1} − x_j) ds − n∑ j=1 exp ( (t − t_j)A ) B(x_{j+1} − x_j ).

Őâáîďă ĺ ĺğ (13.3) ĺňěěň ‖ n∑ j=1 [U_{B,λ}(t − t_j) − U_{B,λ}(t − t_{j−1})]x_j‖ =

= ‖ n∑ j=1 λ ∫ t−t_j t−t_{j−}1 exp(sA)Bx_j ds − n∑ j=1 [exp ( (t − t_j)A ) − exp ( (t − t_{j−1})A ) ]Bx_j ‖ ≤ ≤ λ‖B‖Me^{ωt}t + ‖A ∫ t 0 exp ( (t − s)A ) Bf_ε(s) ds‖+ + n∑ j=1 ‖ 1 ε ∫ t_j t_j −ε exp ( (t − s)A ) B(x_{j+1} − x_j ) ds − exp ( (t − t_j)A ) B(x_{j+1} − x_j)‖. Ŋăłőŋěæ, ĺáŕőńìğãï (Mb) ĺ ąěàï ŕàěďěń ŕàĺ ε → 0, ňë ŋăåőďĺň, çâő ‖ n∑ j=1 [U_{B,λ}(t − t_j) − U_{B,λ}(t − t_{j−1})]x_j‖ ≤ λ‖B‖Me^{ωt}t + γ_B(t). İâő őğŋăçăěâ, çâő SV (UB,λ(·), t) ≤ λ‖B‖Me^{ωt}t + γB(t) = o(1) (t → 0).

124 ČŃĂĆĂ 13. ĆŐĞŇŞŹĚŊĹ§ ŔŐŃŞČŘŞŔŔ

Ĺğ ŕàĺćěďěŋŋőčő ďőłăğăâěńìáâćă áńěďãěâ âăłęě, çâő äãŋłæĺĺ γB(t) ĺ

SV (U_{B,λ}(·), t) ĺňěîâ őďĺŋăłőćëľ ŕőàïďőł áåőďĺňőáâĺ ł 0 ŕàĺ t → 0.

Ćőőąéě čőćőàï, Mul(A) – áőąáâćěŋŋőě ŕőďňŋőęěáâćő I +B(E). Łăł ãłăğăń

W. Desch, ãáńőćĺě Mul(A) = I + B(E) íłćĺćăńěŋâŋő âőňã, çâő A őčàăŋĺçěŋ.

Ďěľáâćĺâěńìŋő, ěáńĺ ďńï łăęďőčő B ∈ B(E) őŕěàăâőà (I + B)A ŕőàőęďăěâ

C_0-ŕőńãčàãŕŕã, âőčďă ďńï B = −2I ňë ĺňěěň, çâő −A âăłęě ŕőàőęďăěâ C_0-

ŕőńãčàãŕŕã, ĺ áńěďőćăâěńìŋő, exp(·A) ěáâì C0-čàãŕŕă. Ś ďàãčőľ áâőàőŋë, ć áĺńã âěőàěňë 2 ĺğ [83], ňë ĺňěěň, çâő exp(·A) - ăŋăńĺâĺçěáłăï ŕőńãčàãŕŕă. Ĺŋäĺŋĺâěğĺňăńìŋëľ őŕěàăâőà A ăŋăńĺâĺçěáłőľ C0-čàãŕŕë exp(·A) ďőńęěŋ ąëâì őčàăŋĺçěŋ (áň., ŋăŕàĺňěà, ŕàěďńőęěŋĺě 9.1.3). Śńěďãîéěě ŕàěďńőęěŋĺě ďăěâ ěéě ŋěáłőńìłő íłćĺćăńěŋâŋëå ãáńőćĺľ őčàăŋĺçěŋŋőáâĺ ŕàőĺğćőďïéěčő őŕěàăâőàă.

Ĺğćěáâŋő ( [148], ńěňňă 3.3), çâő ěáńĺ C0-ŕőńãčàãŕŕă exp(·A) ĺňěěâ ńőłăńìŋő őčàăŋĺçěŋŋãî ŕőńãćăàĺăæĺî, âőčďă ŕőńãčàãŕŕă exp(·A) ăŋăńĺâĺçŋă. Ěáńĺ, łàőňě âőčő, SV (exp(·A), t) ďőáâăâőçŋő ňăńă ŕàĺ ňăńëå t, âő exp(·A) ďăęě àăćŋőňěàŋő ŋěŕàěàëćŋă, âő ěáâì ŕàőĺğćőďïéĺľ őŕěàăâőà A őčàăŋĺçěŋ.

Ŕàěďńőęěŋĺě 13.1.1 Śńěďãîéĺě ãáńőćĺï íłćĺćăńěŋâŋë:

(i) őŕěàăâőà A őčàăŋĺçěŋ, ĺńĺ, çâő íłćĺćăńěŋâŋő, ‖exp(tA) − I‖ = o(1) (t → 0+); (ii) ‖exp(tA) − I‖ = O(t) (t → 0+); (iii) V ar(exp(·A), t) = O(t) (t → 0+); (iv) V ar(exp(·A), t) = o(1) (t → 0+); (v) SV (exp(·A), t) = O(t) (t → 0+); (vi) SV (exp(·A), t) = o(1) (t → 0+); (vii) lim_{t→0+}SV (exp(·A), t) < 1/(Me). Ďőłăğăâěńìáâćő. Ěáńĺ A őčàăŋĺçěŋ, âő ‖exp(tA) − I‖ ≤ ‖A ∫ t 0 exp(sA) ds‖ ≤ ‖A‖ ∫ t 0 ‖exp(sA)‖ ds = O(t) (t → 0+). Śńěďőćăâěńìŋő, (i) ⇒ (ii). Ŕőłăęěň ” (ii) ⇒ (iii) ”. Ŕàěďŕőńőęĺň, çâő

‖exp(sA)−I‖ ≤ Ks ŕàĺ 0 ≤ s ≤ τ. Ďńï ńîąőčő ďěńěŋĺï {t_0, t_1, · · · , t_n} őâàěğłă [0, t] ⊂ [0, 1] á t_i − t_{i−1} ≤ τ, ĺňěěň n∑ i=1 ‖exp(t_iA) − exp(t_{i−1}A)‖ ≤ n∑ i=1 ‖exp(t_{i−1}A)‖ ‖exp ( (t_i − t_{i−1})A ) − I‖ ≤

≤ Me^ωK n∑ i=1 (t_i − t_{i−1}) = Me^ωKt.

13.2. ŔŘĹŃŐĘĚŊĹ§ Ł ĂĎĎĹŠĹĆŊŻŇ ĆŐĞŇŞŹĚŊĹ§Ň 125

Śńěďőćăâěńìŋő, V ar(exp(·A), t) ≤ Me^ωKt ďńï 0 < t ≤ 1.

Ĺňŕńĺłăæĺĺ ” (iii) ⇒ (iv) + (v) ”,” (iv) ⇒ (vi) ”,” (v) ⇒ (vi) ”, ĺ ” (vi)

⇒ (vii) ” őçěćĺďŋë. Ďőłăęěň ” (vii) ⇒ (i) ”. Ŕő ńěňňě 3.1 ĺğ [148], ďńï ćáěå f ∈ C([0, ∞), E) ĺňěěň ∫ t 0 exp((t − s)A)f(s)ds ∈ D(A) ĺ A ∫ t 0 exp((t − s)A)f(s) ds = ∫ t 0 d_s [ exp ( (t − s)A )] f(s). Šăł łăł ‖^{∫ t}_0 ds [ exp ( (t − s)A )] f(s)‖ ≤ SV (exp(·A), t)‖f‖_{C([0,t];E)} (áň. [108], c.24), âő, ŕőńőęĺć f(·) = exp(·A)x, ŕőńãçăěň őæěŋłã ‖tAexp(tA)x‖ ≤ SV (exp(·A), t)Me^{ωt}‖x‖ ďńï ćáěå x ∈ E. Őâáîďă lim_{t→0+}‖tAexp(tA)‖ ≤ lim_{t→0+}{SV (exp(·A), t)Me^{ωt}} < 1/e, ĺ, ğŋăçĺâ, A ć áĺńã ŕàěďńőęěŋĺï 9.2.4 ïćńïěâáï őčàăŋĺçěŋŋëň őŕěàăâőàőň.

13.2 Ŕàĺńőęěŋĺï ł ăďďĺâĺćŋëň ćőğňãéěŋĺïň Ĺğ âěőàěňë 13.1.2 ňë ňőęěň âăłęě ŕőńãçĺâì áńěďãîéĺľ àěğãńìâăâ. Šěőàěňă 13.2.1 Ŕãáâì A – čěŋěàăâőà C0-ŕőńãčàãŕŕë (áőőâćěâáâćěŋŋő ăŋăńĺâĺçěáłőľ ŕőńãčàãŕŕë) ŋă E. Ěáńĺ P ∈ B(D(A), E) âăłőľ, çâő ∫ t 0 exp((t − s)A)P g(s)ds ∈ D(A), (13.4) ‖A ∫ t 0 exp((t − s)A)P g(s)ds‖ ≤ γ_P (t) sup_{0≤s≤t} ‖g(s)‖_A (13.5) ďńï ćáěå g ∈ C([0, t]; D(A)) ĺ ďńï ŋěłőâőàőľ äãŋłæĺĺ γP (·) á γP (t) = o(1) (t →

0+), âőčďă őŕěàăâőàë A + P ĺ A + (A − λ)P (A − λ)^{−1} (λ > ω) ïćńïîâáï

čěŋěàăâőàăňĺ C0-ŕőńãčàãŕŕ (áőőâćěâáâćěŋŋő, ăŋăńĺâĺçěáłĺå ŕőńãčàãŕŕ).

Ďőłăğăâěńìáâćő. Ąěğ ŕőâěàĺ őąéŋőáâĺ ňőęěň ŕàěďŕőńőęĺâì, çâő A ïćńïěâáï őąàăâĺňëň, âăł çâő A + P = (I + P A^{−1})A. Ććĺďã âěőàěňë 13.1.2, ŋăň ďőáâăâőçŋő ŕàőćěàĺâì ãáńőćĺě (M) ďńï őŕěàăâőàă B = P A^{−1}. Ďěľáâćĺâěńìŋő, ěáńĺ f ∈ C([0, t]; E), âőčďă A^{−1}f ∈ C([0, t]; D(A)), ŕőíâőňã, ŕőńăčăï

g = A^{−1}f ć (13.4) ĺ (13.5), ŕőńãçăěň ∫ t 0 exp((t − s)A)Bf(s)ds = ∫ t 0 exp((t − s)A)P (A^{−1}f)(s)ds ∈ D(A),

126 ČŃĂĆĂ 13. ĆŐĞŇŞŹĚŊĹ§ ŔŐŃŞČŘŞŔŔ ‖A ∫ t 0 exp((t − s)A)Bf(s) ds‖ ≤ γ_P (t) sup_{0≤s≤t} ‖A^{−1}f(s)‖_A ≤ Cγ_P (t)‖f‖_{[0,t]}. Ć áńěďãîéěň áńěďáâćĺĺ ŕőłăğăŋő, çâő ńîąőľ őŕěàăâőà P ĺğ B(D(A), E) ãďőćńěâćőàïěâ ŕàěďŕőńőęěŋĺïň âěőàěňë 13.2.1 ĺ ŕőâőňã A + P ïćńïěâáï čěŋěàăâőàőň C0-ŕőńãčàãŕŕë. İâőâ àěğãńìâăâ ąëń ďőłăğăŋ âăłęě ć [84]. Śńěďáâćĺě 13.2.1 Ŕãáâì A ïćńïěâáï čěŋěàăâőàőň C0-ŕőńãčàãŕŕë (ăŋăńĺâĺçěáłőľ ŕőńãčàãŕŕë) ŋă E. Ěáńĺ P ïćńïěâáï ŋěŕàěàëćŋëň őŕěàăâőàőň ĺğ D(A) ć E (ğďěáì E – ąăŋăåőćő ŕàőáâàăŋáâćő, ãďőćńěâćőàïîéěě ãáńőćĺî

(E)), âőčďă A + P ĺ A + (A − λ)P (A − λ)^{−1} (λ > ω) ïćńïîâáï čěŋěàăâőàăňĺ C_0-ŕőńãčàãŕŕ (áőőâćěâáâćěŋŋő, ăŋăńĺâĺçěáłĺå ŕőńãčàãŕŕ).

Ďőłăğăâěńìáâćő. Ŕàěďŕőńőęĺň, çâő P ∈ B(D(A), E), ĺ ŕãáâì

g ∈ C([0, t]; D(A)). Šőčďă P g ∈ C([0, t]; E) ĺ, ŕő ãáńőćĺî (E), ∫ t 0 exp((t − s)A)P g(s) ds ∈ D(A) ĺ ‖A ∫ t 0 exp((t − s)A)P g(s)ds‖ ≤ γ_P (t) sup_{0≤s≤t} ‖P g(s)‖E ≤ ≤ γ_P (t)‖P ‖_{B(}D_{(A),}E_) sup_{0≤s≤t} ‖g(s)‖_A. Şâćěàęďěŋĺě áńěďãěâ ĺğ âěőàěňë 13.2.1.

Šěőàěňă 13.2.2 Ŕãáâì A ŕőàőęďăěâ C0-ŕőńãčàãŕŕã (ńĺąő ăŋăńĺâĺçěáłãî ŕőńãčàãŕŕã) ŋă E. Ŕãáâì őŕěàăâőà B ∈ B(E) âăłőć, çâő sup { ∫ t 0 ‖Bexp(sA)Ax‖ ds : x ∈ D(A), ‖x‖ = 1 } < 1 ďńï ŋěłőâőàőčő t > 0. Šőčďă őąă őŕěàăâőàă (I +B)A ĺ A(I +B) ŕőàőęďăîâ

C_0-ŕőńãčàãŕŕë (áőőâćěâáâćěŋŋő, ăŋăńĺâĺçěáłĺě ŕőńãčàãŕŕë).

Šěőàěňă 13.2.2 äăłâĺçěáłĺ ďőłăğăŋă ć [80].

Ĺğ âěőàěňë 13.2.2 âěŕěàì ńěčłő ŕőńãçĺâì âăłęě áńěďãîéãî âěőàěňã. Šěőàěňă 13.2.3 Ŕãáâì A ŕőàőęďăěâ C0-ŕőńãčàãŕŕã ŋă E. Ěáńĺ P ïćńïěâáï âăłĺň őŕěàăâőàőň, çâő

D(A) ⊆ D(P ) ĺ P (λ − A)^{−1} ∈ B(E) ďńï ŋěłőâőàőčő λ > ω; (13.6)

θ_P (t) := sup{ ∫ t 0 ‖P T (s)x‖ds : x ∈ D(A), ‖x‖ ≤ 1} < 1 (13.7)

13.2. ŔŘĹŃŐĘĚŊĹ§ Ł ĂĎĎĹŠĹĆŊŻŇ ĆŐĞŇŞŹĚŊĹ§Ň 127

ďńï ŋěłőâőàőčő t > 0, âőčďă őŕěàăâőàë A + P ĺ A + (A − λ)P (A− λ)^{−1} ïćńïîâáï čěŋěàăâőàăňĺ C0-ŕőńãčàãŕŕ. Ąőńěě âőčő, C0-ŕőńãčàãŕŕă exp(·(A+P )) ãďőćńěâćőàïěâ őæěŋłě

‖ exp ( t(A + P ) ) − exp(tA)‖ = O(θ_P (t)) ŕàĺ t → 0 + . Ďőłăğăâěńìáâćő. Ňőęŋő ŕàěďŕőńőęĺâì, çâő A ïćńïěâáï őąàăâĺňëň, ĺ, ğŋăçĺâ, A+P = (I +P A^{−1})A. Ŕőńőęĺň B = P A^{−1}. Šőčďă^{∫ t}_0 ‖Bexp(sA)Ax‖ ds ≤ ∫ t 0 ‖P exp(tA)x‖ ds ďńï ćáěå x ∈ D(A). Śńěďőćăâěńìŋő, ĺğ (13.7) áńěďãěâ, çâő δ_B(t) ≤ θ_P (t) < 1 ďńï ŋěłőâőàőčő t > 0, ĺ ŕőâőňã ãâćěàęďěŋĺě áńěďáâćĺï

ćëâěłăěâ ĺğ âěőàěňë 13.2.2.

Śńěďáâćĺě 13.2.2 Ŕãáâì A ïćńïěâáï čěŋěàăâőàőň ăŋăńĺâĺçěáłőľ C0- ŕőńãčàãŕŕë ŋă E á ω(A) < 0. Ěáńĺ P ∈ B(D(A^α), E) ďńï ŋěłőâőàőčő 0 ≤ α < 1 (ğďěáì A^α – ďàőąŋăï áâěŕěŋì őŕěàăâőàă A - ŕőďàőąŋő őą íâőň áň. áńěďãîéãî łŋĺčã), âőčďă A + P ĺ A + (A − λ)P (A − λ)^{−1} (λ > ω) ïćńïîâáï čěŋěàăâőàăňĺ C0-ŕőńãčàãŕŕ. Ąőńěě âőčő, C0-ŕőńãčàãŕŕă exp(·(A + P )) ãďőćńěâćőàïěâ őæěŋłě ‖exp(t(A + P )) − exp(tA)‖ = O(t^{1−α}) (t → 0+). Ďőłăğăâěńìáâćő. Ńěčłő ćĺďěâì, çâő ĺğ P ∈ B(D(A^α), E) áńěďãěâ (13.6). Ďńï ďőłăğăâěńìáâćă (13.7) ćëąěàěň x ∈ D(A). Šőčďă

θ_P (t) = sup{ ∫ t 0 ‖P exp(sA)x‖ ds : x ∈ D(A), ‖x‖ ≤ 1} ≤ ≤ sup{ ∫ t 0 ‖P A^{−α}‖ · ‖A^αexp(sA)x‖ds : x ∈ D(A), ‖x‖ ≤ 1} = O(t^{1−α}) ŕàĺ t → 0+, ĺ, âăłĺň őąàăğőň, ãâćěàęďěŋĺě áńěďáâćĺï ćëâěłăěâ ĺğ âěőàěňë

13.2.3.

Ğăňěâĺň, çâő áńěďáâćĺě 13.2.2 ňőęěâ ąëâì ŕőńãçěŋő ĺğ âěőàěňë Ţĺńńě ő ćőğňãéěŋĺïå (áň. [16] ĺńĺ [8], âěőàěňă 6.6), ĺáŕőńìğãï őæěŋłĺ àăąőâë [22]. Ĺğ âěőàěňë 2.3 áńěďãěâ âăłęě âěőàěňă Ňĺïďěàë [119] ő ćőğňãéěŋĺïå, őąőąéăîéăï âěőàěňã Ťĺńńĺŕáă [129].

Śńěďáâćĺě 13.2.3 Ŕãáâì A ïćńïěâáï čěŋěàăâőàőň C0-ŕőńãčàãŕŕë ŋă E. Ŕãáâì P – őŕěàăâőà ãďőćńěâćőàïîéĺľ ãáńőćĺî (13.6) ĺ

L(λ) := sup{ ∫ a 0 e^{−λs}‖P exp(sA)x‖ds : x ∈ D(A), ‖x‖ ≤ 1} < ∞ ďńï ŋěłőâőàőčő a ∈ (0, ∞] ĺ λ > ω. Ŕãáâì L(∞) := limλ→∞ L(λ). Šőčďă ďńï łăęďőčő ε á |ε| < L(∞)^{−1}, őŕěàăâőàë A+εP ĺ A+ε(A−λ)P (A−λ)^{−1} (λ > ω) ïćńïîâáï čěŋěàăâőàăňĺ C0-ŕőńãčàãŕŕ.

128 ČŃĂĆĂ 13. ĆŐĞŇŞŹĚŊĹ§ ŔŐŃŞČŘŞŔŔ

Ďőłăğăâěńìáâćő. Ćëąěàěň çĺáńă 0 < μ < μ1 < μ2 < 1 âăł, çâőąë |ε| =

μL(∞)^{−1}. Ćőğìňěň λ áâőńì ąőńìèĺň, çâő L(λ)/L(∞) <^{μ1}_μ , ĺ ćëąěàěň a

áâőńì ňăńëň, çâő e^{λt} <^{μ2}_{μ1} ŕàĺ t ∈ (0, a). Šőčďă ŕàĺ ćáěå x ∈ D(A) á ‖x‖ ≤ 1 ĺňěěň_{∫ t} 0 ‖εP exp(sA)x‖ ds ≤ |ε|e^{λt} ∫ t 0 e^{−λs}‖P exp(sA)x‖ ds ≤ ≤ |ε|e^{λt}L(λ) = e^{λt}μL(λ)/L(∞) ≤ μ_2 μ_1 μ μ_1 μ = μ_2 < 1.

Őâáîďă θεP (t) < 1 ŕàĺ t ∈ (0, a). Şâćěàęďěŋĺě áńěďáâćĺï ćëâěłăěâ âěŕěàì ĺğ âěőàěňë 13.2.3.

13.3 Ćőğňãéěŋĺï, ŕőàőęďăěňëě áěňěľáâćőň U (�)

Ŕãáâì U(·) ïćńïěâáï C0-áěňěľáâćőň ňãńìâĺŕńĺłăâĺćŋőčő ćőğňãéěŋĺï ŕőńãčàãŕŕë exp(·A). Ć íâőň ŕăàăčàăäě ňë ĺğãçăěň ãáńőćĺï, ŕàĺ łőâőàëå ĺŋäĺŋĺâěğĺňăńìŋëľ őŕěàăâőà AU ŕăàë (exp(·A), U(·)) ŕőàőęďăěâ C0-ŕőńãčàãŕŕã

exp(·A_U ), ă âăłęě àăááňőâàĺň ĺŋäĺŋĺâěğĺňăńìŋãî àăğŋőáâì ňěęďã exp(·A_U )

ĺ exp(·A). Ććĺďã (iv) ĺ (v) ŕàěďńőęěŋĺï 2.4.1 ĺ âěőàěň 13.1.1 ĺ 13.1.2, ňë ğŋăěň çâő ĺŋäĺŋĺâěğĺňăńìŋëľ őŕěàăâőà AU ŕăàë (exp(·A), U(·)) ŕőàőęďăěâ

C_0-ŕőńãčàãŕŕã, ěáńĺ SV (U(·), t) = o(1) ŕàĺ t → 0+.

Őâŋőáĺâěńìŋő őŕàěďěńěŋĺï ĺŋâěčàăńă Śâĺńâìěáă, ĺáŕőńìğãěňőčő ć áńěďãîéěľ âěőàěňě ďńï áńãçăï ăąáâàăłâŋëå őŕěàăâőà-äãŋłæĺľ, áň. [108]. Šěőàěňă 13.3.1 Ŕãáâì U(·) ïćńïěâáï C0-áěňěľáâćőň ňãńìâĺŕńĺłăâĺćŋőčő ćőğňãéěŋĺï. Śŕàăćěďńĺćë áńěďãîéĺě ãâćěàęďěŋĺï :

(i) SV (U(·), t) = o(1) (t → 0+), ěáńĺ ĺ âőńìłő ěáńĺ ďńï ŋěłőâőàőčő (ĺ,

ğŋăçĺâ, ćáěå) λ > ω őŕěàăâőà I − λ^^U(λ) ŕàĺŋăďńěęĺâ Mul(A). Łàőňě âőčő, SV (U(·), t) ĺ äãŋłæĺï γB(t) ć (Mb) ĺňěîâ őďĺŋ ĺ âőâ ęě ŕőàïďőł áåőďĺňőáâĺ ć ŋãńě.

(ii) Ěáńĺ SV (U(·), t) = o(1) (t → 0+), âőčďă ĺŋäĺŋĺâěğĺňăńìŋëľ őŕě-

àăâőà AU = A(I − λ^^U(λ)) + λ^{2^}U(λ) ŕăàë (U(·), exp(·A)) ŕőàőęďăěâ C0- ŕőńãčàãŕŕã. Łàőňě âőčő, ěáńĺ SV (U(·), t) = O(γ(t)) (t → 0+), âőčďă ‖exp(tA_U ) − exp(tA)‖ = O(γ(t)) (t → 0+). (iii) C_0-ŕőńãčàãŕŕă exp(·A_U ) ãďőćńěâćőàïěâ ãàăćŋěŋĺî: exp(tA_U ) = exp(tA) + (dU ∗ exp(·A_U ))(t) ≡ (13.8)

13.3. ĆŐĞŇŞŹĚŊĹ§, ŔŐŘŐĘĎĂĚŇŻĚ ŚĚŇĚĽŚŠĆŐŇ U(·) 129 ≡ exp(tA) + ∫ t 0 d [ U(τ) ] exp ( (t − τ)A_U ) , t ≥ 0. Ďőłăğăâěńìáâćő. Ďńï C0-áěňěľáâćă ňãńìâĺŕńĺłăâĺćŋőčő ćőğňãéěŋĺï U(·)

C_0-ŕőńãčàãŕŕë exp(·A) ŕãáâì B = −λÛ(λ). Šőčďă, ć áĺńã (13.3) ĺ (iv) ŕàěď-

ńőęěŋĺï 2.4.1, ňë ĺňěěň UB,λ(·) = U(·). Šăłĺň őąàăğőň, (i) ĺ (ii) áńěďãîâ ŋěňěďńěŋŋő ĺğ âěőàěň 13.1.1 ĺ 13.1.2.

Ďőłăęěň (iii). Ŕãáâì ℜ(·) őąőğŋăçăîâ äãŋłæĺî ć ŕàăćőľ çăáâĺ (13.8). Šőčďă, ąěàï ŕàěőąàăğőćăŋĺě Ńăŕńăáă, ĺňěěň

ℜ̂(λ) = (λ − A)−1 + λÛ(λ)(λ − A_U )−1, âăł çâő ďńï x ∈ D(A_U)

ℜ̂(λ)(λ − A_U )x = (λ − A)^{−1}(λ − A_U )x + λÛ(λ)x =

= (λ − A)^{−1} [ λ − A(I − λÛ(λ)) − λ^2Û(λ) ] x + λÛ(λ)x = = (λ − A)^{−1}(λ − A)(I − λÛ(λ))x + λÛ(λ)x = x. Śńěďőćăâěńìŋő,^^ℜ(λ) = (λ − AU )^{−1}, ĺ ĺğ âěőàěňë 2.1.2 ŕőńãçăěň, çâő ℜ(·) ïćńïěâáï C0-ŕőńãčàãŕŕőľ á ŕàőĺğćőďïéĺľ őŕěàăâőàőň AU . Šăłĺň őąàăğőň,

ℜ(·) = exp(·A_U ), âő ěáâì (13.8) ćëŕőńŋïěâáï.

Ć çăáâŋőáâĺ, SV (U(·), t) = O(t^α) (t → 0+) őğŋăçăěâ ‖exp(tAU )−exp(tA)‖ =

O(t^α) (t → 0+). §áŋő, çâő őąàăâŋőě íâőňã ãâćěàęďěŋĺî áŕàăćěďńĺćő ďńï α > 1, ŕőâőňã çâő ĺğ ‖exp(tA_U )−exp(tA)‖ = o(t) (t → 0+) áńěďãěâ exp(·A_U ) ≡ exp(·A), â.ě. λ − A = λ − A_U = (λ − A)(I − λÛ(λ)), ĺ, áńěďőćăâěńìŋő, U(·) ≡ 0.

Ŕőłăęěň, çâő őąàăâŋőě ãâćěàęďěŋĺě âăłęě ĺňěěâ ňěáâő ĺ ďńï áńãçăï α = 1. Šěőàěňă 13.3.2 Ŕãáâì AU ïćńïěâáï ĺŋäĺŋĺâěğĺňăńìŋëň őŕěàăâőàőň ŕăàë

(U(·), exp(·A)). Śńěďãîéĺě ãâćěàęďěŋĺï íłćĺćăńěŋâŋë:

(i) U(·) ĺňěěâ ńőłăńìŋő őčàăŋĺçěŋŋãî àăćŋőňěàŋãî ćăàĺăæĺî ĺ V ar(U(·), t) = O(t), (t → 0+); (ii) U(·) ĺňěěâ ńőłăńìŋő őčàăŋĺçěŋŋãî áĺńìŋãî ćăàĺăæĺî ĺ sup{V ar(U(·)x, t) : x ∈ E, ‖x‖ ≤ 1} = O(t), (t → 0+); (iii) U(·) ĺňěěâ ńőłăńìŋő őčàăŋĺçěŋŋãî ŕőńãćăàĺăæĺî ĺ SV (U(·), t) = O(t), (t → 0+); (iv) ‖U(t)x‖ = O(t) (t → 0+) ďńï ćáěå x ∈ E; (v) ‖U(t)‖ = O(t) (t → 0+); (vi) R(Û(λ)) ⊆ F_{exp(·A)}; (vii) A_U ŕőàőęďăěâ C_0-ŕőńãčàãŕŕã exp(·A_U ) âăłãî, çâő ‖exp(tA_U ) − exp(tA)‖ = O(t) (t → 0+); (viii) A_U ŕőàőęďăěâ C_0-ŕőńãčàãŕŕã exp(·A_U ) ĺ áãéěáâćãěâ őŕěàăâőà C ∈ B(E, E^{⊙∗}) âăłőľ, çâő A_U ïćńïěâáï çăáâìî őŕěàăâőàă A^{⊙∗} + C ć E.

130 ČŃĂĆĂ 13. ĆŐĞŇŞŹĚŊĹ§ ŔŐŃŞČŘŞŔŔ

Ďőłăğăâěńìáâćő. Ĺňŕńĺłăæĺĺ ”(i)⇒ (ii) + (iii), ” ”(ii)⇒ (iv), ” ĺ ”(iii) ⇒ (iv) ” - ŕàïňëě áńěďáâćĺï őŕàěďěńěŋĺľ V ar(U(·), t), V ar(U(·)x, t) ĺ SV (U(·), t). ”

(iv) ⇔ (v) ” áńěďãěâ ĺğ ŕàĺŋæĺŕă àăćŋőňěàŋőľ őčàăŋĺçěŋŋőáâĺ.

Ďőłăęěň ” (v) ⇒ (i). ” Ŕàěďŕőńőęĺň, çâő ‖U(s)‖ ≤ Ks ŕàĺ 0 ≤ s ≤ τ. Ďńï ńîąőčő àăğąĺěŋĺï {t0, t1, · · · , tn} őâàěğłă [0, t] ⊂ [0, 1] á ti −ti−1 ≤ τ, ĺňěěň n∑ i=1 ‖U(t_i) − U(t_{i−1})‖ ≤ n∑ i=1 ‖exp((t_{i−1})A)‖ ‖U(t_i − t_{i−1})‖ ≤

≤ Me^ωK n∑ i=1 (t_i − t_{i−1}) = Me^ωKt. Śńěďőćăâěńìŋő, V ar(U(·), t) ≤ Me^ωKt ďńï 0 < t ≤ 1.

(iv) ⇔ (vi). Ĺáŕőńìğãï (i) Ŕàěďńőęěŋĺï 2.4.1, ďńï ńîąőčő x ∈ E ĺňěěň h^{−1}(exp(hA) − I)Û(λ)x = ∫ ∞ 0 e^{−λt}h^{−1}(exp(hA) − I)U(t)x dt =

= ∫ ∞ 0 e^{−λt}(exp(tA) − I)h^{−1}U(h)xdt = (λ − A)^{−1}h^{−1}U(h)x − λ^{−1}h^{−1}U(h)x. Łăł ŕőłăğăŋő ć ŕàěďńőęěŋĺĺ 2.4.1 (iii), (λ−A)^{−1}h^{−1}U(h)x áåőďĺâáï ł λ^^U(λ)x. Śńěďőćăâěńìŋő, ‖U(h)x‖ = O(h) (h → 0+), ěáńĺ ĺ âőńìłő ěáńĺ ‖(exp(hA) − I)Û(λ)x‖ = O(h) (h → 0+), âő ěáâì Û(λ)x ∈ F_{exp(·A)}. ” ( iii)⇒ (vii) ” áńěďãěâ ĺğ âěőàěňë 13.1.2.

” (vii) ⇔ (viii) ” ďőłăğăŋő ć [81], âěőàěňă 5.3.

Ůâőąë ŕőłăğăâì ”(vii) ⇒ (vi)”, ĺáŕőńìğãěň ŕ. (vii) ŕàěďńőęěŋĺï 2.4.1 ĺ ĺňŕńĺłăæĺî ”(i) ⇒ (ii)” âěőàěňë 13.3.3. Ŕőńãçăěň

A_U = A(I − λÛ(λ)) + λ^2Û(λ) = A(I + B) − λB

ďńï ŋěłőâőàőčő őŕěàăâőàă B ∈ B(E, Fexp(·A)) ĺ ŋěłőâőàőčő λ > ω. Őâáîďă

(λ − A)(B + λÛ(λ))x = 0 ďńï ćáěå x ĺğ ŕńőâŋőčő ňŋőęěáâćă D(A_U). Šăłĺň őąàăğőň,^^U(λ) = −λ^{−1}B ∈ B(E, Fexp(·A)). Šěőàěňă 13.3.2, ć çăáâŋőáâĺ, ŕőłăğëćăěâ, çâő ěáńĺ őŕěàăâőà A1 ïćńïěâáï ĺŋäĺŋĺâěğĺňăńìŋëň őŕěàăâőàőň AU ŕăàë (exp(·A), U(·)) ďńï ŋěłőâőàőčő ńőłăńìŋő ńĺŕèĺæěćő ŋěŕàěàëćŋőčő C0-áěňěľáâćă ňãńìâĺŕńĺłăâĺćŋëå ćőğňãéěŋĺľ U(·) C0-ŕőńãčàãŕŕë exp(·A), âőčďă A1 ŕőàőęďăěâ C0-ŕőńãčàãŕŕã, łőâőàăï ãďőćńěâćőàïěâ őæěŋłě ‖exp(tA1)−exp(tA)‖ = O(t) (t → 0+). Śńěďãîéăï âěőàěňă ŕőłăğëćăěâ, çâő ãâćěàęďěŋĺě âěőàěňë 13.3.2 őąàăâĺňő.

13.3. ĆŐĞŇŞŹĚŊĹ§, ŔŐŘŐĘĎĂĚŇŻĚ ŚĚŇĚĽŚŠĆŐŇ U(·) 131

Šěőàěňă 13.3.3 Ďńï ńĺŋěľŋőčő őŕěàăâőàă A1, áńěďãîéĺě ãâćěàęďěŋĺï íłćĺćăńěŋâŋë :

(i) őŕěàăâőà A1 ŕőàőęďăěâ C0-ŕőńãčàãŕŕã, łőâőàăï ãďőćńěâćőàïěâ őæěŋłě_{‖exp(tA} 1) − exp(tA)‖ = O(t) (t → 0+); (ii) áãéěáâćãěâ B ∈ B(E, F_{exp(·A)}) âăłőľ, çâő A_1 = A(I + B) − λB ďńï

ŋěłőâőàőčő λ > ω;

(iii) áãéěáâćãěâ ńőłăńìŋő ńĺŕèĺæěćő ŋěŕàěàëćŋőě C_0-áěňěľáâćő ňãńì-

âĺŕńĺłăâĺćŋőčő ćőğňãéěŋĺï U(·) ďńï exp(·A) âăłőě, çâő

A_1 = A_U = A(I − λÛ(λ)) + λ^2Û(λ);

(iv) őŕěàăâőà A_1 ŕőàőęďăěâ C_0-ŕőńãčàãŕŕã c D(A^∗_1) = D(A^∗), ĺ őŕěàă-

âőà A^∗_1 − A^∗ ïćńïěâáï őčàăŋĺçěŋŋëň őŕěàăâőàőň ĺğ D(A^∗) ć E^∗;

(v) őŕěàăâőà A1 ŕőàőęďăěâ C0-ŕőńãčàãŕŕã ĺ

‖(λ − A_1)^{−1} − (λ − A)^{−1}‖ = O(λ^{−2}) (λ → ∞).

Ďőłăğăâěńìáâćő. İłćĺćăńěŋâŋőáâì (i), (iv), ĺ (v) ďőłăğăŋă ć [132].

”(i) ⇒ (ii)” ďőłăğăŋő ć [82].

” ( iii) ⇒ (i) ” áńěďãěâ ĺğ âěőàěňë 2.4.1 ĺ ”(v) ⇒ (vii)” âěőàěňë 13.3.2.

Ďńï ďőłăğăâěńìáâćă ”(ii) ⇒ (iii)” àăááňőâàĺň äãŋłæĺî U(·) = UB,λ(·), őŕàěďěńěŋŋãî ć (13.3). Ŕőáłőńìłã U(·) — C0-áěňěľáâćő ňãńìâĺŕńĺłăâĺćŋőčő ćőğňãéěŋĺï ďńï exp(·A), á −λ^^U(λ) = B, âő ĺğ (ii) ĺ âěőàěňë 2.4.1 áńěďãěâ, çâő A1 = A(I + B) − λB = A(I − λ^^U(λ)) + λ^{2^}U(λ) = AU . Ğăâěň, ĺáŕőńìğãï

(13.3), ďńï ćáěå x ∈ E ĺňěěň ‖U(t)x‖ = ‖ lim_{h→0} ∫ t 0 exp(sA) exp(hA) − I h Bx ds − λ ∫ t 0 exp(sA)Bx ds‖ ≤ ≤ sup_{0≤s≤t} ‖exp(sA)‖t [ ‖Bx‖_{Fexp(·A)} + λ‖Bx‖ ] ≤ ≤ sup_{0≤s≤t} ‖exp(sA)‖t(1 + λ)‖B‖_{E,Fexp(·A)} ‖x‖. İâő őğŋăçăěâ, çâő ‖U(t)‖ = O(t) (t → 0+). Śńěďőćăâěńìŋő, ãâćěàęďěŋĺě (iii) ćëŕőńŋïěâáï.

Śńěďáâćĺě 13.3.1 Ěáńĺ C0-áěňěľáâćő ňãńìâĺŕńĺłăâĺćŋőčő ćőğňãéěŋĺï

U(·) ńĺŕèĺæěćő ŋěŕàěàëćŋő, âő ďńï ćáěå x^∗ ∈ D(A^∗), ŕăàăňěâàĺçěáłőě áě-

ňěľáâćő λ^{2^}U^∗(λ)x^∗ w^∗-áåőďĺâáï ł A^∗_U x^∗ − A^∗x^∗ ŕàĺ λ → ∞. Ďőłăğăâěńìáâćő. İâő áńěďãěâ ĺğ (iii) ĺ (iv) âěőàěňë 13.3.3, ă âăłęě âőčő äăłâă, çâő λ^^U(λ) → 0 áĺńìŋő ŕàĺ λ → ∞ (áň. ŕàěďńőęěŋĺě 2.4.3, (ii)).

132 ČŃĂĆĂ 13. ĆŐĞŇŞŹĚŊĹ§ ŔŐŃŞČŘŞŔŔ

13.4 Ćőğňãéěŋĺï, ŕőàőęďăěňëě áěňěľáâćőň V (�) Ć íâőň ŕăàăčàăäě ňë ďăěň ãáńőćĺï ŋă ćăàĺăæĺî C0-áěňěľáâćă ăďďĺâĺćŋőčő ćőğňãéěŋĺï V (·) ďńï exp(·A), łőâőàëě čăàăŋâĺàãîâ, çâő ĺŋäĺŋĺâěğĺňăńìŋëľ őŕěàăâőà AV ŕăàë (V (·), exp(·A)) ŕőàőęďăěâ ŋěłőâőàãî C0-ŕőńãčàãŕŕã. Őąőğŋăçĺň β(V (·), t) := sup{V ar(V (·)x, t) : x ∈ E, ‖x‖ ≤ 1}, γ_λ(t) := sup{V ar(B_λexp(·A)x, t) : x ∈ E, ‖x‖ ≤ 1}, čďě Bλ = −λ^^V (λ).

Šěőàěňă 13.4.1 Ŕãáâì V (·) ïćńïěâáï C0-áěňěľáâćőň ăďďĺâĺćŋőčő ćőğňãéěŋĺï ďńï C0-ŕőńãčàãŕŕë exp(·A). Ĺňěîâ ňěáâő áńěďãîéĺě ãâćěàęďěŋĺï:

(i) β(V (·), t) = o(1) (t → 0+), ěáńĺ ĺ âőńìłő ěáńĺ γ_λ(t) = o(1) (t → 0+), ĺ β(V (·), t) = O(t^α) (t → 0+), ěáńĺ ĺ âőńìłő ěáńĺ γ_λ(t) = O(t^α) (t → 0+), čďě (0 ≤ α ≤ 1);

(ii) Ěáńĺ β(V (·), t) = o(1) (t → 0+), âőčďă A_V = (I − λV̂ (λ)) + λ^2V̂ (λ)

(ďńï ćáěå ąőńìèĺå λ) ŕőàőęďăěâ C0-ŕőńãčàãŕŕã exp(·AV ). Łàőňě âőčő, ňë ĺňěěň_{‖exp(tA} V ) − exp(tA)‖ = O(β(V (·), t)) (t → 0+); (iii) C_0-ŕőńãčàãŕŕă exp(·A_V ) ãďőćńěâćőàïěâ ãàăćŋěŋĺî: exp(tA_V )x = exp(tA)x + ∫ t 0 exp ( (t − τ)A_V ) λV̂ (λ)exp(τA)(λ − A)x dτ (13.9) ŕàĺ x ∈ D(A), t ≥ 0. Ďőłăğăâěńìáâćő. Ďőłăęěň (i). Şçĺâëćăï ãâćěàęďěŋĺě (v) ŕàěďńőęěŋĺï

2.4.1, ŕőńãçăěň B_λexp(tA)x = V (t)x − λB_λ ∫ t 0 exp(sA)x ds + B_λx. Šăł łăł λ‖Bλ‖^{∫ t}_0 ‖exp(sA)x‖ds ≤ λ‖Bλ‖ Me^{ωt}t ‖x‖ ĺňěěâ ŕőàïďőł O(t) ŕàĺ t → 0, âő β(V (·), t) ĺ γ_λ(t) ĺňěîâ őďĺŋ ĺ âőâ ęě ŕőàïďőł áåőďĺňőáâĺ ł 0.

Şáâăŋőćĺň (ii). Ŕőáłőńìłã ‖V (t)x‖ ≤ V ar(V (·)x, t) ≤ β(V (·), t) ďńï ćáěå x á ‖x‖ ≤ 1, âő ‖V (t)‖ ≤ β(V (·), t) → 0 ŕàĺ t → 0. Ĺğ âěőàěňë 2.4.2 áńěďãěâ, çâő AV = (I + Bλ)A − λBλ. Ć áĺńã (i), ňë ĺňěěň V ar(Bλexp(·A)x, t) ≤ γ_λ(t)‖x‖, á γ_λ(t) → 0. Ŕàĺňěŋïï âěőàěňã 13.2.2, ŋăåőďĺň, çâő (I + B_λ)A

13.4. ĆŐĞŇŞŹĚŊĹ§, ŔŐŘŐĘĎĂĚŇŻĚ ŚĚŇĚĽŚŠĆŐŇ V (·) 133

- ŕàőĺğćőďïéĺľ őŕěàăâőà C0-ŕőńãčàãŕŕë ℑ(·), ĺ, ğŋăçĺâ, ěčő őčàăŋĺçěŋŋőě ćőğňãéěŋĺě – őŕěàăâőà AV ŕőàőęďăěâ C0-ŕőńãčàãŕŕã.

Šăł łăł ℑ(·) ĺ exp(·A) áćïğăŋë ãàăćŋěŋĺěň (áň. [80], c.188) ℑ(t)x = exp(tA)x + ∫ t 0 ℑ(t − s)B_λexp(sA)Ax ds, x ∈ D(A), âő ‖ℑ(t)x − exp(tA)x‖ ≤ M^′e^{ω′t} ∫ t 0 ‖B_λexp(sA)Ax‖ ds ≤ ≤ M^′e^{ω′t} V ar(B_λexp(·A)x, t) ≤ M_1e^{ω′t} β(V (·), t)‖x‖ ďńï ćáěå x ∈ D(A) ĺ, áńěďőćăâěńìŋő, ďńï ćáěå x ∈ E. Šăłĺň őąàăğőň, ňë ĺňěěň ‖ℑ(t) − exp(tA)‖ ≤ M^′e^{ω′t}β(V (·), t). Ŕőáłőńìłã exp(·AV ) ěáâì őčàăŋĺçěŋŋőě ćőğňãéěŋĺě ŕőńãčàãŕŕë ℑ(·), âő ‖exp(tAV ) − exp(tA)‖ = O(β(V (·), t))

(t → 0+).

Ďőłăęěň (iii). Ŕãáâì S(·) őąőğŋăçăîâ äãŋłæĺî ć ŕàăćőľ çăáâĺ (13.9). Šőčďă, ąěàï ŕàěőąàăğőćăŋĺě Ńăŕńăáă, ňë ĺňěěň^^S(λ) = (λ − A)^{−1} + (λ −

A_V )^{−1}λV̂ (λ), âăł çâő

(λ − A_V )Ŝ(λ) = (λ − A_V )(λ − A)^{−1} + λV̂ (λ) =

= [λ − (I − λV̂ (λ))A − λ^2V̂ (λ)](λ − A)^{−1} + λV̂ (λ) = = (I − λV̂ (λ))(λ − A)(λ − A)^{−1} + λV̂ (λ) = I. Śńěďőćăâěńìŋő,^^S(λ) = (λ−AV )^{−1}, ĺ, łăł áńěďãěâ ĺğ âěőàěňë 2.1.2, íâă äãŋłæĺï S(·) ěáâì C0-ŕőńãčàãŕŕă á ŕàőĺğćőďïéĺň őŕěàăâőàőň AV . Šăłĺň őąàăğőň,

S(·) = exp(·A_V ), âő ěáâì ćëŕőńŋïěâáï (13.9).

Ğăňěçăŋĺě 13.4.1 Ć ãâćěàęďěŋĺĺ (i) áńãçăľ α > 1 ŋě ĺŋâěàěáěŋ, ŕőâőňã çâő âőčďă V (·) ≡ 0.

Šěőàěňă 13.4.2 Ŕãáâì V (·) ïćńïěâáï C0-áěňěľáâćőň ăďďĺâĺćŋëå ćőğňãéěŋĺľ ďńï C0-ŕőńãčàãŕŕë exp(·A). Śńěďãîéĺě ãáńőćĺï íłćĺćăńěŋâŋë:

(i) áãéěáâćãěâ C0-áěňěľáâćő ăďďĺâĺćŋëå ćőğňãéěŋĺľ V (·) âăłőě, çâő V ar(V (·), t) = O(t) (t → 0+); (ii) áãéěáâćãěâ C_0-áěňěľáâćő ăďďĺâĺćŋëå ćőğňãéěŋĺľ V (·) âăłőě, çâő sup{V ar(V (·)x, t); x ∈ E, ‖x‖ ≤ 1} = O(t) (t → 0+); (iii) áãéěáâćãěâ C_0-áěňěľáâćő ăďďĺâĺćŋëå ćőğňãéěŋĺľ V (·) âăłőě,

çâő_{SV (V (·), t) = O(t) (t → 0+);}

(iv) ‖V (t)x‖ = O(t) (t → 0+) ďńï ćáěå x ∈ E;

134 ČŃĂĆĂ 13. ĆŐĞŇŞŹĚŊĹ§ ŔŐŃŞČŘŞŔŔ

(v) ‖V (t)‖ = O(t) (t → 0+);

(vi) R(V̂^∗(λ)) ⊆ F_{exp(·A)}∗ ;

(vii) ĺŋäĺŋĺâěğĺňăńìŋëľ őŕěàăâőà A_V ŕăàë (V (·), exp(·A)) ŕőàőęďăěâ

âăłãî C0-ŕőńãčàãŕŕã, çâő ‖exp(tA_V ) − exp(tA)‖ = O(t) (t → 0+). Ďőłăğăâěńìáâćő. Ďőłăğăâěńìáâćő íłćĺćăńěŋâŋőáâĺ ãáńőćĺľ (i) - (v) - âőçŋő âăłőě ęě, łăł ĺ ďőłăğăâěńìáâćő âěőàěňë 13.3.2.

( iv) ⇔ (vi). Ŕàĺ ĺáŕőńìğőćăŋĺĺ ćâőàőčő àăćěŋáâćă ć (i) ŕàěďńőęěŋĺï 2.4.1

ĺňěěň ďńï ńîąőčő x ∈ E h^{−1}V̂ (λ)(exp(hA) − I)x = ∫ ∞ 0 e^{−λt}h^{−1}V (t)(exp(hA) − I)x dt =

= ∫ ∞ 0 e^{−λt}h^{−1}V (h)(exp(tA) − I)x dt = h^{−1}V (h)(λ − A)^{−1}x − λ^{−1}h^{−1}V (h)x. Śńěďőćăâěńìŋő,

h^{−1}(exp(hA)^∗ − I)(V̂ )^∗(λ)x^∗ = [h^{−1}V (h)(λ − A)^{−1}]^∗x^∗ − λ^{−1}h^{−1}V^∗(h)x^∗

ďńï ćáěå x^∗ ∈ E^∗. Łăł ŕőłăğăŋő ć ŕàěďńőęěŋĺĺ 2.4.1 (iii), äãŋłæĺï h^{−1}V (h)(λ−

A)^{−1} áåőďĺâáï áĺńìŋő ł λV̂ (λ) ŕàĺ h → 0+. Śńěďőćăâěńìŋő, őŋă àăćŋőňěàŋő

őčàăŋĺçěŋă ŕàĺ ňăńëå h, âăł çâő ‖V^∗(h)x^∗‖ = O(h) ŕàĺ h → 0, ěáńĺ ĺ âőńìłő ěáńĺ ‖(exp(hA)^∗ − I)^^V^∗(λ)x^∗‖ = O(h) ŕàĺ h → 0, âő ěáâì^^V^∗(λ)x^∗ ∈ Fexp(·A)∗ . Ŕőáłőńìłã íâő ćëŕőńŋïěâáï ďńï ćáěå x^∗ ∈ E^∗, ňë ŕőńãçăěň íłćĺćăńěŋâŋőáâì

(iv) ĺ (vi).

Ĺňŕńĺłăæĺï ”(ii) ⇒ (vii)” áńěďãěâ ĺğ (ii) âěőàěňë 13.4.1. Ůâőąë ğăłőŋçĺâì ďőłăğăâěńìáâćő, ňë ãáâăŋőćĺň, çâő ”(vii) ⇒ (iv)”. Ĺğ âěőàěňë 2.4.2 ćëâěłăěâ, çâő D(A) ⊆ D(AV ) ĺ AV x = Ax + λ^^V (λ)(λ − A)x ďńï

x ∈ D(A). Őâáîďă, ãçĺâëćăï ŕàěďńőęěŋĺě 2.4.1 (v), ŕőńãçăěň, çâő V (t)x = (A_V − A) ∫ t 0 exp(sA)x ds ďńï ćáěå x ∈ E. Ĺğ ãáńőćĺï (vii) áńěďãěâ, çâő ‖(A_V − A)x‖ ≤ lim_{h→0+}‖(exp(hA_V ) − exp(hA))x‖ ≤ K‖x‖ ďńï x ∈ D(A), âăł çâő ‖V (t)x‖ ≤ ‖(AV − A)^{∫ t}_0 exp(sA)x ds‖ ≤ K ‖^{∫ t}_0 exp(sA)x ds‖ = O(t) ŕàĺ t → 0 ďńï ćáěå x ∈ E.

Śńěďőćăâěńìŋő, ěáńĺ őŕěàăâőà A1 ïćńïěâáï ĺŋäĺŋĺâěğĺňăńìŋëň őŕěàăâőàőň AV ŕăàë (V (·), exp(·A)) ďńï ŋěłőâőàőčő ńĺŕèĺæěćő ŋěŕàěàëćŋőčő C0- áěňěľáâćă ăďďĺâĺćŋőčő ćőğňãéěŋĺï V (·), âő D(A1) áőďěàęĺâ D(A), ĺ A1 ŕőàőęďăěâ C0-ŕőńãčàãŕŕã, łőâőàăï ãďőćńěâćőàïěâ ãáńőćĺî ‖exp(tA1)−exp(tA)‖

= O(t) (t → 0+).

13.4. ĆŐĞŇŞŹĚŊĹ§, ŔŐŘŐĘĎĂĚŇŻĚ ŚĚŇĚĽŚŠĆŐŇ V (·) 135

Ć áńěďãîéěľ âěőàěňě ŕőłăğăŋő, çâő íâĺ ďćă ãâćěàęďěŋĺï äăłâĺçěáłĺ íłćĺćăńěŋâŋë, ĺ íâĺ ćőğňãéěŋŋëě ŕőńãčàãŕŕë ěáâì ć âőçŋőáâĺ ŕőńãčàãŕŕë, ŕőńãçěŋŋëě ŕãâěň ăďďĺâĺćŋőčő ćőğňãéěŋĺï ĺŋäĺŋĺâěğĺňăńìŋőčő őŕěàăâőàă A őčàăŋĺçěŋŋëňĺ őŕěàăâőàăňĺ.

Šěőàěňă 13.4.3 Ŕãáâì exp(·A) ěáâì C0-ŕőńãčàãŕŕă. Ďńï őŕěàăâőàă A1 ∈

L(E) áńěďãîéĺě ãâćěàęďěŋĺï íłćĺćăńěŋâŋë:

(i) A_1 = A + Q ďńï ŋěłőâőàőčő Q ∈ B(E);

(ii) D(A) ⊆ D(A_1), ĺ A_1 ŕőàőęďăěâ âăłãî C_0-ŕőńãčàãŕŕã, çâő ‖exp(tA_1) − exp(tA)‖ = O(t) (t → 0+); (iii) áãéěáâćãěâ őŕěàăâőà B ∈ B(E) âăłőľ çâő R(B^∗) ⊆ F_{exp(·A)}∗ ĺ

A_1 = (I + B)A − λB ďńï ŋěłőâőàőčő λ > ω;

(iv) áãéěáâćãěâ C_0-áěňěľáâćő ăďďĺâĺćŋëå ćőğňãéěŋĺľ V (·) ďńï exp(·A)

âăłőě, çâő A1 = AV = (I − λ^^V (λ))A + λ^{2^}V (λ).

Ďőłăğăâěńìáâćő. (ii) ⇒ (i)+(iv). Šăł łăł D(A) ⊆ D(A1), âő ňőęŋő őŕàěďěńĺâì őčàăŋĺçěŋŋëľ őŕěàăâőà B := (λ−A1)(λ−A)^{−1} −I = (A−A1)(λ−

A)^{−1} ďńï λ > ω. Šőčďă ňë ĺňěěň A_1x = (I + B)Ax − λBx ďńï x ∈ D(A).

Ćëąěàěň ŕàőĺğćőńìŋőě λ > ω ĺ àăááňőâàĺň äãŋłæĺî V (t) = V_{B,λ}(t) := (A − λI) ∫ t 0 exp(sA)x ds, x ∈ E, t ≥ 0. (13.10) Šőčďă B = −λ^^V (λ) ĺ

V (t)x = (A_1 − A) ∫ t 0 exp(sA)x ds, x ∈ E, t ≥ 0. (13.11) Šăł łăł ć âěőàěňě 13.4.2 ňë ĺňěěň ‖(A1 − A)x‖ ≤ K‖x‖ ďńï ćáěå x ∈ D(A), âő őŕěàăâőà A1 − A ĺňěěâ őčàăŋĺçěŋŋőě ğăňëłăŋĺě Q ∈ B(E). Ĺğ (13.11) áńěďãěâ, çâő ‖V (t)‖ ≤ t‖Q‖Me^ω ďńï 0 ≤ t ≤ 1. Śńěďőćăâěńìŋő, ŕő âěőàěňăň 13.4.1 ĺńĺ 13.4.2, ĺŋäĺŋĺâěğĺňăńìŋëľ őŕěàăâőà AV ŕăàë (V (·), exp(·A)) ïćńïěâáï ŕàőĺğćőďïéĺň őŕěàăâőàőň, ĺ AV = (I − λ^^V (λ)) + λ^{2^}V (λ) = (I + B)A − λB ⊆ A_1. Šăł łăł ĺ AV ĺ A1 - ŕàőĺğćőďïéĺě őŕěàăâőàë őďŋőľ ĺ âőľ ęě ŕőńãčàãŕŕë, âő őŋĺ ďőńęŋë áőćŕăďăâì. İâő ďőłăğëćăěâ ãâćěàęďěŋĺě (iv). Šăłęě, ňë ĺňěěň D(A1) = D(AV ) = D(A) (áň. âěőàěňã 2.4.2), ĺ A1 = A + Q, çâő ãáâăŋăćńĺćăěâ (i).

”(i) ⇒ (ii) ” őçěćĺďŋő.

136 ČŃĂĆĂ 13. ĆŐĞŇŞŹĚŊĹ§ ŔŐŃŞČŘŞŔŔ

”(iv) ⇒ (iii)” ŕőńãçăěâáï, ěáńĺ ćğïâì B = −λV̂ (λ) ĺ ĺáŕőńìğőćăâì ĺňŕńĺ-

łăæĺî ”(v) ⇒ (vi)” ĺğ âěőàěňë 13.4.2.

Ďńï âőčő çâőąë ďőłăğăâì ”(iii) ⇒ (ii)”, ŕőńőęĺň V (t) = VB,λ(t) ďńï ŋěłőâőàőčő λ > ω (áň. (13.10)). Šőčďă V (·) ěáâì C0-áěňěľáâćő ăďďĺâĺćŋőčő ćőğňãéěŋĺï ĺ B = −λ^^V (λ). Ŕőíâőňã ňë ĺňěěň

A_1 = (I − λV̂ (λ)) + λ^2V̂ (λ) = A_V .

Şâćěàęďěŋĺě (ii) âěŕěàì áńěďãěâ ĺğ ŕàěďŕőńőęěŋĺï R(B^∗) ⊆ Fexp(·A)∗ ĺ ĺňŕńĺłăæĺľ ( vi) ⇒ (v)⇒ (vii) âěőàěňë 13.4.2.

13.5 Śőåàăŋěŋĺě áćőľáâć ŕàĺ ăďďĺâĺćŋëå

ćőğňãéěŋĺïå

Ąőńìèăï çăáâì àěğãńìâăâőć íâőčő àăğďěńă, łăáăîéĺåáï ćőğňãéěŋĺľ ŕàőĺğćőďïéěčő őŕěàăâőàă, ïćńïîâáï ďőćőńìŋő ŕàőáâëňĺ áńěďáâćĺïňĺ ãâćěàęďěŋĺľ, ŕàĺćěďěŋŋëå ć àăğďěńăå 13.2 - 13.4. Šěň ŋě ňěŋěě, ňë ŕàĺćőďĺň ĺå, â.ł. őŋĺ ďăîâáï ć ĺŋőľ äőàňě, çăáâő ĺáŕőńìğãěňőľ ć ńĺâěàăâãàě.

Ŕãáâì őŕěàăâőà A ∈ C(E). Ŕőď ěčő ćőğňãéěŋĺěň ć ďăŋŋőň àăğďěńě ňë ąãďěň ŕőŋĺňăâì ńĺŋěľŋëľ őŕěàăâőà G, ďńï łőâőàőčő D(A) ⊆ D(G). Őŕěàăâőà

A + G ŋăğëćăîâ ćőğňãéěŋŋëň. Ěáńĺ B ∈ B(E), âő őçěćĺďŋő, çâő A + B ∈ C(E). Ŕàěďńőęěŋĺě 13.5.1 [16] Ŕãáâì őŕěàăâőà A ∈ C(E). Ěáńĺ ćőğňãéěŋĺě G ïćńïěâáï ğăňëłăěňëň őŕěàăâőàőň ĺ D(A) ⊆ D(G), âő áãéěáâćãîâ âăłĺě łőŋáâăŋâë a ĺ b, çâő ‖Gx‖ ≤ a‖x‖ + b‖Ax‖ ŕàĺ ńîąőň x ∈ D(A). (13.12) Őŕàěďěńěŋĺě 13.5.1 Ěáńĺ ďńï ćőğňãéěŋĺï G ćëŕőńŋěŋő ŋěàăćěŋáâćő

(13.12), âő čőćőàïâ, çâő őŕěàăâőà G őčàăŋĺçěŋ őâŋőáĺâěńìŋő A

(ĺńĺ ŕàőáâő A-őčàăŋĺçěŋ, ĺńĺ ŕőďçĺŋěŋ A).

Ŋĺęŋïï âőçŋăï čàăŋì b0 ćáěćőğňőęŋëå łőŋáâăŋâ ć ŋěàăćěŋáâćě (13.12) ŋăğëćăěâáï A-čàăŋĺæěľ őŕěàăâőàă G (ĺńĺ ŋőàňőľ G őâŋőáĺâěńìŋő A). Ŕàěďńőęěŋĺě 13.5.2 [144] Şáńőćĺě A-őčàăŋĺçěŋŋőáâĺ őŕěàăâőàă G íłćĺćăńěŋâŋő ãáńőćĺïň (i) D(A) ⊆ D(G) ĺ_{(ii) GR(λ, A) ∈ B(E)} ŕàĺ ŋěłőâőàőň λ ∈ ρ(A).

13.5. ŚŐŢŘĂŊĚŊĹĚ ŚĆŐĽŚŠĆ ŔŘĹ ĆŐĞŇŞŹĚŊĹ§Ţ 137

Ŕàěďńőęěŋĺě 13.5.3 [16] Ŕãáâì A, G ∈ L(E), ŕàĺçěň őŕěàăâőà G ïćńïěâáï A-őčàăŋĺçěŋŋëň á A-čàăŋĺæěľ ňěŋìèěľ, çěň 1. Őŕěàăâőà A + G ğăňëłăěň âőčďă ĺ âőńìłő âőčďă, łőčďă őŕěàăâőà A ğăňëłăěň. Ć íâőň áńãçăě ğăňëłăŋĺï őŕěàăâőàőć A ĺ A + G ĺňěîâ őďŋã ĺ âã ęě őąńăáâì őŕàěďěńěŋĺï. Ć çăáâŋőáâĺ, őŕěàăâőà A ğăňłŋãâ âőčďă ĺ âőńìłő âőčďă, łőčďă

A + G ğăňłŋãâ.

Őŕàěďěńěŋĺě 13.5.2 Őŕěàăâőà G ∈ C(E) ŋăğëćăěâáï ŕőďçĺŋěŋŋëň őŕěàăâőàã A ∈ C(E) á ŕőàïďłőň α (α ∈ [0, 1]), ěáńĺ D(A) ⊆ D(G) ĺ ‖Gx‖ ≤ M_α(G)‖x‖^{1−α}‖Ax‖^α. Őŕàěďěńěŋĺě 13.5.3 [22] Őŕěàăâőà G ∈ C(E) ŋăğëćăěâáï ćŕőńŋě ŕőďçĺŋěŋŋëň őŕěàăâőàã A ∈ C(E), ěáńĺ őŋ ěňã ŕőďçĺŋěŋ á ŕőàïďłőň 1 ĺ ŕàĺ ńîąőň ďőáâăâőçŋő ňăńőň η > 0 ĺňěěâ ňěáâő őæěŋłă ‖Gx‖ ≤ Ť_η(x) + η‖Ax‖ ďńï ńîąőčő x ∈ D(A), čďě Ťη — ŋěŕàěàëćŋëľ ćëŕãłńëľ äãŋłæĺőŋăń ŋă E .

Šěőàěňă 13.5.1 [16] Ŕãáâì A ∈ G(M, ω) ĺ B ∈ B(E). Šőčďă A + B ∈

G(M, ω + M‖B‖). Ŕàĺçěň C_0-ŕőńãčàãŕŕă exp(t(A + B)) ŕàĺ äĺłáĺàőćăŋŋőň t ≥ 0 ïćńïěâáï čőńőňőàäŋőľ äãŋłæĺěľ őâ B. Ć çăáâŋőáâĺ, exp(t(A + zB))

– æěńăï äãŋłæĺï łőňŕńěłáŋőľ ŕěàěňěŋŋőľ z.

Ŕàěďńőęěŋĺě 13.5.4 [93] Šěőàěňă 13.5.1 ĺňěěâ ňěáâő ĺ ďńï čàãŕŕ őŕěàăâőàőć.

Ŕàěďńőęěŋĺě 13.5.5 [73] Ćőğňãéěŋŋăï C0-ŕőńãčàãŕŕă ć âěőàěňě 13.5.1 ãďőćńěâćőàïěâ ãàăćŋěŋĺî (áň. âăłęě (13.2)) exp ( t(A + B) ) = exp(tA) + ∫ t 0 exp ( (t − s)A ) Bexp ( s(A + B) ) ds, t ≥ 0 ĺ ŕàěďáâăćĺňă àïďőň, áåőďïéĺňáï ăąáőńîâŋő ĺ àăćŋőňěàŋő ŕő t ∈ [0, T ], exp(t(A + B)) = ∞∑ n=0 S_n(t), čďě S0(t) = exp(tA), Sn(t) =^{∫ t}_0 exp((t − s)A)BSn−1(s) ds, n ∈ N, ĺńĺ ć ďàãčőľ ğăŕĺáĺ_{exp(t(A + B)) = exp(tA)+} + ∞∑ k=0 ∫ t 0 ∫ t_1 0 ... ∫ t_k 0 exp(t_{k+1}A)Bexp ( (t_k − t_{k+1})A ) B...exp ( (t − t_1)A ) dt_{k+1}...dt_1.

138 ČŃĂĆĂ 13. ĆŐĞŇŞŹĚŊĹ§ ŔŐŃŞČŘŞŔŔ

Ŕàěďńőęěŋĺě 13.5.6 [127] Ŕãáâì A ∈ G(M, ω) ĺ B ∈ B(E). Šőčďă ŕàĺ ćáěå

t ≥ 0 ĺňěěâ ňěáâő őæěŋłă ‖exp ( t(A + B) ) − exp(tA)‖ ≤ Me^{ωt} ( e^{M‖B‖t} − 1 ) . Ŕàěďńőęěŋĺě 13.5.7 [127], Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) ńĺąő ăŋăńĺâĺçŋă, ńĺąő ŋěŕàěàëćŋă ŕő ŋőàňě, ńĺąő łőňŕăłâŋă ĺ B ∈ B(E). Šőčďă C0- ŕőńãčàãŕŕă exp(·(A+B)) âăłęě áőőâćěâáâćěŋŋő ńĺąő ăŋăńĺâĺçŋă, ńĺąő ŋěŕàěàëćŋă ŕő ŋőàňě, ńĺąő łőňŕăłâŋă.

Ŕàěďńőęěŋĺě 13.5.8 [122] Şâćěàęďěŋĺě 13.5.7 őáâăěâáï ć áĺńě, ěáńĺ B ∈

B(D(A)). Ěáńĺ ŕàĺ íâőň ďőŕőńŋĺâěńìŋő B ∈ B_0(D(A)) ĺ C_0-ŕőńãčàãŕŕă exp(·A) áâăŋőćĺâáï ŋěŕàěàëćŋőľ ŕő ŋőàňě, âő ĺ C_0-ŕőńãčàãŕŕă exp(·(A +

B)) âăłęě áâăŋőćĺâáï ŋěŕàěàëćŋőľ ŕő ŋőàňě.

Ŕàěďńőęěŋĺě 13.5.9 [16] Ŕãáâì A ∈ G(M, ω), ă őŕěàăâőà G őčàăŋĺçěŋ őâŋőáĺâěńìŋő A. Šőčďă őŕěàăâőà A+G, ćőőąéě čőćőàï, ŋě őąïğăŋ ŕőàőęďăâì

C_0-ŕőńãčàãŕŕã.

Ŕàěďńőęěŋĺě 13.5.10 [16] Ŕãáâì A, G ∈ G(1, 0) ĺ őŕěàăâőà G ïćńïěâáï A-őčàăŋĺçěŋŋëň á A-čàăŋĺæěľ b0 ≤ 1. Šőčďă A + G ∈ G(1, 0).

Ŕàěďńőęěŋĺě 13.5.11 [8] Ŕãáâì A ∈ G(1, 0), ă G ďĺcáĺŕăâĺćěŋ ĺ ćŕőńŋě ŕőďçĺŋěŋ őŕěàăâőàã A. Šőčďă A + G ∈ G(1, 0).

Ŕàěďńőęěŋĺě 13.5.12 [8] Ŕãáâì őŕěàăâőà A ïćńïěâáï m-ďĺááĺŕăâĺćŋëň ĺ ŕńőâŋő őŕàěďěńěŋŋëň, ă őŕěàăâőà G m-ďĺááĺŕăâĺćěŋ ĺ A-őčàăŋĺçěŋ á A-čàăŋĺæěľ b0 = 1, ŕàĺçěň G^∗ ŕńőâŋő őŕàěďěńěŋ. Šőčďă őŕěàăâőà A + G ïćńïěâáï m-ďĺááĺŕăâĺćŋëň.

Ŕàěďńőęěŋĺě 13.5.13 [8] Ć ŕàěďńőęěŋĺĺ 13.5.12 ãáńőćĺě ŕńőâŋőáâĺ D(G^∗) ć E^∗ ňőęŋő ğăňěŋĺâì ŋă ãáńőćĺě àěäńěłáĺćŋőáâĺ ŕàőáâàăŋáâćă E.

Ŕàěďńőęěŋĺě 13.5.14 [16] Ŕãáâì A, G ∈ G(1, 0), ňŋőęěáâćő D(A) ∩ D(G) ŕńőâŋő ć E ĺ őŕěàăâőà A + G + λI ĺňěěâ ŕńőâŋãî őąńăáâì ğŋăçěŋĺľ ŕàĺ ďőáâăâőçŋő ąőńìèőň λ. Ěáńĺ őŕěàăâőà A+G ğăňëłăěň, âő A + G ∈ G(1, 0).

Ŕàěďńőęěŋĺě 13.5.15 [14] Ŕãáâì A ∈ G(M, ω), G ∈ C(E), D(A) ⊆ D(G) ĺ ∫ 1 0 ‖Gexp(sA)‖^′_A ds < ∞, čďě ‖G‖^′_A := sup { ‖Gx‖ ‖x‖ : ‖x‖ ≤ 1, x ∈ D(A) } . Šőčďă őŕěàăâőà A+G ğăňłŋãâ ĺ ŕőàőęďăěâ C0-ŕőńãčàãŕŕã, łőâőàăï ŕàěďáâăćĺňă, łăł ć ŕàěďńőęěŋĺĺ (13.5.5).

13.5. ŚŐŢŘĂŊĚŊĹĚ ŚĆŐĽŚŠĆ ŔŘĹ ĆŐĞŇŞŹĚŊĹ§Ţ 139

Ŕàěďńőęěŋĺě 13.5.16 [119] Ěáńĺ exp(·A) – čàãŕŕă őŕěàăâőàőć, ă A-őčàă-ŋĺçěŋŋëľ őŕěàăâőà G âăłőć, çâő D(G) = D(A) ĺ^{∫ 1}_0 ‖Gexp(tA)‖^′_A dt < ∞, âő ‖G‖^′_A łőŋěçŋă.

Ŕàěďńőęěŋĺě 13.5.17 [73] Ŕãáâì A ∈ G(M, ω) ,^~E0 ⊆ D(G) ĺ ∫ 1 0 ‖Gexp(tA)‖ dt < ∞. Šőčďă D(A) ⊆ D(G) ĺ őŕěàăâőà A + G ŕőàőęďăěâ C_0-ŕőńãčàãŕŕã.

Ŕàěďńőęěŋĺě 13.5.18 [2] Ŕãáâì ğăďăŋë ďćě ńĺąő w-ŋěŕàěàëćŋëě ŕőńãčàãŕŕë, ńĺąő C^∗_0 -ŕőńãčàãŕŕë âăłĺě, çâő ‖exp(tA) − exp(tG)‖ = o(t) ŕàĺ t → 0 + . Šőčďă exp(tA) = exp(tG) ŕàĺ ćáěå t ≥ 0.

Ŕàěďńőęěŋĺě 13.5.19 [2] Ŕãáâì ğăďăŋë ďćě ńĺąő w-ŋěŕàěàëćŋëě čàãŕŕë, ńĺąő C^∗_0 -čàãŕŕë őŕěàăâőàőć exp(·A) ĺ exp(·G). Śńěďãîéĺě ãáńőćĺï íłćĺćăńěŋâŋë:_{(i)}

áãéěáâćãîâ âăłĺě ε1 > 0 ĺ δ1 > 0, çâő ‖exp(tA)exp(−tG) − I‖ ≤ 1 − ε_1 ŕàĺ 0 ≤ t ≤ δ_1. (ii) áãéěáâćãîâ ε_2, δ_2 ĺ P, W ∈ B(E) âăłĺě, çâő W^{−1} ∈ B(E), A = W (G + P )W^{−1} ĺ ‖exp(tA)W^{−1}exp(−tA)W − I‖ ≤ 1 − ε_2 ŕàĺ ćáěå t ∈ [0, δ_2]. Ěáńĺ íâĺ ãáńőćĺï ćëŕőńŋěŋë, âő W =^1_{δ1}^{∫ δ1}_0 exp(tA)exp(−tG) dt ĺ, áńěďőćăâěńìŋő, ‖I − W ‖ ≤ 1 − ε1. Łàőňě âőčő, ‖exp(tA)W^{−1}exp(−tA)W − I‖ = ‖exp(tA)exp(−tG) − I‖ + O(t) ĺ_{‖exp(tA)W exp(−tG) − W ‖ = O(t)} ŕàĺ t → 0 + .

Ŕàěďńőęěŋĺě 13.5.20 [164] Ěáńĺ őŕěàăâőàë A, G ∈ G(M, ω) ĺ íńěňěŋâ x̃ ∈

D(A) âăłőćë, çâő exp(sA)x̃ ∈ D(G) ŕàĺ 0 < s < t ĺ ∫ 1 0 ‖Gexp(sA)x̃‖ ds < ∞, âő exp(tG)x̃ − exp(tA)x̃ = ∫ t 0 exp((t − s)G)(G − A)exp(sA)x̃ ds. Ŕàěďńőęěŋĺě 13.5.21 [122] Ĺňěěâáï ŕàĺňěà C0-ŕőńãčàãŕŕë exp(·A), áâăŋőćïéěľáï ďĺääěàěŋæĺàãěňőľ ĺ łőňŕăłâŋőľ, âăłőľ, çâő ŕàĺ ŋěłőâőàőň

B ∈ B(E) C_0-ŕőńãčàãŕŕă exp(·(A + B)) ŋě áâăŋőćĺâáï ŋěŕàěàëćŋőľ ŕő

ŋőàňě.

140 ČŃĂĆĂ 13. ĆŐĞŇŞŹĚŊĹ§ ŔŐŃŞČŘŞŔŔ

Ŕàěďńőęěŋĺě 13.5.22 [122] Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) ŋěŕàěàëćŋă ŕő ŋőàňě, ŋăçĺŋăï á ŋěłőâőàőčő t0, ĺ őŕěàăâőà B ∈ B0(E), â.ě. łőňŕăłâěŋ. Šőčďă C0-ŕőńãčàãŕŕă exp(·(A + B)) ŋěŕàěàëćŋă ŕő ŋőàňě, ŋăçĺŋăï á t0.

Ŕàěďńőęěŋĺě 13.5.23 [122] Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) łćăğĺłőňŕăłâŋă ĺ B ∈ B0(E). Šőčďă ĺ C0-ŕőńãčàãŕŕă exp(·(A + B)) łćăğĺłőňŕăłâŋă.

Ŕàěďńőęěŋĺě 13.5.24 [122] Ŕãáâì A ∈ G(M, ω) ĺ B ∈ B(D(A)). Šőčďă őŕěàăâőà A+B ŕőàőęďăěâ C0-ŕőńãčàãŕŕã, ĺ, ąőńěě âőčő, áãéěáâćãěâ B1 ∈

B(E) âăłőľ, çâő A + B ŕőďőąěŋ A + B_1. Šőçŋěě, ŕàĺ ŋěłőâőàőň λ_0 ∈ ρ(A)

A + B = U(A + B_1)U^{−1}, čďě U = (I − BR(λ_0, A)).

Šěőàěňă 13.5.2 [16] Ďńï ńîąőčő A ∈ H(θ, ω) ĺ ńîąőčő ε ∈ (0, θ) áãéěáâćãîâ ŕőńőęĺâěńìŋëě łőŋáâăŋâë γ ĺ δ âăłĺě, çâő, ěáńĺ őŕěàăâőà G őčàăŋĺçěŋ őâŋőáĺâěńìŋő A á a, b < δ, âő A + G ∈ H(θ − ε, γ). Ć çăáâŋőáâĺ, ěáńĺ ω = 0 ĺ a = 0, âő G ∈ H(θ − ε, 0).

Ŕàěďńőęěŋĺě 13.5.25 [22] Ěáńĺ A ∈ H(θ, ω), ă őŕěàăâőà G ćŕőńŋě ŕőďçĺŋěŋ A, âő őŕěàăâőà A+G âăłęě ŕőàőęďăěâ ăŋăńĺâĺçěáłãî C0-ŕőńãčàãŕŕã.

Ŕàěďńőęěŋĺě 13.5.26 [127] Ć ãáńőćĺïå âěőàěňë 13.5.2 ĺňěěň ‖exp(t(A + G))‖ ≤ Me^{(ω+ν(b))t}, t ≥ 0, čďě limb→∞ ν(b) = 0.

Őŕàěďěńěŋĺě 13.5.4 Ŕãáâì A ∈ C(E). Őŕěàăâőà K á D(K) ⊇ D(A) ŋăğëćăěâáï łőňŕăłâŋëň őâŋőáĺâěńìŋő őŕěàăâőàă A , ěáńĺ ŋăľďěâáï âăłőě λ0 ∈ ρ(A), çâő őŕěàăâőà KR(λ0, A) łőňŕăłâěŋ ć E.

Ŕàěďńőęěŋĺě 13.5.27 [3] Ŕãáâì A ∈ H(θ, ω) ĺ őŕěàăâőà B łőňŕăłâěŋ őâŋőáĺâěńìŋő A. Ěáńĺ őďŋő ĺğ ňŋőęěáâć D(A^∗) ĺńĺ D(B^∗) ŕńőâŋő ć E^∗, âő A + B ŕőàőęďăěâ ăŋăńĺâĺçěáłãî C0-ŕőńãčàãŕŕã.

Ŕàěďńőęěŋĺě 13.5.28 [3] Ŕãáâì A ∈ H(θ, ω), ă őŕěàăâőà B âăłőć, çâő

D(B) ⊇ D(A) ĺ R(λ_0, A)B ∈ B_0(E) ŕàĺ ŋěłőâőàőň λ_0. Šőčďă őŕěàăâőà A+B

ŕőàőęďăěâ ăŋăńĺâĺçěáłãî C0-ŕőńãčàãŕŕã.

Ŕàěďńőęěŋĺě 13.5.29 [37] Ŕãáâì A ∈ H(θ, ω), őŕěàăâőà G ïćńïěâáï Aőčàăŋĺçěŋŋëň ĺ^{∫ 1}_0 ‖Gexp(tA)‖^′_A dt < ∞. Šőčďă A + G ŕőàőęďăěâ ăŋăńĺâĺçěáłãî C0-ŕőńãčàãŕŕã.

13.5. ŚŐŢŘĂŊĚŊĹĚ ŚĆŐĽŚŠĆ ŔŘĹ ĆŐĞŇŞŹĚŊĹ§Ţ 141

Ŕàěďńőęěŋĺě 13.5.30 [98] Ŕãáâì A, G ∈ G(M, ω) ĺ

lim_{t→0+}‖exp(tA) − exp(tG)‖ = 0. Ěáńĺ C_0-ŕőńãčàãŕŕă exp(·A) ŕőńãäàěďčőńì-

ňőćă, âő_{(i) C}

0-ŕőńãčàãŕŕă exp(·G) ŕőńãäàěďčőńìňőćă; (ii) nul(exp(tA)) = nul(exp(tG)) = 0, ěáńĺ nul(exp(t_0A)) = 0 ŕàĺ ŋěłőâőàőň t0, nul(exp(tA)) = nul(exp(tG)) = ∞, ěáńĺ nul(exp(t_0A)) = ∞ ŕàĺ ŋěłőâőàőň t0, (iii) def(exp(tA)) = def(exp(tG)) = 0, ěáńĺ def(exp(t_0A)) < ∞ ŕàĺ ŋěłőâőàőň t0, def(exp(tA)) = def(exp(tG)) = ∞, ěáńĺ def(exp(t_0A)) = ∞ ŕàĺ ŋěłőâőàőň t0.

Ŕàěďńőęěŋĺě 13.5.31 [22] Ŕãáâì A ∈ G(E) ĺ àěğőńìćěŋâă R(λ, A) ãďőćńěâćőàïěâ őæěŋłě ‖R(λ, A)‖ ≤ M(1 + |λ|^{−β}) ŕàĺ ŋěłőâőàőň 0 < β < 1 ĺ ćáěå

λ ∈ ρ(A). Ěáńĺ őŕěàăâőà G ŕőďçĺŋěŋ őŕěàăâőàã A á ŕőàïďłőň α ∈ (0, β), âő ‖R(λ, A + G)‖ ≤^M_{1−δ} · (1 + |λ|)^{−β}, ŕàĺçěň ‖GR(λ, A + G)‖ ≤ δ ŕàĺ Reλ ≥ ω. Ŕàěďńőęěŋĺě 13.5.32 [98] Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) ŕőńãäàěďčőńìňőćă, ă őŕěàăâőà L ïćńïěâáï A-ŕőďçĺŋěŋŋëň ĺ^{∫ 1}_0 ‖Lexp(tA)‖^′_A dt < ∞. Šőčďă

A + L ŕőàőęďăěâ ŕőńãäàěďčőńìňőćã C_0-ŕőńãčàãŕŕã ĺ ćëŕőńŋïîâáï ãâćěà-

ęďěŋĺï ŕàěďńőęěŋĺï 13.5.30 á G = A + L.

Ŕàěďńőęěŋĺě 13.5.33 [98] Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) ŕőńãäàěďčőńìňőćă, ă őŕěàăâőà P ãďőćńěâćőàïěâ ãáńőćĺî (13.7) ĺ ïćńïěâáï A-őčàăŋĺçěŋŋëň. Šőčďă áãéěáâćãěâ âăłőě ε0 > 0, çâő ŕàĺ |ε| < ε0 őŕěàăâőà A + εP ŕőàőęďăěâ ŕőńãäàěďčőńìňőćãî C0-ŕőńãčàãŕŕã, ŕàĺçěň nul ( exp(tA) ) = nul ( exp(t(A + εP )) ) ĺ_{def(exp(tA)) = def (exp(t(A + εP )))} ŕàĺ ćáěå t ≥ 0.

Ŕàěďńőęěŋĺě 13.5.34 [98] Ŕãáâì ŕàőáâàăŋáâćő E = H – čĺńìąěàâőćő,

A ∈ G(0, 1), őŕěàăâőà G ďĺááĺŕăâĺćěŋ ĺ A-őčàăŋĺçěŋ á A-čàăŋĺæěľ b < 1, ă inf_{‖x‖≤1}{Re((A+G)x, x)} > −∞. Šőčďă C_0-ŕőńãčàãŕŕë exp(·A) ĺ exp(·(A+B)) ĺňěîâ őčàăŋĺçěŋŋëě őąàăâŋëě ĺ def^(exp(tA)^) = def^(exp(t(A + G))^) ŕàĺ t ≥ 0. Ŕàěďńőęěŋĺě 13.5.35 [98] Ĺňěěâáï ŕàĺňěà äàěďčőńìňőćőľ C0-ŕőńãčàãŕŕë

exp(·A) ĺ A-őčàăŋĺçěŋŋőčő őŕěàăâőàă á A-čàăŋĺæěľ ňěŋìèěľ 1 âăłĺå, çâő C_0-ŕőńãčàãŕŕă exp(·(A + G)) ŋě ïćńïěâáï äàěďčőńìňőćőľ.

142 ČŃĂĆĂ 13. ĆŐĞŇŞŹĚŊĹ§ ŔŐŃŞČŘŞŔŔ

Ŕàěďńőęěŋĺě 13.5.36 [37] Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) ŕőğĺâĺćŋă ć ąăŋăåőćőľ áâàãłâãàě E, őŕěàăâőà G ïćńïěâáï A-őčàăŋĺçěŋŋëň ĺ ∫ 1 0 ‖Gexp(tA)‖^′_A dt < ∞. Ěáńĺ ŕàĺ ŋěłőâőàőň ξ ∈ R őŕěàăâőà G + ξI ŕőńő-

ęĺâěńěŋ, âő C0-ŕőńãčàãŕŕă exp(·(A + G)) ŕőğĺâĺćŋă.

Ŕàěďńőęěŋĺě 13.5.37 [27] Ŕãáâì C0-ŕőńãčàãŕŕă exp(·A) ŕőğĺâĺćŋă ĺ B ∈

B(E) – ŕőńőęĺâěńìŋëľ őŕěàăâőà. C_0-ŕőńãčàãŕŕă exp(·(A+B)) ŋěŕàĺćőďĺňă

âőčďă ĺ âőńìłő âőčďă, łőčďă âőńìłő ńĺèì J = {0} ĺ J = E ïćńïîâáï ğăňłŋãâëňĺ ĺďěăńăňĺ áő áćőľáâćăňĺ (i) exp(tA)J ⊆ J, t ≥ 0; (ii) BJ ⊆ J.

Ŕàěďńőęěŋĺě 13.5.38 [27] Ŕãáâì A ∈ G(M, ω) ĺ ŕàőáâàăŋáâćő E ⊙- àěäńěłáĺćŋő áőčńăáŋő A. Ŕãáâì B ∈ B(E, E^{⊙∗}). Šőčďă áãéěáâćãěâ C0- ŕőńãčàãŕŕă T(·) âăłăï, çâő ŕàĺ ćáěå t ≥ 0 ĺ łăęďőň x ∈ E ćëŕőńŋïěâáï àăćěŋáâćő T(t) = exp(tA)x + ∫ t 0 exp((t − s)A)^{⊙∗}BT(s)x ds. Ąőńěě âőčő, ‖T(t)‖ ≤ Me^{ω̃t}, čďě ω̃ := ω + M‖B‖.

Ŕàěďńőęěŋĺě 13.5.39 [27] Ŕãáâì ć ãáńőćĺïå ĺ őąőğŋăçěŋĺïå 13.5.38 T(t) =

exp(tA^×), t ≥ 0. Šőčďă E ïćńïěâáï ⊙-àěäńěłáĺćŋëň áőčńăáŋő A^× ĺ (i) D(A^×) = {x ∈ D(A^{⊙∗}) : A^{⊙∗}x + Bx ∈ E} , A^×x = A^{⊙∗}x + Bx, x ∈ D(A^×); (ii) D(A^{×∗}) = D(A^∗), A^{×∗}x^⊙ = A^∗x^⊙ + B^∗x^⊙, x ∈ D(A^{×∗}); (iii) D(A^{×⊙}) = {x ∈ D(A^{×∗}) : A^∗x^⊙ + B^∗x^⊙ ∈ E^⊙},

A^{×⊙}x^⊙ = A^∗x^⊙ + B^∗x^⊙ , x^⊙ ∈ D(A^{×⊙});

(iv) D((A^×)^{⊙∗}) = D(A^{⊙∗}), (A^×)^{⊙∗}x = A^{⊙∗}x + Bx, x ∈ D((A^×)^{⊙∗}).

Őąőğŋăçĺň

T̃(t) := ∫^t_0 exp ( (t − s)A )⊙∗ Bexp ( s(A + B) ) ds, K(λ) := R(λ, A^{⊙∗})B. Ŕàěďńőęěŋĺě 13.5.40 [27] Ŕãáâì ć őąőğŋăçěŋĺïå ŕàěďńőęěŋĺľ 13.5.38,

13.5.39 őŕěàăâőà-äãŋłæĺï T̃(·) ŋěŕàěàëćŋă ŕő ŋőàňě ŋă [t_0, ∞) ĺ K(λ) – łőň-

ŕăłâŋăï őŕěàăâőà-äãŋłæĺï ŕàĺ ďőáâăâőçŋő ąőńìèĺå λ. Šőčďă őŕěàăâőà

T̃(t) łőňŕăłâěŋ ŕàĺ ćáěå t ≥ t_0.

Ŕàěďńőęěŋĺě 13.5.41 [27] Ěáńĺ ć őąőğŋăçěŋĺïå 13.5.40 őŕěàăâőà-äãŋłæĺï

T̃(·) áâăŋőćĺâáï łőňŕăłâŋőľ, âő Eω(A + B) ≤ ω(A).

13.5. ŚŐŢŘĂŊĚŊĹĚ ŚĆŐĽŚŠĆ ŔŘĹ ĆŐĞŇŞŹĚŊĹ§Ţ 143

Ŕàěďńőęěŋĺě 13.5.42 [27] Ŕãáâì E ⊙-àěäńěłáĺćŋő, B ∈ B(E, E^{⊙∗}) ĺ ŕàĺ ńîąőň λ á Reλ > S(A) őŕěàăâőà R(λ, A^{⊙∗})B łőňŕăłâěŋ. Šőčďă ňŋőęěáâćő {λ ∈ σ(A+B) : Reλ > S(A)} áőďěàęĺâ ŋě ąőńěě áçěâŋőčő çĺáńă âőçěł

{λ_k}, łăęďăï ĺğ łőâőàëå ńěęĺâ ćŋě Eσ(A + B) ĺńĺ, çâő íłćĺćăńěŋâŋő, Eσ(A + B) ⊆ {λ ∈ C : Reλ ≤ S(A)} .

Čńăćă 14

Ŋěőďŋőàőďŋőě ãàăćŋěŋĺě

Ĺğńőęěŋŋăï àăŋěě âěőàĺï C0-ŕőńãàãŕŕ őŕěàăâőàőć äăłâĺçěáłĺ ěáâì ĺğãçěŋĺě áćőľáâć àěèěŋĺï őďŋőàőďŋőľ àăćŋőňěàŋő łőààěłâŋőľ ğăďăçĺ Łőèĺ ďńï ãàăćŋěŋĺï ŕěàćőčő ŕőàïďłă ć ąăŋăåőćőň ŕàőáâàăŋáâćě E: du(t) dt = Au(t), u(0) = u^0, t ≥ 0. (14.1)

Ć áńãçăě, łőčďă A ïćńïěâáï čěŋěàăâőàőň C0-ŕőńãčàãŕŕë, àěèěŋĺě (14.1), łăł ĺğćěáâŋő, ğăďăěâáï äőàňãńőľ u(t) = exp(tA)u^0, t ≥ 0.

Űěńì ŋăáâőïéěľ čńăćë — àăááňőâàěâì ğăďăçã Łőèĺ ďńï ŋěőďŋőàőďŋőčő ãàăćŋěŋĺï ŕěàćőčő ŕőàïďłă ć ąăŋăåőćőň ŕàőáâàăŋáâćě E: du(t) dt = Au(t) + f(t), u(0) = u^0, t ≥ 0, (14.2)

čďě f(·) — ŋěłőâőàăï äãŋłæĺï, ďěľáâćãîéăï ĺğ R+ ć E.

Ğăďăçă (14.2) ğďěáì ąãďěâ àăááňăâàĺćăâìáï ŕàĺ t ≥ 0, ńĺąő ŕàĺ 0 ≤ t ≤ T , čďě T – ŋěłőâőàőě ŕőńőęĺâěńìŋőě çĺáńő. Ć ďăŋŋőľ čńăćě ŕőïćńěŋĺě çĺáńă

T ∈ [0, ∞) ŋě áćïğăŋő á áãéěáâćőćăŋĺěň àěèěŋĺï ĺňěŋŋő ŋă őčàăŋĺçěŋŋőň

ĺŋâěàćăńě. Łăł ňë ãćĺďĺň ďăńěě, ĺŋőčďă őłăğëćăěâáï ãďőąŋő àăááňőâàěâì, áłăęěň, ŕàőáâàăŋáâćă C([0, T ]; E) ĺńĺ C^α_0 ([0, T ]; E), łőčďă çĺáńő T łőŋěçŋő.

Őŕàěďěńěŋĺě 14.0.1 Łńăááĺçěáłĺň àěèěŋĺěň ğăďăçĺ (14.2) ŋă ŕőńãőáĺ [0, ∞) ŋăğëćăîâ äãŋłæĺî u(·) : [0, ∞) → E, őąńăďăîéãî áńěďãîéĺňĺ áćőľáâćăňĺ:

(i) u(·) ŋěŕàěàëćŋă ŕàĺ ńîąőň t ∈ [0, ∞);

(ii) u(·) ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňă ŕő t ŕàĺ ćáěå t ∈ [0, ∞); (iii) u(t) ∈ D(A) ŕàĺ ćáěå t ∈ [0, ∞) ĺ ŕàĺ t ∈ [0, ∞) ćëŕőńŋïîâáï àăćěŋ-

áâćő ĺ ŋăçăńìŋőě ãáńőćĺě (14.2).

Ăŋăńőčĺçŋő őŕàěďěńïěâáï łńăááĺçěáłőě àěèěŋĺě ğăďăçĺ (14.2) ŋă őâàěğłě

[0, T ], â.ě. ćňěáâő ŕőńãőáĺ [0, ∞) ć őŕàěďěńěŋĺĺ äĺčãàĺàãěâ őâàěğőł [0, T ].

Őŕàěďěńěŋĺě 14.0.2 Śĺńìŋëň àěèěŋĺěň ğăďăçĺ (14.2) ŋă őâàěğłě [0, T ] ŋăğőćěň âăłãî äãŋłæĺî u(·), çâő

(i) u(·) ďĺääěàěŋæĺàãěňă ŕőçâĺ ćáîďã ŋă [0, T ] ĺ u^′(·) ∈ L^1([0, T ]; E); (ii) ćëŕőńŋïěâáï ŋăçăńìŋőě ãáńőćĺě (14.2); (iii) ãàăćŋěŋĺě (14.2) ćëŕőńŋïěâáï ŕőçâĺ ćáîďã.

Őŕàěďěńěŋĺě 14.0.3 Śńăąëň àěèěŋĺěň ğăďăçĺ (14.2) ŋă őâàěğłě [0, T ] ŋăğëćăěâáï âăłăï äãŋłæĺï u(·), çâő

(i) u(·) ŋěŕàěàëćŋă ŋă [0, T ];

(ii) ćëŕőńŋïěâáï ŋăçăńìŋőě ãáńőćĺě (14.2);

(iii) ďńï ńîąőčő äãŋłæĺőŋăńă v^∗ ∈ D(A^∗) äãŋłæĺï ⟨u(·), v^∗⟩ ăąáőńîâŋő

ŋěŕàěàëćŋă ĺ àăćěŋáâćő d dt ⟨u(t), v^∗⟩ = ⟨u(t), A^∗v^∗⟩ + ⟨f(t), v^∗⟩ (14.3) ćëŕőńŋïěâáï ŕőçâĺ ćáîďã ŋă [0, T ].

Ć ńĺâěàăâãàě ňőęŋő ćáâàěâĺâì ĺ ďàãčĺě őŕàěďěńěŋĺï àěèěŋĺľ, ŋăŕàĺňěà, ă) őáńăąńěŋŋőě — äãŋłæĺï u(·) ŋěŕàěàëćŋă ŋă ğăňłŋãâőň őâàěğłě [0, T ], ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňă ćáîďã, łàőňě ŋãńï ĺ ãàăćŋěŋĺě ćëŕőńŋïěâáï ćáîďã, łàőňě ŋãńï;

b) ňïčłőě (mild) — äãŋłæĺï u(·) ŋěŕàěàëćŋă ŋă ğăňłŋãâőň őâàěğłě

[0, T ] ĺ ŕàěďáâăćĺňă ć ćĺďě u(t) = exp(tA)u^0 + ∫ t 0 exp ( (t − s)A ) f(s) ds (14.4)

ŕàĺ t ∈ [0, T ].

Ŕàěďńőęěŋĺě 14.0.1 Ťãŋłæĺï u(·) ěáâì àěèěŋĺě (łńăááĺçěáłőě, ňïčłőě) ğăďăçĺ (14.2) âőčďă ĺ âőńìłő âőčďă, łőčďă v(t) := e^{αt}u(t) ěáâì àěèěŋĺě (ć âőň ęě áňëáńě) ğăďăçĺ dv dt = (A + αI)v + e^{αt}f(t), v(0) = u^0, (14.5)

146 ČŃĂĆĂ 14. ŊĚŐĎŊŐŘŐĎŊŐĚ ŞŘĂĆŊĚŊĹĚ

Ŕàěďńőęěŋĺě 14.0.1 ŕőğćőńïěâ àăááňăâàĺćăâì ğăďăçã (14.2) âőńìłő ďńï áńãçăï, łőčďă àěğőńìćěŋâă R(λ, A) áãéěáâćãěâ ŕàĺ ćáěå λ á Reλ ≥ 0, ă ŕőńãčàãŕŕă àăćŋőňěàŋő őčàăŋĺçěŋă. İâő ğăçăáâãî ãŕàőéăěâ ćëłńăďłĺ.

Ćőŕàőá ő ěďĺŋáâćěŋŋőáâĺ łńăááĺçěáłőčő àěèěŋĺï ğăďăçĺ (14.2) àěèăěâáï ŕőńőęĺâěńìŋő ŕàĺ ćěáìňă áńăąëå őčàăŋĺçěŋĺïå ŋă A (ďăęě ŋě őąïğăâěńìŋő, çâőąë A ŕőàőęďăń C0-ŕőńãčàãŕŕã).

Ŕàěďńőęěŋĺě 14.0.2 [127] Ŕãáâì A ŕńőâŋő őŕàěďěńěŋŋëľ ńĺŋěľŋëľ őŕěàăâőà. Ěáńĺ àěğőńìćěŋâă R(λ, A) áãéěáâćãěâ ŕàĺ ćáěå λ ≥ λ0 ĺ lim_{λ→∞} ln ‖R(λ, A)‖ λ = 0,

âő ğăďăçă (14.2) ŋě ňőęěâ ĺňěâì ąőńěě őďŋőčő łńăááĺçěáłőčő àěèěŋĺï.

Ŕàěďńőęěŋĺě 14.0.3 Ŕãáâì ğăďăçă (14.2) ĺňěěâ łńăááĺçěáłőě àěèěŋĺě. Šőčďă őŋő ŕàěďáâăćĺňő ć ćĺďě (14.4).

Őąàăâŋőě ãâćěàęďěŋĺě, ćőőąéě čőćőàï, ŋěćěàŋő, â.ł. äãŋłæĺï u(·) ć (14.4) ŋě őąïğăŋă ąëâì ďĺääěàěŋæĺàãěňőľ.

Ŕàěďńőęěŋĺě 14.0.4 [127] Ŕãáâì őŕěàăâőà A ć ğăďăçě Łőèĺ (14.2) ïćńïěâáï čěŋěàăâőàőň C0-ŕőńãčàãŕŕë. Šőčďă äőàňãńă (14.4) ďăěâ àěèěŋĺě ğăďăçĺ (14.2) ŕàĺ u0 ∈ D(A) ĺ ćëŕőńŋěŋĺĺ őďŋőčő ĺğ ďćãå ãáńőćĺľ:

(i) Ŕàĺ ćáěå t ∈ [0, T ] ğŋăçěŋĺï f(t) ∈ D(A) ĺ äãŋłæĺï Af(·) ŋěŕàěàëćŋă;

(ii) Ťãŋłæĺï f(·) ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňă.

14.1 Ŋěàăćěŋáâćő łőíàæĺâĺćŋőáâĺ ć C^α_0

Ŕàĺ ĺááńěďőćăŋĺĺ ŋěńĺŋěľŋëå ğăďăç, ŕàĺąńĺęěŋŋëå ňěâőďőć àěèěŋĺï ğăďăç ćĺďă (14.2), ă âăłęě ŋěłőâőàëå ďàãčĺå âĺŕőć ğăďăç çăáâő ąëćăěâ ŕőńěğŋő (áň. ŋăŕà. [69]) áćőľáâćő łőíàæĺâĺćŋőáâĺ, ğăłńîçăîéěěáï ć âőň, çâő àěèěŋĺě (ć łăłőň-ńĺąő áňëáńě) ğăďăçĺ Łőèĺ (14.2) âăłőćő, çâő äãŋłæĺĺ u^′(·) ĺ Au(·), ć

(14.2), őąńăďăîâ âőľ ęě čńăďłőáâìî ŕő ŕěàěňěŋŋőľ t, çâő ĺ ğăďăŋŋăï äãŋłæĺï f(·). Őŕàěďěńěŋĺě 14.1.1 Ğăďăçã Łőèĺ (14.2) ŋăğőćěň łőíàæĺâĺćŋő àăğàěèĺňőľ ć ŕăàě ŕàőáâàăŋáâć^{~~}E ×^~F (ğďěáì^{~~}E — ”ŕàőáâàăŋáâćő ŋăçăńìŋëå ğŋăçěŋĺľ”, ă^~F — ”ŕàőáâàăŋáâćő ŕàăćëå çăáâěľ”), ěáńĺ ďńï ńîąëå u^0 ∈^{~~}E

14.1. ŊĚŘĂĆĚŊŚŠĆŐ ŁŐİŘŰĹŠĹĆŊŐŚŠĹ Ć Cα0 147

ĺ f(·) ∈^~F ğăďăçă (14.2) ĺňěěâ ěďĺŋáâćěŋŋőě àěèěŋĺě u(·), ďőŕãáłăîéěě őæěŋłã ‖ du dt ‖F̃ + ‖Au‖F̃ ≤ M̃ · ( ‖u^0‖~_E + ‖f‖F̃ ) (14.6)

á łőŋáâăŋâőľ^~M, ŋě ğăćĺáïéěľ őâ u^0 ĺ f(·), ćğïâëå ĺğ áőőâćěâáâćãîéĺå ŕàőáâàăŋáâć.

Ć áćïğĺ á âěň, çâő ãáńőćĺě łőíàæĺâĺćŋőľ àăğàěèĺňőáâĺ äăłâĺçěáłĺ őğŋăçăěâ, çâő ć ãàăćŋěŋĺĺ (14.2) äãŋłæĺĺ u^′(·) ĺ Au(·) őąńăďăîâ âăłőľ ęě čńăďłőáâìî, łăł ĺ ĺå áãňňă (ŕàăćăï çăáâì ãàăćŋěŋĺï — f(·)), íâő áćőľáâćő ć ğăàãąěęŋőľ ńĺâěàăâãàě őąëçŋő ŋăğëćăîâ ”ňăłáĺňăńìŋőľ àěčãńïàŋőáâìî”

(maximal regularity) àěèěŋĺï ğăďăçĺ (14.2).

Ŋăĺąőńěě ěáâěáâćěŋŋő, ĺğãçăï ňăłáĺňăńìŋãî àěčãńïàŋőáâì (MR) àěèěŋĺï ğăďăçĺ (14.2), ŋăçăâì á àăááňőâàěŋĺï ŕàőáâàăŋáâćă^~F = C([0, T ]; E). Őďŋăłő łńăáá ğăďăç, àěèěŋĺï łőâőàëå őąńăďăîâ áćőľáâćőň (MR) ć C([0, T ]; E), őłăğëćăěâáï ďőćőńìŋő ãğőł. Ć çăáâŋőáâĺ, áŕàăćěďńĺćő áńěďãîéěě

Ŕàěďńőęěŋĺě 14.1.1 [48] Ŕãáâì A – čěŋěàăâőà C0-ŕőńãčàãŕŕë, ďńï łőâőàőčő ğăďăçă (14.2) őąńăďăěâ áćőľáâćőň (MR) ć áńãçăě, łőčďă ŕàőáâàăŋáâćő

F̃ = C([0, T ]; E). Šőčďă ńĺąő A őčàăŋĺçěŋ, ńĺąő E áőďěàęĺâ ğăňłŋãâőě ŕőď-

ŕàőáâàăŋáâćő, ĺğőňőàäŋőě ŕàőáâàăŋáâćã c0.

Ąőńěě áőďěàęăâěńìŋëň őłăğëćăěâáï áńãçăľ, łőčďă ć łăçěáâćě ŕàőáâàăŋáâćă^~F àăááňăâàĺćăîâáï čěńìďěàőćáłĺě ŕàőáâàăŋáâćă.

Ś ďàãčőľ áâőàőŋë, ŕőáâàőěŋë ďőáâăâőçŋő èĺàőłĺě łńăááë ŕàőáâàăŋáâć, âĺŕă čěńìďěàőćáłĺå, ć łőâőàëå ĺňěěâ ňěáâő łőíàæĺâĺćŋăï àăğàěèĺňőáâì ğăďăçĺ (14.2). Ŕàĺćěďěň ŕàőáâěľèěě ĺğ ãâćěàęďěŋĺľ âăłőčő áőàâă.

Šěőàěňă 14.1.1 [33] Ŕãáâì A ∈ H(θ, ω). Ğăďăçă Łőèĺ (14.2) łőíàæĺâĺćŋő àăğàěèĺňă ďńï áńãçăï^{~~}E = D(A),^~F = C^α_0 ([0, T ]; E), čďě C^α_0 ([0, T ]; E) - ğăňëłăŋĺě čńăďłĺå äãŋłæĺľ ć ŋőàňě

‖f(·)‖_Cα_0 := sup_{t≥0} ‖f(t)‖ + sup ‖f(t + τ) − f(t)‖ τ^α · t^α, ŕàĺçěň ćâőàőľ áãŕàěňãň ąěàěâáï ŕő ćáěň ğŋăçěŋĺïň ŕăàăňěâàőć, ŋě ćëćőďïéĺň ăàčãňěŋâë ĺğ őąńăáâĺ őŕàěďěńěŋĺï äãŋłæĺĺ f(·).

Ąőńěě őąéĺě łńăááë čěńìďěàőćáłĺå łőíàæĺâĺćŋëå ŕàőáâàăŋáâć ĺğãçěŋë ć

[88] ĺ [4].

148 ČŃĂĆĂ 14. ŊĚŐĎŊŐŘŐĎŊŐĚ ŞŘĂĆŊĚŊĹĚ

Ğăňěçăŋĺě 14.1.1 [32] Ć áńãçăě, łőčďă E = l^p, őŕěàăâőà

A(x_k)^∞_{k=1} = (ik x_k)^∞_{k=1}, (i = √ −1), ŕőàőęďăěâ áĺńìŋő ŋěŕàěàëćŋãî C0-ŕőńãčàãŕŕã (őďŋăłő ŋě ăŋăńĺâĺçěáłãî!). Őďŋăłő ŕàĺ ŕàăćőľ çăáâĺ f(t) =^(k^{−(1−1/p)}e^{ikt)∞}_{k=1}, ãďőćńěâćőàïîéěľ ãáńőćĺî Čěńìďěàă á ńîąëň ŕőłăğăâěńěň ε ∈ (0, 1), ŋő äãŋłæĺï ϕ(t) = ∫ t 0 exp ( (t − s)A ) f(s) ds ŋĺ ŕàĺ łăłőň t ŋě ŕàĺŋăďńěęĺâ D(A).

İâőâ ŕàĺňěà âăłęě ŕőłăğëćăěâ, çâő ć áńãçăě, łőčďă őŕěàăâőà A ŕőàőęďăěâ ńĺèì C0-ŕőńãčàãŕŕã, čěńìďěàőćőáâĺ ŕàăćőľ çăáâĺ ŋěďőáâăâőçŋő ďńï áãéěáâćőćăŋĺï łńăááĺçěáłőčő àěèěŋĺï (ěáâěáâćěŋŋő, ŋĺ ő łăłőľ łőíàæĺâĺćŋőáâĺ ć íâőň áńãçăě ŋě ňőęěâ ąëâì ĺ àěçĺ).

14.2 Ŋěàăćěŋáâćő łőíàæĺâĺćŋőáâĺ ć L^p

Ďőáâăâőçŋő ĺŋâěàěáŋëň őłăğëćăěâáï ćőŕàőá ő łőíàæĺâĺćŋőľ àăğàěèĺňőáâĺ ğăďăçĺ (14.2) ć ŕàőáâàăŋáâćăå âĺŕă L^p. Ďő ŋăáâőïéěčő ćàěňěŋĺ íâőâ ćőŕàőá őáâăěâáï őâłàëâëň. Ŋăĺąőńěě ĺŋâěàěáŋëě àěğãńìâăâë, ŕőńãçěŋŋëě ć íâőň ŋăŕàăćńěŋĺĺ, âăłőćë. Ĺğ łőíàæĺâĺćŋőľ àăğàěèĺňőáâĺ ğăďăçĺ (14.2) ŕàĺ ãáńőćĺĺ łőňŕăłâŋőáâĺ àěğőńìćěŋâë ćëâěłăěâ, łăł ĺ ć áńãçăě C^α_0 , ăŋăńĺâĺçŋőáâì C0-ŕőńãčàãŕŕë exp(·A). Őďŋăłő ŋă íâőň áåőďáâćő ĺ ğăłăŋçĺćăěâáï. Ŕàěďńőęěŋĺě 14.2.1 Ŕãáâì ğăďăçă (14.2) łőíàæĺâĺćŋő àăğàěèĺňă ďńï áńãçăï, łőčďă^~F = L^p([0, T ]; E) ŕàĺ ŋěłőâőàőň p = p0. Šőčďă łőíàæĺâĺćŋăï àăğàěèĺňőáâì ĺňěěâ ňěáâő ĺ ďńï áńãçăï^~F = L^p([0, T ]; E) ŕàĺ ńîąőň p ∈ (1, ∞).

Ŕàěďńőęěŋĺě 14.2.2 [86] Ŕãáâì A ïćńïěâáï čěŋěàăâőàőň ăŋăńĺâĺçěáłőľ ŕőńãčàãŕŕë ĺ áŕàăćěďńĺćă őæěŋłă ‖A^{iα}‖ ≤ M ŕàĺ ŋěłőâőàőň M ĺ ćáěå ćěéěáâćěŋŋëå α. Šőčďă ğăďăçă (14.2) łőíàæĺâĺćŋő àăğàěèĺňă ďńï áńãçăï, łőčďă

F̃ = Lp([0, T ]; E) (ŕàĺ áőőâćěâáâćãîéěň ćëąőàě ŕàőáâàăŋáâćă ŋăçăńìŋëå

ãáńőćĺľ).

Ŕàěďńőęěŋĺě 14.2.3 Łőíàæĺâĺćŋăï àăğàěèĺňőáâì ğăďăçĺ (14.2) ĺňěěâ ňěáâő ďńï áńãçăï^~F = L^p([0, T ]; Eα), čďě Eα - ŋěłőâőàëě ĺŋâěàŕőńïæĺőŋŋëě ŕàőáâàăŋáâćă, ŕőáâàőěŋŋëě ŕő őŕěàăâőàã A.

Ć ğăłńîçěŋĺě őâňěâĺň, çâő áĺáâěňăâĺçěáłőě ĺğãçěŋĺě ğăďăçĺ (14.2), ă âăłęě ăŋăńőčĺçŋőľ ğăďăçĺ á ŕěàěňěŋŋëň őŕěàăâőàőň A(t) — ŕàěďňěâ őâďěńìŋőčő őąáâőïâěńìŋőčő àăğčőćőàă, łőâőàëľ ăćâőàë ŕńăŋĺàãîâ ć ąãďãéěň.

Ńĺâěàăâãàă

[1] Ąăáłăłőć Ă.Č. Čăàňőŋĺçěáłĺľ ăŋăńĺğ łőáĺŋãáŋőľ ĺ íłáŕőŋěŋæĺăńìŋőľ őŕěàăâőàŋëå äãŋłæĺľ // Ňăâ. áą. 1984. Š.124(166), N 1(5). C. 68-95.

[2] Ąàăâěńńĺ Ş., Řőąĺŋáőŋ Ď. Őŕěàăâőàŋëě ăńčěąàë ĺ łćăŋâőćăï áâăâĺáâĺçěáłăï ňěåăŋĺłă. Ň.: Ňĺà, 1982.

[3] Ćăľŋĺłłő Č.Ň., Ÿńăŕĺłĺěŋě Ň. Ł őďŋőľ âěőàěňě Ś.Č.Łàěľŋă ő ćőğňãéěŋĺĺ őŕěàăâőàőć, ŕőàőęďăîéĺå ăŋăńĺâĺçěáłĺě ŕőńãčàãŕŕë // Şç. ğăŕ. Šăàâ. ãŋ-âă. 1971. Š.281. Ś. 186-189.

[4] Ćăáĺńìěć Ć.Ć. Ő łőíàæĺâĺćŋőľ àăğàěèĺňőáâĺ ăąáâàăłâŋëå ŕăàăąőńĺçěáłĺå ãàăćŋěŋĺľ á ŕőáâőïŋŋëň őŕěàăâőàőň // Ďĺää.ãàăćŋěŋĺï. 1978. Š.14, N 8. Ś. 1507-1510.

[5] Ćăáĺńìěć Ć.Ć., Łàěľŋ Ś.Č., Ŕĺáłăàěć Ś.Ĺ. Ŕőńãčàãŕŕë őŕěàăâőàőć, łőáĺŋãá őŕěàăâőà-äãŋłæĺĺ ĺ ńĺŋěľŋëě ďĺääěàěŋæĺăńìŋëě ãàăćŋěŋĺï. Ĺâőčĺ ŋăãłĺ ĺ âěåŋĺłĺ ŚŚŚŘ (áěà.ňăâěňăâĺçěáłĺľ ăŋăńĺğ) // Ň.: ĆĹ- ŊĹŠĹ. 1990. Š.28. Ś. 87-202.

[6] Ćã Łãőł Ťőŋč, Ńîąĺç đ.Ĺ. Śŕěłâàăńìŋëľ łàĺâěàĺľ ŕőçâĺ ŕěàĺőďĺçŋőáâĺ ďńï őďŋőŕăàăňěâàĺçěáłĺå ŕőńãčàãŕŕ // Šěőàĺï äãŋłæ., äãŋł. ăŋăń. ĺ ĺå ŕàĺńőęěŋĺï. Ţăàìłőć. 1987. N 47. C. 36-41.

[7] Čěńìäăŋď Ĺ.Ň. Őą őďŋőŕăàăňěâàĺçěáłĺå čàãŕŕăå őŕěàăâőàőć ć ŋőàňĺàőćăŋŋőň ŕàőáâàăŋáâćě // ĎĂŊ ŚŚŚŘ. 1939. Š.25, N 9. Ś. 713-718.

[8] Čőńìďèâěľŋ Ďę. Ŕőńãčàãŕŕë ńĺŋěľŋëå őŕěàăâőàőć ĺ ĺå ŕàĺńőęěŋĺï / Ŕěà. ŕőď àěď. Ďăńěæłőčő. Łĺěć.: Ćëéă èłőńă. 1989.

[9] Čőàąăçãł Ć.Ĺ., Čőàąăçãł Ň.Ń. Čàăŋĺçŋëě ğăďăçĺ ďńï ďĺääěàěŋæĺăńìŋő-őŕěàăâőàŋëå ãàăćŋěŋĺľ. Łĺěć.: Ŋăãłőćă Ďãňłă. 1984.

150 ŃĹŠĚŘĂŠŞŘĂ

[10] Čőàąăçãł Ć.Ĺ., Łŋïğîł Ă.Ć. Čàăŋĺçŋëě ğŋăçěŋĺï àěèěŋĺľ ďĺääěàěŋ-

æĺăńìŋő-őŕěàăâőàŋëå ãàăćŋěŋĺľ // Şáŕěåĺ ňăâ. ŋăãł. - 1989. Š.44, N

3(267). - Ś. 55-91.

[11] Čőàąăçãł Ć.Ň. Őą ăáĺňŕâőâĺçěáłőň ŕőćěďěŋĺĺ àěèěŋĺľ ďĺääěàěŋ-

æĺăńìŋő-őŕěàăâőàŋëå ãàăćŋěŋĺľ ć ąăŋăåőćőň ŕàőáâàăŋáâćě // Şáŕěåĺ ňăâ. ŋăãł. 1987. 42, ćëŕ. 4. Ś. 162.

[12] Čőàąăçãł Ň.Ń., Ňăæĺèĺŋ Ĺ.Š. Ő àěèěŋĺïå íćőńîæĺőŋŋëå ãàăćŋěŋĺľ á

ćëàőęďěŋĺěň ć ąăŋăåőćőň ŕàőáâàăŋáâćě // Śŕěłâà. âěőàĺï ďĺääěàěŋæ. - őŕěàăâőà. ãàăćŋěŋĺľ. Łĺěć. 1986. Ś. 5-10.

[13] Ďăńěæłĺľ đ.Ń., Łàěľŋ Ň.Č. Şáâőľçĺćőáâì àěèěŋĺľ ďĺääěàěŋæĺăńì-

ŋëå ãàăćŋěŋĺľ ć ąăŋăåőćőň ŕàőáâàăŋáâćě . Ň.: Ŋăãłă. 1970.

[14] Ďăŋäőàď Ŋ., Ÿćăàæ Ďę. Ńĺŋěľŋëě őŕěàăâőàë. Őąéăï âěőàĺï. Ň.: Ĺğ-

ćő ĺŋ. ńĺâ. 1962.

[15] Ĺőáĺďă Ł. Ťãŋłæĺőŋăńìŋëľ ăŋăńĺğ . Ň.: Ňĺà. 1967. [16] Łăâő Š. Šěőàĺï ćőğňãéěŋĺľ ńĺŋěľŋëå őŕěàăâőàőć. Ň.: Ňĺà. 1972. [17] Łĺáńőć Ŋ.Ć. Łàăěćëě ğăďăçĺ ďńï ďĺääěàěŋæĺăńìŋő-őŕěàăâőàŋőčő ãàăć-

ŋěŋĺï áňěèăŋŋőčő âĺŕă // Ďĺääěàěŋæ. ãàăćŋěŋĺï. 1983. Š.19, N 8. C.

1427-1436.

[18] Łĺáńőć Ŋ.Ć. Ŋěőďŋőàőďŋő-łàăěćăï ğăďăçă ďńï ďĺääěàěŋæĺăńìŋő-

őŕěàăâőàŋőčő ãàăćŋěŋĺï ćâőàőčő ŕőàïďłă // Ďőłń. ĂŊ ŚŚŚŘ. 1984. Š.280, N 5.- C. 1055-1058.

[19] Łĺáńőć Ŋ.Ć. Ŋěőďŋőàőďŋő łàăěćëě ğăďăçĺ ďńï ďĺääěàěŋæĺăńìŋő-

őŕěàăâőàŋëå ãàăćŋěŋĺľ áňěèăŋŋőčő âĺŕă ĺ ĺå ŕàĺńőęěŋĺï // Ňăâ. áą.

1984. Š.125, N 1. C.19-37.

[20] Łőŋőŋěŋłő Ć.Ĺ. Őąëłŋőćěŋŋëě ďĺääěàěŋæĺăńìŋëě ãàăćŋěŋĺï N-čő ŕő-

àïďłă ć ńĺŋěľŋőň âőŕőńőčĺçěáłőň ŕàőáâàăŋáâćě // Ďĺääěàěŋæ. ãàăćŋěŋĺï. 1974. Š.10, N 9. C. 1727-1729.

[21] Łàăáŋőáěńìáłĺľ Ň.Ă. ĺ ďà. Ĺŋâěčàăńìŋëě őŕěàăâőàë ć ŕàőáâàăŋáâćăå

áãňňĺàãěňëå äãŋłæĺľ . Ň.: Ŋăãłă. 1966.

[22] Łàěľŋ Ś.Č. Ńĺŋěľŋëě ďĺääěàěŋæĺăńìŋëě ãàăćŋěŋĺï ć ąăŋăåőćőň ŕàő-

áâàăŋáâćě . Ň.: Ŋăãłă. 1967.

ŃĹŠĚŘĂŠŞŘĂ 151

[23] Łàěľŋ Ś.Č., Ţăğăŋ Ň.Ĺ. Ďĺääěàěŋæĺăńìŋëě ãàăćŋěŋĺï ć ąăŋăåőćőň

ŕàőáâàăŋáâćě . Ĺâőčĺ ŋăãłĺ ĺ âěåŋ. Śěà. Ňăâ. ăŋăńĺğ. ĆĹŊĹŠĹ. 1983. Š.21. Ś. 130-264.

[24] Ńěćĺâăŋ Ą.Ň., Ęĺłőć Ć.Ć. Ŕőçâĺ-ŕěàĺőďĺçěáłĺě äãŋłæĺĺ ĺ ďĺä-

äěàěŋæĺăńìŋëě ãàăćŋěŋĺï . Ň.: Ĺğď-ćő ŇČŞ. 1978.

[25] Ńîáâěàŋĺł Ń.Ă., Śőąőńěć Ś.Ń. İńěňěŋâë äãŋłæĺőŋăńìŋőčő ăŋăńĺğă .

Ň.: Ŋăãłă. 1965.

[26] Ňěàë ŋěłőňŕăłâŋőáâĺ ĺ ãŕńőâŋïîéĺě őŕěàăâőàë / Ăåňěàőć Ř.Ř. ĺ ďà.

Ŋőćőáĺąĺàáł: Ŋăãłă, 1986.

[27] Őďŋőŕăàăňěâàĺçěáłĺě ŕőńãčàãŕŕë / Łńěňěŋâ Ť. ĺ ďà.. Ň.:Ňĺà. 1992.

[28] Řăďëŋő §.Ć. Ŕàőáâàăŋáâćő ćěłâőàőć íłáŕőŋěŋæĺăńìŋőčő âĺŕă . Ďőłń.

ĂŊ ĄŚŚŘ. 1983. Š.27, N 9. Ś. 791-793.

[29] Řĺď Ň., Śăľňőŋ Ą. Ňěâőďë áőćàěňěŋŋőľ ňăâěňăâĺçěáłőľ äĺğĺłĺ. Š. 1.

Ťãŋłæĺőŋăńìŋëľ ăŋăńĺğ . Ň.: Ňĺà. 1977.

[30] Řĺáá Ť., Śěłěäăńìćĺ-Ŋăďì Ą. Ńěłæĺĺ ŕő äãŋłæĺőŋăńìŋőňã ăŋăńĺğã . Ň:

ĹŃ. 1954.

[31] Śăľňőŋ Ą. Ňőďěńì P(x) íćłńĺďőćőľ łćăŋâőćőľ âěőàĺĺ ŕőńï. Ň.: Ňĺà.

1976.

[32] Śňăčĺŋă Š.Ĺ. Őą őďŋőľ âěőàěňě Ťĺńńĺŕáă // Őŕěà. ãà-ï ć äãŋł. ŕà-ćăå.

Ćőàőŋěę. 1986. Ś. 91-93.

[33] Śőąőńěćáłĺľ Ŕ.Ě. Ŋěàăćěŋáâćă łőíàæĺâĺćŋőáâĺ ďńï ăąáâàăłâŋëå ŕăàă-

ąőńĺçěáłĺå ãàăćŋěŋĺľ // ĎĂŊ ŚŚŚŘ. 1964. Š.157, N 1.

[34] Śőąőńěćáłĺľ Ŕ.Ě. Šěőàĺï ŕőńãčàãŕŕ ĺ ãáâőľçĺćőáâì àăğŋőáâŋëå áåěň.

Ć łŋ. Šěőàĺï őŕěàăâőàőć ć äãŋłæĺőŋăńìŋëå ŕàőáâàăŋáâćăå. Ŋőćőáĺąĺàáł. 1977. Ś. 304-337.

[35] Šàĺąěńì Ţ. Šěőàĺï ĺŋâěàŕőńïæĺĺ. Ťãŋłæĺőŋăńìŋëě ŕàőáâàăŋáâćă.

Ďĺääěàěŋæĺăńìŋëě őŕěàăâőàë. Ň.: Ňĺà. 1980.

[36] Ţĺńńě İ. Ťãŋłæĺőŋăńìŋëľ ăŋăńĺğ ĺ ŕőńãčàãŕŕë . Ň.: ĹŃ. 1951.

[37] Ţĺńńě İ., Ťĺńńĺŕá Ŕ. Ťãŋłæĺőŋăńìŋëľ ăŋăńĺğ ĺ ŕőńãčàãŕŕë . Ň.: ĹŃ 1962.

152 ŃĹŠĚŘĂŠŞŘĂ

[38] İďćăàďá Ř. Ťãŋłæĺőŋăńìŋëľ ăŋăńĺğ . Ň.: Ňĺà. 1969.

[39] Amann H. Linear and quasilinear parabolic problems. Volume 1, Abstract linear theory . Monographs in Mathematics, Vol. 87, Birkhauser Verlag, 1995.

[40] Amerio M., Prouse G. Almost-periodic functions and functional equations.

N.Y., 1971.

[41] Arendt W. Kato’s equality and spectral decomposition for positive C_0- semigroups // Manuscr. Math. 1982. V.40. P. 277-298.

[42] Arendt W. Kato’s inequality: a characterisation of generators of positive semigroups // Proc. Roy. Irish. Acad. 1984. A84., N 2. P. 155-174.

[43] Arendt W. Resolvent positive operators // Proc. London. Math. Soc. 1987.

V 54, N 3. P. 321-349.

[44] Arendt W. Vector-valued Laplace transforms and Cauchy problems // Isr.

J. Math. 1987. V.59, N 3. P. 327-352.

[45] Arendt W., Batty C. J. K Tauberian theorems and stability of oneparameter semigroups // Trans. Amer. Math. Soc. 1988. V.306, N 2. P. 837-852.

[46] Arendt W., Chernoff P., Kato T. A generalisation of dissipativity and positive semigroups // J. Oper. Theory. 1982. V.8, P. 167-180.

[47] Ashyralyev A., Sobolevskii P.E. Well-posedness of parabolic difference equations. Birkhäuser Verlag. 1994. 349 p.

[48] Baillon J.B. Ceracter borne de certains generatours de semigroupes lineares dans les espaces de Banach // C.R.Acad. Sc. Paris. 1980. V.290. P. 757-760.

[49] Baker J.A., Davidson K.R. Cosine, exponential and quadratic functions // Glass. Mat. 1981. V.16, N 5. P. 269-274.

[50] Barbu V., Pavel N. On the invertibility of I + exp(−tA) with A maximal monotone // Proc. of WCNA, Tampa, Florida, August, 1992, De Gruyter Inc., Vol. III, P. 2231-2237.

[51] Bart H. Periodic strongly continuous semigroups // Ann. Mat. Pura Appl.

1977. V.115. P. 311-318.

ŃĹŠĚŘĂŠŞŘĂ 153

[52] Bart H., Goldberg Characterization of almost periodic strongly continuous groups and semigroups // Math. Ann. 1978. V.236, N 2. P. 105-116.

[53] Batty C.J.K., Robinson D.W. Positive one parameter semigroups in order Banach spaces // Proc. Roy. Soc. Edinburgh. 1984. V.2, N 3-4. P. 221-296.

[54] Becker I., Greiner G. On the modulus of one-parameter semigroups II // Semigroup forum. 1986. V.34, N 2. P. 185-201.

[55] Belleni-Morante A. Applied Semigroups . Academic Press. London. 1980.

[56] Boyadzhiev K.N. An asymptotic Fuglede theorem for generators of C_0- groups // Acta. Math. Acad. Sci. Hung. 1987. V.49, N 1-2. P. 145-150.

[57] Brezis H. Operateurs maximaux monotones et semigroups de contractions dans les espaces de Hilbert . North-Holland. 1973.

[58] Burnap C., Lambert A. Proximity and semilarity of operators // Proc. R.

Ir. Acad. 1987. V.87A. N 1. P. 95-102.

[59] Butzer P.L., Berens H. Semigroups of operators and approximation . New York. 1967.

[60] Calvert B.D. When T-accretive implies accretive // Houston J. Math. 1988.

V.14, N 2. P. 147-155.

[61] Cannarsa P., Vespri V. On maximal L^p-regularity for the abstract Cauchy problem // Boll. Unione Mat. Ital. 1986. V.B5, N 1. P. 165-175.

[62] Chander R., Buche A.B. The generation theorem for the modified sine operator // J. Pure Appl. Math. 1981. V.12. P. 691-714.

[63] Cioranescu I. On the abstract Cauchy problem for the operator^{d2u}_{dt2} − Au // Integral Equat. Oper. Theory. 1984. V.7, N 1. P. 21-35.

[64] Cioranescu I. Characterizations of almost periodic strongly continuous cosine operator functions // J. Math. Anal. 1986. V.57, N 1. P. 222-229.

[65] Cioranescu I., Ubilla P. A characterization of uniformly bounded cosine functions generators // Integral Equat. Oper. Theory. 1989. V.12, N 1. P. 1-11.

[66] Clement Ph. et al. Pertubation theory for dual semigroups. I. The sun reflexiv case // Math. Ann. 1987. V 277, N 4. P. 709-725.

154 ŃĹŠĚŘĂŠŞŘĂ

[67] Clement Ph. et al. Pertubation theory for dual semigroups. IV // Rept.

Cent. Math. Comp. Sci. 1988. N AM-R8802. P. 1-16.

[68] Cuthbert J.R. On semigroups such that T (t) − I is compact for some t > 0 // Z. Wars. 1971. V.18, N 1-2. P. 9-16.

[69] Da Prato G. Abstract differential equations, maximal regularity, and linearisation // Proc. Simp. Pure Math. 1986. V.45, N 1. P. 359-370.

[70] Da Prato G., Grisvard P. Equations d’evolution abstraites non linéaires de type parabolique // Ann. Mat. Pura Appl. 1979. IV. V.120. P. 329-396.

[71] Davidson K.R Quadratic forms and sums of squares // Glas. Mat. 1981.

V.16, N 2. P. 119-204.

[72] Davies E.B., Pang M.M.H. The Cauchy problem and a generalization of the Hille-Yosida theorem // Proc. London Math. Soc. 1987. V.55, N 1. P. 181-208.

[73] Davies E.B. One parameter semigroups . London: Academic press. 1980.

[74] de Laubenfels R. Existence families, functional calculi and evolution equations. Springer-Verlag. 1994. Lecture Notes Math. V.1570.

[75] de Laubenfels R. Inverses of generators // Proc. Amer. Math. Soc. 1988.

V.104, N 2. P. 433-448.

[76] de Laubenfels R. Polinomials of generators of integrated semigroups // Proc. Amer. Math. Soc. 1989. V.107, N 1. P. 197-204.

[77] de Laubenfels R. Powers of generators of holomorphic semigroups // Proc.

Amer. Math. Soc. 1987. V.99, N 1. P. 105-108.

[78] de Laubenfels R. Totally accretiv operators // Proc. Amer. Math. Soc.

1988. V.103, N 2. P. 551-556.

[79] de Pagter B. A characterisation of sun-reflexivity // Math. Ann. 1989.

V.283. P. 511-518.

[80] Desch W., Lasiecka I., Schappacher W. Feedback boundary control for linear semigroups // Israel Math. J. 1985. V.51. P. 177-207.

ŃĹŠĚŘĂŠŞŘĂ 155

[81] Desch W., Schappacher W. Some generation results for perturbed semigroups . Trends in semigroups theory and appl. Ph.Clement et al. (Eds) . Marcel Dekker. New-York. 1989. P. 125-152.

[82] Desch W., Schappacher W. A note on the comparision of C_0-semigroups // Semigroup Forum. 1987. V.35, N 2. P. 237-243.

[83] Desch W., Schappacher W. Some perturbation results for analitic semigroups // Math. Ann. 1988. V.284. P. 157-162.

[84] Desch W., Schappacher W. On relatively bounded perturbations of linear C_0-semigroups // Ann. Sci. Norm. Super. 1984. V.7, N 2. P. 327-341.

[85] Diekmann O., Gyllenberg M., Thieme H. Pertubing semigroups by solving Stieltjes renewal equations // Differential and integral equations. 1993. V.6. P. 155-181.

[86] Dore G., Venni A. Some results about complex powers of closed operators // Math. Z. 1987. V.196, N 2. P. 189-201.

[87] Dorroh J.R. Semigroups of operators and second order Cauchy problems // Semigroup Forum. 1985. V.31. P. 297-304.

[88] Emel’janova E.V. , Vasil’ev V.V. The coercive solvability of abstract parabolic equations in Banach spases // Lect. Notes Pure Appl. Marcel Dekker Inc. 1994. V.155. P. 167-173.

[89] Evans D.E., Hanche-Olsen H. The generatores of positive semigroups // J.

Func. Anal. 1979. V.32, N 2. P. 207-212.

[90] Fattorini H.O. Ordinary differential equations in linear topological spaces,I // J. Different. Equat. 1969. V.5, N 1. P. 72-105.

[91] Fattorini H.O. Ordinary differential equations in linear topological spaces, II // J. Different. Equat. 1969. V.6. P. 50-70.

[92] Fattorini H.O. Second order linear differential equations in Banach spaces.

Amsterdam. North Holland. 1985.

[93] Fattorini H.O. The Cauchy problem . Enciclopedia of Mathematics and its Application, Reading mass. e. a.: Addison Wesley. 1983. XXIV.

[94] Fattorini H.O. The underdetermined Cauchy problem in Banach spaces.

Math. Ann. 1973. V.200. P. 103-112.

156 ŃĹŠĚŘĂŠŞŘĂ

[95] Fattorini H.O., Radnitz A. The Cauchy problem with incomplete initial data in Banach spaces // Michigan Math. J. 1971. V.18. P. 291-320.

[96] Favini A., Yagi A. Abstract second order differential equations with applications // Funkcialaj Ekvacioy. 1995. V.38. P. 81-99.

[97] Favini A., Yagi A. Multivalued linear operators and degenerate evolution problems // Annali Math. Pura Appl. 1993. V.163, N 4. P. 353-384.

[98] Goldberg S., Smith C. Strongly continuous semigroups of semi-fredholm operators // J. Math. Anal. Appl. 1987. V.64. P. 407-420.

[99] Goldstein J.A. Some developments in semigroups of operators since Hille- Phillips // Integr. Equat. Oper. Theory. 1981. V.4. N 3. P. 350-365.

[100] Goldstein J.A. Some remarks on infinitesimal generetors of analitic semigroups // Proc. Amer. Math. Soc. 1969. V.22. P. 91-93.

[101] Goldstein J.A., Sandefur J.T. An abstract d’Alembert formula // SIAM J.

Math. Anal. 1987. V.18, N 3. P. 842-856.

[102] Gradinaru N. On some N-parameter semigroups of linear operators // Bul.

Inst. Politechn. Iare. 1985. Cupl., /sec. I/. P. 85-88.

[103] Greiner G. Perturbing the boundary conditions of a generator // Houston J. Math. 1987. V.13, N 2. P. 213-229.

[104] Greiner G. Zur Perron-Frobenius theorie stark stetiger Halbgruppen // Math. Z. 1981. N 177. P. 401-423.

[105] Greiner G., Voigt J., Wolff M.P.H. On the spectral bound of the generator of semigroups of positive operators // J. Oper. Theory. 1981. N 5. P. 245-256.

[106] Gustavson K., Lumer G. Multiplicative pertubations of semigroup generators // Pacif. J. Math. 1972. V.41, N 3. P. 731-742.

[107] Heijmans H.J.A.M. Lectures on strongly continuous semigroups . Center for Mathematics and Computer Science. 1986.

[108] Honig C.S. Volterra Stiltjes-Integral Equations. North-Holland, Amsterdam. 1975.

[109] Kisynski J. On cosine operator functions and one parameter groups of operators // Studia Math. 1972. V.44. P. 93-105.

ŃĹŠĚŘĂŠŞŘĂ 157

[110] Kisynski J. On operator-value solutions of d’Alambert’s Functional equation,I // Colloq Match. 1971. V.23. P. 107-114.

[111] Kisynski J. On operator-value solutiones of d’Alambert’s Functional equations,II // Stud Mat. 1971. V.24. P. 43-66.

[112] Krengel U.,Lin M. On the range of the generator of Markovian semigroup // Match. Z. 1984. V.185. P. 553-565.

[113] Ladas G.E., Lakshmikantham V. Differential equations in abstract spaces.

Acad. Press, New York. 1972.

[114] Lotz H.R. Tauberian theorems for operators on L^p and similar spaces // Funct. Anal.: Survays and Recent results III. 1984. P. 117-133.

[115] Lumer G., Phillips R.S. Dissipative operators in a Banach space // Pacif.

J. Math. 1961. V.11, N 3. P. 679-698.

[116] Lutz D. Strongly continuous operator cosine functions . Functional Analysis // Lect. Notes Math., 1982. V.948. P. 73-97.

[117] Lyubich Yu. I., Vu Quoc Phong. Asymptotic stability of linear differential equations in Banach spaces // Stud. Math. 1988. V.88, N 1. P. 37-42.

[118] McBride A.C. Semigroups of linear operators: An introduction . Longman Sci. & Tech., N 156, 1987.

[119] Miyadera I. A generalization of the Hille-Yosida theorem // Proc. Jap.

Acad. 1988. V.64, Ser. A., N 7. P. 223-226.

[120] Miyadera I. A perturbations theory for semigroups of operators // Tohoku Math. J. 1966. V.18, N 1. P. 299-310.

[121] Miyadera I., Tanaka N. Exponentially bounded C-semigroups and generation of semigroups // J. Math. Appl. 1989. V.143, N 2. P. 358-378.

[122] Nagel R. et all. One parameter semigroups of positive operators // Lect.

Notes Math. 1986. N 1184.

[123] Nagel R., Senzhong Huang. Spectral mapping Theorems for C_0-groups satisfying non-quasianalitic growth conditions // Math. Nachr. 1994. V.169. P. 207-218.

158 ŃĹŠĚŘĂŠŞŘĂ

[124] Nagy B. Cosine operator functions and the abstract Cauchy problem // Period. Math. Hung. 1976. V.7, N 3-4. P. 213-217.

[125] Neubrander F. Laplace transform and asymptotic behavior of strongly continuous semigroups // Houston J. Math. 1986. V.12, N 4. P. 549-561.

[126] Neubrander F. On the relation between the semigroup and its infinitesimal generator // Proc. Amer. Math. Soc. 1987. V.100. N 1. P. 104-108.

[127] Pazy A. Semigroups of linear operators and applications to partial differential equations . Springer-Verlag, New York. 1983. 280 P.

[128] Pei Kee Lin. A remark on contraction semigroups on Banach spaces // Bull.

London Math.Soc. 1995. V.27. P. 169-172.

[129] Phillips R.S. Perturbation theory for semigroups of linear operators // Trans. Amer. Math. Soc. 1953. V.74 . P. 199-221.

[130] Piskarev S., Shaw S.-Y. On some properties of step responses and cumulative outputs // Chinese J. Math. 1994. V.22, N. 4. P. 321-336.

[131] Piskarev S., Shaw S.-Y. Multiplicative perturbations of C_0-semigroups and some applications to step responses and cumulative outputs // J. Func. Anal. 1995. V.128. N. 2. P. 315-340.

[132] Robinson D. W. The approximation of flows // J. Func. Anal. 1977. V.24.

P. 280-290.

[133] Sato R. On a mean ergodic theorem // Proc. Amer. Math. Soc. 1981. V.83, N 3. P. 563-564.

[134] Schep A.R. Weak Kato-inequalities and positive semigroups // Math. Z.

1985. V.190. P. 305-314.

[135] Senzhong Huang. An equivalent description of non-quasianalyticity through spectral theory of C_0-groups // J. Operator Th. 1994. V.32. P. 299-309.

[136] Shaw S.-Y. Ergodic theorems for semigroups of operators on a Grotendick space // Proc. Jap. Acad. 1983. Ser. A. V.59, N 4. P. 132-135.

[137] Shaw S.-Y. Mean ergodic theorems and functional equations // J. Funct.

Anal. 1989. V.87. P. 428-441 .

ŃĹŠĚŘĂŠŞŘĂ 159

[138] Shaw S.-Y., Piskarev S. Asymptotic behaviour of semigroup-related functions // Saitama Math. J. 1994. V.12. P. 7-12.

[139] Singh H., Buche A.B. On the generation theorem for the modified exponential-cosine operator // Indian J. Pure Appl. Math. 1980. V.11. P. 368-383.

[140] Slemrod M. Asymptotic behavior of C-semigroups as determined by the spectrum of the generator // Indiana Univ. Math. J. 1976. V.25, N 8. P. 783-792.

[141] Sohrab N.N. Essential spectra of a class of elliptic operators // J. London Math. Soc. 1988. V.38, N 2. P. 286-292.

[142] Sova M. Concerning the characterization of generators of distribution semigroups // Cas. Pestov. Mat. 1980. V.105, N 4. P. 329-340.

[143] Sova M. Cosine operator functions // Rozpr. Mat. 1966. V.49. P. 1-47.

[144] Takenaka T., Okazawa N. A Phillips-Miyadera type perturbation theorem for cosine functions of operators // Tohoku Math. J. 1978. V.30. P. 107-115.

[145] Tanabe H. Equations of evolutions (English translation) . Pitman, London.

1979. 360 P.

[146] Tanaka N. On exponentially bounded C-semigroups // Tokyo J. Math.

1987. V.10, N 1. P. 107-117.

[147] Tanaka N., Miyadera I. Some remarks on C-semigroups and integrated semigroups // Proc. Jap. Acad. 1987. A63., N 5. P. 139-142.

[148] Travis C.C. Differentiability of weak solutions to an abstract inhomogenious differential equation // Proc. Amer. Math. Soc. 1981. V.82. P. 425-430.

[149] Travis C.C., Webb G.F. Second order differential equations in Banach space // Nonlin. Equat. in abstract space. 1978. P. 331-361.

[150] Travis C.C., Webb G.F. Compactness, regularity and uniform continuity properties of strongly continuous cosine families // Houston J. Math. 1977. V.3, N 4. P. 555-567.

[151] Triggiani R. On the stabilizability problem in Banach space // J. Math.

Anal. Appl. 1975. V.52. P. 383-403.

160 ŃĹŠĚŘĂŠŞŘĂ

[152] Trotter H. Approximation of semigroups of operatiors // Pacific J. Math.

1958. P.887-919.

[153] Tymovski S. On the analogue of the formula cos t = (e^t +e^{−t})/2 for operator cosine function // Rocz. Ptm. 1983. Ser. 1. V.23, N 1. P. 173-182.

[154] Ushijima T. Approximation theory for semigroups of linear operators and its applications to approximation of wave equations // Japan J. Math. 1975. V.1, N 1. P. 185-224.

[155] Ushijima T. On the generation and smoothness of semigroups of linear operators // J. Fac. Sci. Univ. Tokyo. 1972. V.19, N 1. P. 65-127.

[156] van Casteren J.A. Generators of strongly continuous semigroups. Boston:

Pitman. 1985. 203 P.

[157] van Neerven J. (Ed.) The asymptotic behaiviour of semigroups of linear operators. Operator Theory, Advances and Applications Vol. 88, Birkhauser, 1986.

[158] van Neerven J.M.A.M. On the topology induced by the adjoint of a semigroup of operators // Centre for Mathematics and computing science. Amsterdam, Netherland. Report AM-R9010. 1980. 14 P.

[159] Varopoulos E. Th. Hardy-Littlewood theory for semigroups // J. Funct.

Anal. 1985. V.63, N 2. P. 240-260.

[160] Webb G.F. An operator-theoretic formulation of asynchronic exponential grouth // Trans. Amer. Math. Soc. 1987. V.303. P. 751-763.

[161] Weiss G. Weak L^p-stability of linear semigroup on Hilbert space implies exponential stability // J. Different. Equat. 1988. V.76, N 2. P. 269-285.

[162] Weissler F.B. Semilinear evolution equation in Banach spaces // J. Funct.

Anal. 1979. V.32, N 3. P. 277-296.

[163] Wenzel von L. Evolutiongleichungen in localkonvexen Raumen // Math.

Nachr. 1985. V.123. P. 145-155.

[164] Yan Jia An. A perturbation theorem for semigroups of linear operators // Lect. Notes Math. 1988. V.1321. P. 89-91.

[165] Yosida K. On the differentiability and the representation of one parameter semigroups of linear operator // J. Math. Anal. 1948. V.1. P. 15-21.

ŃĹŠĚŘĂŠŞŘĂ 161

[166] Zabczyk J. A note on C_0-semigroups // Bull Acad. Pol. Sci. Ser. Sci. Math., Astron. et Phys. 1975. XXIII. N 8. P. 895-898.

[167] Zaidman S. Abstract differential equations with almost periodic solutions // J. Math. Anal. Appl. 1985. V.107. P. 291-299.

[168] Zaidman S. Almost automorphic solutions of some abstract evolution equations, II // Inst. Lombardo. 1977. III(A). P. 260-272.

[169] Zaidman S. Notes on abstract almost periodicity // Riv. Mat. Univ. Parma.

1979. 5. P. 837-845.